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The Groundwater Project Foreword

The United Nations (UN) - Water Summit on Groundwater, held from 7 to 8
December 2022 at the UNESCO headquarters in Paris, France, concluded with a call for
governments and other stakeholders to scale up their efforts to better manage groundwater.
The intent of the call to action was to inform relevant discussions at the UN 2023 Water
Conference held from 22 to 24 March 2023 at the UN headquarters in New York City. One
of the required actions is strengthening human and institutional capacity, for which
groundwater education is fundamental.

The 2024 World Water Day theme is Water for Peace, which focuses on the critical
role water plays in the stability and prosperity of the world. The UN-Water website 7 states

that more than three billion people worldwide depend on water that crosses national borders. There
are 592 transboundary aquifers, yet most countries do not have an intergovernmental
cooperation agreement in place for sharing and managing the aquifer. Moreover, while
groundwater plays a key role in global stability and prosperity, it also makes up 99 percent
of all liquid freshwater—accordingly, groundwater is at the heart of the freshwater crisis.
Groundwater is an invaluable resource.

The Groundwater Project (GW-Project), a registered Canadian charity founded in
2018 is committed to advancement of groundwater education as a means to accelerate
action related to our essential groundwater resources. We are committed to making
groundwater understandable and, thus, enable building the human capacity for sustainable
development and management of groundwater. To that end, the GW-Project creates and
publishes high-quality books about all-things-groundwater, for all who want to learn about
groundwater. Our books are unique. They synthesize knowledge, are rigorously peer
reviewed and translated into many languages, and are free of charge. An important tenet
of GW-Project books is a strong emphasis on visualization: Clear illustrations stimulate
spatial and critical thinking. The GW-Project started publishing books in August 2020; by
the end of 2023, we had published 44 original books and 58 translations. The books can be
downloaded at gw-project.org”.

The GW-Project embodies a new type of global educational endeavor made possible
by the contributions of a dedicated international group of volunteer professionals from a
broad range of disciplines. Academics, practitioners, and retirees contribute by writing
and/or reviewing books aimed at diverse levels of readers including children, teenagers,
undergraduate and graduate students, professionals in groundwater fields, and the general
public. More than 1,000 dedicated volunteers from 70 countries and six continents are
involved —and participation is growing. Revised editions of the books are published from
time to time. Readers are invited to propose revisions.

We thank our sponsors for their ongoing financial support. Please consider
donating to the GW-Project so we can continue to publish books free of charge.

The GW-Project Board of Directors, January 2024
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Foreword

This is the first publication in a new series of educational products offered by The
Groundwater Project. Described as mini-books, these products focus on very specific
subjects in groundwater hydrology with an emphasis on performing practical and
insightful calculations. The aim is to provide students and practitioners with useful
quantitative tools for evaluating groundwater systems without the use of complex
numerical models or proprietary software. These publications are formatted to be brief,
concise, and well-focused. We encourage the groundwater community to submit ideas for

mini-books on other subjects to augment this series.

This mini-book addresses an issue in groundwater hydrology that is unfamiliar to
many groundwater practitioners: using Darcy’s law to estimate groundwater flow
direction and flux in systems with variable pore water density. Fortunately, in most natural
groundwater systems the variation in groundwater density is not extreme and the familiar
constant density (hydraulic head) form of Darcy’s law is sufficiently accurate for practical
application. However, in systems with variable groundwater density, the head form of
Darcy’s law can break down and result in incorrect flow directions and inaccurate fluxes.

Some examples of systems with extreme density conditions include —but are not
limited to—seawater incursions, geothermal areas, deep oil field brines, playa lakes, liners
below chemical storage ponds, and highly contaminated groundwater chemical plumes. In
these types of systems, a different (pressure-based) form of Darcy’s law may be required to
obtain defensible results. While presented in the literature for decades, the pressure-based
form of Darcy’s law is unfamiliar to many practicing groundwater hydrologists even
though it is the more universal and used in other industries such as petroleum engineering.
This mini-book walks through the basic principles of Darcy’s law including pressure,
gravity, and the concept of hydraulic head. Illustrative problems are presented and solved

to accentuate the difference between the two forms of Darcy’s law.

John Cherry, The Groundwater Project Leader
Guelph, Ontario, Canada, February 2024

viii
The GROUNDWATER PROJECT ©The Author Free download from gw-project.org
Anyone may use and share gw-project.org links. Direct distribution of the book is strictly prohibited.



Darcy’s Law in Variable Density Groundwater Systems Fred Marinelli

Preface

The value of numerical models is well recognized in the groundwater industry.
However, I feel that many practitioners are too quick to jump to complex numerical models
before a fundamental understanding of the groundwater system has been developed. In
many situations, simple analytical solutions can be valuable in answering the questions
being posed or troubleshooting numerical modeling results. I refer to these as scoping-level

calculations that get close (or close enough) to answering the issue being evaluated.

Over 40 years, my coworkers and I have identified numerous errors in numerical
models that were uncovered by scoping-level calculations done with a calculator (including
more than a few of my own!). Such modeling errors can result from seemingly innocuous
causes such as a slipped decimal point in an input parameter, an incorrect unit conversion,
or misrepresentation of a boundary condition. While a scoping-level calculation may not
necessarily substitute for a numerical model (particularly in the eyes of many government
regulators), it has been shown time and time again that a well-posed analytical calculation
provided a result that was fully consistent with an eventual model prediction and in some
cases could have answered the question at hand without resorting to the time and expense

of the subsequent modeling effort.

In groundwater hydrology, the value of analytical solutions is well known as a
method for analyzing pumping tests. One advantage is that the solutions can be cast in
terms of dimensionless parameters, and these can be assigned unique values through a
curve-matching procedure. The process would be more tedious and uncertain if done by
matching field data to graphical predictions of a numerical model.

Darcy’s law is the most fundamental concept in groundwater hydrology and forms
the basis of essentially all quantitative methods for evaluating groundwater flow and
transport. I hope this mini-book provides insight into certain aspects of Darcy’s law that
are not readily apparent in many textbooks and course curricula. A greater understanding
of Darcy’s law, as it pertains to variable density groundwater, will hopefully allow students
and practitioners to devise their own scoping-level calculations to evaluate questions of
practical importance for these types of groundwater systems.

Fred Marinelli, February 2024

ix
The GROUNDWATER PROJECT ©The Author Free download from gw-project.org
Anyone may use and share gw-project.org links. Direct distribution of the book is strictly prohibited.



Darcy’s Law in Variable Density Groundwater Systems Fred Marinelli

Acknowledgments

I greatly appreciate the thorough and useful reviews and contributions to this book

by the following individuals:

% Dr. David Rudolph, professor, University of Waterloo, Waterloo, Ontario, Canada
% Dr. Vincent Post, associate professor, Flinders University, Bedford Park, South
Australia, Australia

% Dr. Neil Thompson, professor, University of Waterloo, Waterloo, Ontario, Canada

These reviews led to many changes in the original text and greatly improved this
published version. I am grateful to Amanda Sills and the formatting team of The
Groundwater Project for their oversight and copyediting of this book. I also thank Dr.
Eileen Poeter (professor emeritus, Colorado School of Mines, Golden, Colorado, USA) for

her review, editing, and encouragement in producing this book.

The source of material presented in figures and tables are acknowledged in the

captions; however, figures and tables without a citation to source are original to this book.

The GROUNDWATER PROJECT ©The Author Free download from gw-project.org

Anyone may use and share gw-project.org links. Direct distribution of the book is strictly prohibited.



Darcy’s Law in Variable Density Groundwater Systems Fred Marinelli)

1 Introduction

In most natural systems, the variation in groundwater density is sufficiently small
to be safely ignored when performing routine calculations. However, there are situations,
both natural and human-induced, where groundwater density must be considered to
achieve accurate calculations of flow and transport. These include —but are not necessarily
limited to—elevated groundwater temperatures in deep mines and geothermal areas,
seawater intrusion into freshwater aquifers along coastlines, and groundwater chemical

plumes with very high total dissolved solids (TDS).

Because these situations are regarded as non-routine, many hydrologists do not
consider if the effects of groundwater density need to be incorporated into analytical
calculations or numerical models. For this reason, the significance of variable groundwater
density is not explicitly discussed in many introductory textbooks on groundwater
hydrology. An excellent treatment of the subject is presented in Post and Simmons (2022),
which provides transient multidimensional simulations to illustrate how variable
groundwater density can impart significant and sometimes nonintuitive flow behaviors in

natural systems.

In this mini-book, we focus on Darcy’s law for one-dimensional flow in a
homogeneous porous medium. We first review the hydraulic head form of Darcy’s law that
is familiar to most groundwater hydrologists and discuss the concept of head as a hydraulic
potential. We then devise a thought experiment to show that the head form of Darcy’s law
cannot work for a hypothetical system with variable-density groundwater. This leads us to
the pressure-based form of Darcy’s law, which is more universal and can be used to
estimate flux in systems with variable-density groundwater. Finally, through illustrative
examples, we use the pressure-based form to evaluate horizontal and vertical fluxes in

systems that are not amenable to analysis by the head form.
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2 Head Form of Darcy’s Law

Hydrologists are generally familiar with the following form of Darcy’s law for
one-dimensional flow in an isotropic saturated medium.

, dH
46 =~K—| (1)

where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as O):

s = distance variable (L)
s’ = specified distance coordinate (L)
q = specific discharge; volumetric flow rate per unit cross-sectional area of

the medium normal to the flow direction (LT")
H = hydraulic head (L)
K = hydraulic conductivity (LT")

In Equation (1), the derivative (dH /ds) is the hydraulic gradient or rate of change
in head with distance along the flow direction. The subscript at the end of the equation
implies that the derivative is evaluated at the specified coordinate s’. The negative sign
indicates that flow is in the direction of decreasing hydraulic head. For this form of Darcy’s
law to work in any direction, head must exist as a hydraulic potential as explained
subsequently and discussed in Section 3. In this book, we express hydraulic head with a
capital “H” when it satisfies the conditions for being a hydraulic potential, and as a lower
case “h” when it is not a hydraulic potential.

The relationships associated with Equation (1) are shown diagrammatically in

Figure 1.
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H(s’)

0-

The fluid density in the well is the

z Well or same as the groundwater density (p)
y piezometer
P(s’'
H) =z + p(g) dﬂ\
\ _ K g\

N

+5

P(s’) Pressure (P) and hydraulic

aH gradient (dH/ds) are both

ds|, evaluated at coordinate s’
s

Arbitrary datum;
typically mean sea level

Figure 1 -One-dimensional head form of Darcy’s law traditionally used in groundwater
hydrology. The derivative dH /ds is the gradient of hydraulic head (H) evaluated at coordinate s’.
Specific discharge (q) is positive in the +s direction. The negative sign indicates that flow is in
the direction of decreasing hydraulic head.

Fred Marinelli)

In groundwater textbooks (for example, Freeze & Cherry, 1979; Domenico &

Schwartz, 1990), Equation (2) is often given for hydraulic head.

where:

p
9

p
H=z+—
PYg

2)

= pore fluid gauge pressure (ML'T?), for example as kg/m/s’, or Pascal

which is abbreviated with Pa, or Newton/m>

= vertical height above an arbitrary datum at which pressure is measured

(L)
= groundwater (pore fluid) density (ML)

= acceleration of gravity (MT~), which is 9.807 m/s’

In Equation (2), gauge pressure is equal to absolute pressure minus the prevailing

atmospheric pressure. Its value is 0 Pa when sensing the atmosphere and is the pressure

typically measured by a pressure gauge or open-end manometer. In fluid mechanics

textbooks, an additional term is added to the right side of Equation (2) to account for the

kinetic energy (or momentum) associated with a moving fluid. However, in groundwater

systems, the velocity tends to be very small, so this term is generally ignored in the

groundwater discipline.

We refer to Equation (1) as the head form of Darcy’s law. Hydraulic head (H) is

typically viewed as the water level attained in a well or piezometer that is in hydraulic
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communication with the pore water in the geologic medium. The well operates as a
manometer. Hydraulic head is expressed as a height above an arbitrary datum (typically,
elevation above mean sea level).

Hydraulic conductivity (K) is a parameter that depends on properties of both the

medium and the pore fluid:

k
K = ﬂ (3)
u
where:
k = intrinsic permeability of the porous medium (L")
u = groundwater dynamic viscosity at the prevailing system temperature

(ML'T

Dynamic viscosity is sometimes described with a unit called poise, which can be
defined as: 1 poise =1 gram/cm/s = 0.1 kg/m/s. Pure water at 20 °C and atmospheric
pressure has a dynamic viscosity of 0.001 kg/m/s, which is equal to 0.01 poise, described in

many older textbooks as one centipoise.

Several conditions must be met for Equation (1) to be strictly valid. First is that
hydraulic head (H) must exist as a hydraulic potential. Section 3 shows that for all practical
purposes, this is true only for systems with uniform pore water density (p). Second, the
same density value must be used in both Equation (2) and Equation (3). Referring to Figure
1, if hydraulic head is taken as the physical water level elevation in a monitoring well, the
density of fluid in the well-water column must be the same as the groundwater density. As
discussed in Section 4.1, water viscosity (i) is sensitive to temperature. Thus, the value of
viscosity in Equation (3) should reflect the prevailing temperature in the groundwater
system under consideration.

As a practical matter, the above conditions are approximately met in most
groundwater systems that hydrologists deal with. For this reason, issues regarding
groundwater density and viscosity are commonly not considered by hydrologists when
performing Darcy’s law calculations. The parameter that usually controls the overall
reliability of a groundwater calculation is hydraulic conductivity (K), which is always
uncertain due to heterogeneity of geologic materials and difficulty associated with
measuring it. As a consequence, attention is usually focused on hydraulic conductivity and
its variability, with little or no consideration of pore fluid density and viscosity. Experience
has shown that this strategy is appropriate for most applications of Darcy’s law in typical
groundwater systems. However, there are systems in which failing to account for the
magnitude/variation of groundwater density and viscosity can lead to erroneous results.
Some of these situations are addressed throughout this book.

At this point, we consider isotropic (nondirectional characteristics) porous media
with regard to hydraulic conductivity and intrinsic permeability. In an isotropic medium,
the flow is in the direction of the maximum hydraulic gradient, which is the direction with

4
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the maximum rate of decrease in hydraulic head with distance. If the medium has directional
characteristics (i.e., is anisotropic), the expression of Darcy’s law becomes more complex
with respect to hydraulic head (H). In Sections 7 and 8, we will partially relax the condition
of an isotropic medium when evaluating strictly horizontal and vertical flow.

Figure 2 shows a laboratory column filled with a porous medium that can rotate to
different vertical orientations. With flexible tubing, the ends of the column are each
connected to water reservoirs that also function as piezometers. If there are no hydraulic
losses in the tubing, the flow rate through the column is given by Equation (4).

Q=qA=—KA(d—H)z—KA(¥) (4)

where:

Q = flow rate, positive in the +s direction (L. °T")

A = Column cross-sectional area (%)

L = column length (L)

H; = water level above the datum (head) in piezometer i (L)
The other parameters were previously defined. The column can rotate to any orientation in
the vertical plane, which changes the flow direction. However, the flow magnitude (Q)
remains constant as long as the head differential (H, — H;) does not change. This behavior

is a powerful property of the head form of Darcy’s law; however, it occurs only when head
(H) satisfies the conditions for being a hydraulic potential.

Reservoir/
piezometer

SN Datum ----1__.
0 = —xa ()

Figure 2 - Laboratory column with water reservoirs that also serve as piezometers. The
column can rotate to any orientation, which changes the flow direction. If the head
differential (H; — H,) is fixed, the flow magnitude (Q) does not change regardless of the
flow direction. This behavior occurs only if head (H) is a hydraulic potential.
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3 Hydraulic Head as a Potential

In a groundwater flow system hydraulic head (H) must have the following

properties to be a hydraulic potential quantity.

It is a scalar quantity with no implied directionality.

It varies continuously with no discontinuities or jumps.

In going from one point to another, the change in H is the same regardless of
the path taken.

The direction of flow (or components of flow) is always in the direction of
decreasing H.

A point in space can have only one value of H.

To investigate this further, let us define what is meant by a thought experiment. One

can define a thought experiment as a hypothetical situation in which a hypothesis, theory,

or principle is laid out for the purpose of thinking through its consequences. A thought

experiment does not have to be real, but it must entail characteristics that are consistent and

relevant to the process or issue being investigated.

To evaluate the existence of hydraulic potentials in a variable-density system,

consider the thought experiment for a thermally driven convection cell shown in Figure 3.

In this experiment, externally controlled temperature variations affect the fluid density

(and viscosity) in each leg of the cell.

H should decrease everywhere
in the direction of flow
Cold (clockwise for this example)

Hot; Cold;
lower higher
fluid fluid
density density

Intermediate temperature

Figure 3 - Thermally driven convection cell. This figure illustrates a hypothetical closed loop
consisting of a pipe filled with a saturated porous medium. The temperature in each leg of the
cell can be externally controlled and maintained. In a laboratory setting, this might be
accomplished using heating/cooling coils wrapped around each leg.
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For this situation, experience indicates that density-driven flow will be induced in
the pipe loop as shown. Our mission is to define a location-specific scaler quantity H that
satisfies the rules for being a potential. H is an arbitrary value assigned at the upper left
corner of the pipe loop. To be a potential, H must decrease in the direction of flow and it
must vary continuously with no jumps or discontinuities.

Do you see the problem? If we assign a starting value of Hj at the upper left corner
and follow the flow path, it is possible for H to decrease in the direction of flow. However,
as we come full circle and return to the starting location, the value of H would have to jump
from a lower value to the higher starting value (Hy). This would be a discontinuity, which
cannot occur for a potential quantity. If H changes smoothly with no jumps, then
somewhere in the system H would have to increase in the direction of flow, which also

violates the rules for a potential.

In fact, for this variable-density system, one cannot invent any scalar quantity that
can be used in the head form of Darcy’s law to compute the correct flow direction at all
locations. The head form of Darcy’s law might work for certain portions of this system, but
it doesn’t work at all locations in the system. This is true no matter how you choose to
define H. The bottom line is that the head form of Darcy’s law cannot work for this
variable-density system because no matter how one chooses to define head, it cannot exist

as a hydraulic potential.

Using energy considerations, M. K. Hubbert (1940, 1956) developed a complete
definition of hydraulic head as shown in Equation (5).
HE P =2 = (2 *)+1fpl —_ap ®
zZ,P)Y=—=(Zz —z - —
g gJp- p(P)

where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as ©):

@ = potential; work required to transform a unit mass of the fluid from an

arbitrary reference state to the current state at a location of interest

(LT
z* = arbitrary elevation of the reference state datum (L)
P* = arbitrary pressure for the reference state (ML'T?)
z' = elevation above the datum at the location of interest(L)
P'" = pore fluid pressure at the location of interest (ML 'T?)

The small circle in the integral indicates that it is path independent, which implies
that the integral has the same value regardless of the path taken in going from the reference
state to the location of interest. Hubbert (1940, 1956) showed that for H to exist as a
potential, the integral must be path independent.
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Since the reference state is arbitrary, we can assign z*= 0 and P*= 0. With these
substitutions, Equation (5) simplifies to Equation (6).
1 ?
H(z',P) =7 +—j£ ——dP (6)

gty p(P)

For the integral to be path independent, density must be a unique function of
pressure. That means there can be no two points in the system where the pore water has
the same pressure but different fluid densities. Otherwise, the integral is indeterminant and

H cannot exist as a potential quantity. This is illustrated in Figure 4.

Elevation ) _
5 Pressure (P) and density (p) are spatially
pr variable throughout the system
74— o
vl
-7 \\ o Reference state (z*, P*)
- ?
- 1
,/ 1 o Elevation and pressure (z’, P’)
I ,’ at the location of interest
1 ’
\ _’ A Path to go from the reference
z* b’ - - state to the location of interest
P*

Figure 4 - Path from the reference state to the location of interest. In this system, pore water pressure and
density both vary spatially. For hydraulic head to be a potential, the value of the integral in Equation (6) must

be the same regardless of the path taken in going from P* to P’.

If the water density is everywhere constant, p can come out of the integral in
Equation (6) and the relationship simplifies to Equation (7), which is equivalent to the

previously presented Equation (2):
!/

P
H(Z',P) =272 +— @)
Py

However, this requires that the groundwater density (p) is everywhere constant. We
conclude that, from a theoretical perspective, the head form of Darcy’s law is strictly valid
only in groundwater systems with spatially uniform fluid density.

For variable-density groundwater flow systems, previous investigators have
proposed different ways of defining head at a location of interest. For example, hs in
Equation (8) is referred to as the freshwater head, while h,, in Equation (9) is referred to as

pointwater head.

!

P
he(z',P") =z + — (8)
! pr g
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!

hy,(z',P") =2z +— )
where:
7z' = elevation at a specified location of interest (L)
P" = pore water pressure at the location of interest (ML 'T7)
hs = freshwater head (L)
Pr = density of pure water at 20 °C (ML"), which is 998.2 kg/m’
h, = pointwater head (L)
p' = pore fluid density at the location of interest, that is, where P "is measured
(ML”)

At this point, we define these proposed heads with a lowercase h, as it has not been
demonstrated that they are true hydraulic potentials that can work universally in the head
form of Darcy’s law. We evaluate the applicability of these modified representations of

head throughout this book.
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4  Pressure Form of Darcy’s Law

Referring to Figure 5, there is a second form of Darcy’s law that does not require
use of a hydraulic potential. It is based on separate terms pertaining to gravity and pressure.

This is the pressure form of Darcy’s law shown in Equation (10).

() =~=| o) g sin®) + 5] | 10
q(s) = Mps g sin sl (10)
where:

6 = direction of flow from horizontal; counter-clockwise positive [radians or

degrees]
The other parameters were defined previously. In Equation 10 (and other subsequent
equations), a combination of parentheses and brackets is used to better identify the

computational grouping of terms.

p(s’)  Density (p) and pressure

dP gradient (dP/ds) are both

ds| . evaluated at coordinate s’
N

Figure 5 - The one-dimensional pressure form of Darcy’s law. The derivative dP/ds is the gradient of
pressure evaluated at coordinate s’. Because there are two terms within the brackets, flow is not necessarily
in the direction of decreasing pressure. Specific discharge (q) is positive in the +s direction.

The specific discharge at coordinate s, q(s"), is the flow rate per unit cross-sectional
area of the medium perpendicular to the s direction, the same as for the head form of
Darcy’s law in Equation (1). The first term within the brackets is the s-direction component
of the force per unit water volume due to gravity. The second term within the brackets is
the s-direction component of the net force per unit water volume due to the pressure
gradient (McWhorter & Sunada, 1977). Interestingly, when the s direction is horizontal (6
is either 0 or T radians), there is no gravity effect and flow is driven solely by the pressure
gradient in the direction of decreasing pressure. It has been said the head form of Darcy’s
law sometimes works, but the pressure form of Darcy’s law always works. This is the
version of Darcy’s law used in petroleum engineering.

10
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For an isotropic medium with a given pressure gradient (dP /ds), this pressure form
of Darcy’s law depends on the flow direction as defined by the angle 6. For an anisotropic
medium where intrinsic permeability (k) has directional properties, the pressure form of

Darcy’s law becomes more complex with regard to gravity and pressure.

4.1 Effect of Temperature

Let us first consider a low-salinity groundwater system with elevated temperatures,
such as in a geothermal area. The density and viscosity of pure water change significantly

with temperature. For example, when temperature increases from 20 to 80 °C:

e density of pure water decreases from 997.94 to 971.20 kg/m’ (a decrease
of 2.68 percent), and
e viscosity decreases from 0.0010 to 0.00036 kg/m/s (i.e., lower by a factor of 2.82).

These variations are illustrated in Figure 6. Over this temperature range, the relative

change in viscosity is much greater than the change in density.

_3 2 _ _ —12_5
999.83952 + 16.945176-T — 7.9870401-10 S—T —46.170461-10 6—T3+ 105.56302-10 9—T47 280.54253-10 l’—T) E

p(l) = —3 3
1+ 16.897850-10 ~-.T m
1000 -y
990 ™ 578.919 1k
_ _ 28 10 &

= \ W = exp[ 3T e (T+ 273.15)} ms

£

~ N — 0.002

% 980 — %

=3 <

S ™N £ N

2970 ‘\ 2 00015 N

2 \ =

S 3

960 Fry

e N g 0001

(8]
950 2 I~
0 10 20 30 40 50 60 70 80 90 100 Y 0.0005 _—
Temperature: T (deg C) 57 \'—\-..*._‘

2
<

0
0 10 20 30 40 50 60 70 80 90 100
Temperature: T (deg C)

Figure 6 - The effect of temperature on the density and dynamic viscosity of pure water at atmospheric pressure
(i.e., zero gauge-pressure). T is temperature in °C. Above each graph is the empirical equation used to construct
the curve. The empirical equation for water density is provided in Kell (1975). The empirical equation for viscosity
is commonly referred to as the Vogel-Fulcher-Tamman equation or VFT equation, which is presented in CRC
(2023).

If the temperature distribution along a one-dimensional flow path is known or

estimated, the pressure form of Darcy’s law can be modified to:

q(s) =—

dP
T( S | P17 g sin(0) + 2

where (parameter dimensions are in dark green font with mass as M, length as L, time as

s'] (11)

T, temperature as O):

T = temperature (O)in °C for Celsius or °F for Fahrenheit
T(s") = temperature (®) at coordinate s’ as shown in Figure 7 (°C or °F)
11
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p(s’) =p[T(s’)]  Density (p), viscosity (1),
u(s’) = u[T(s’)]  and pressure gradient
dP (dP/ds) are all evaluated
"""""""" ds g at coordinate s’

Figure 7 - The pressure form of Darcy’s law for variable temperature. T (s) is the temperature distribution
along the s direction. Groundwater density and dynamic viscosity are both functions of temperature as
shown in Figure 6.

For a groundwater flow system with variable temperature, viscosity u[T(s)] and
density p[T(s)] can only have positive values. Inspection of Equation (11) shows that
variations in viscosity can change the magnitude of specific discharge (g), but not the flow
direction, and in variable temperature systems the effect on the magnitude of g can be very
significant. In contrast, variations in density have the potential to change both the
magnitude of q and the flow direction depending on whether the density change causes the

summation within the brackets to change from positive to negative or vice versa.

4.2 Effect of Salinity

Now consider a groundwater system at atmospheric pressure (zero
gauge-pressure) and a uniform temperature of 20 °C but with significant variations in
salinity. The effect of salinity on groundwater density is complex and solute-specific. In
general, the density of water increases with salinity, but there are some dissolved
compounds for which the density decreases with increasing concentration in certain
concentration ranges. Figure 8 shows the effect of a sodium chloride (NaCl) solution on
water density. As can be seen, the effect is significant at high concentrations. In real systems,
such high concentrations could occur at industrial/mining facilities, evapo-concentrated
surface water bodies, deep connate groundwater brines associated with oil and gas

development, and high-concentration groundwater contaminant plumes.

12
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Density of a sodium chloride (NaCl) solution at 20 degrees C

1,200
1,150 -~
/ A
"”g Typical density of
> / Great Salt Lake
=
o 1,100 (1,143 mg/L)
Py
‘0
T
< /
< 1,050
o /
g «—— Density of seawater
N (1,028 mg/L)
1,000
950
0 50,000 100,000 150,000 200,000 250,000 300,000

Concentration C (mg/liter)

Figure 8 - The effect of dissolved sodium chloride (NaCl) on water density. The system is at atmospheric
pressure (zero gauge-pressure) and has a temperature of 20 °C. Relationships between water density and the
concentrations of various dissolved solutes can be evaluated using the Drefahl (2023) online calculator.

If the concentration distribution along a one-dimensional flow path is known or
estimated, the pressure form of Darcy’s law can be modified as shown in Equation (12).

Nk , _ dpP
a(s) =~ | Pl g sin(6) + -

where (parameter dimensions are in dark green font with mass as M, length as L, time as
T, temperature as ©):

] (12)

C solute concentration (ML)

C(s) = concentration (ML) along the s flow direction as shown in Figure 9
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o\
n(8) Yas\

K \P\c $N9°
T

q<s) =

p(s’) = pIC(S)] Density (p) and pressure
ap gradient (dP/ds) are both

________________ dsi evaluated at coordinate s’

Figure 9 - The pressure form of Darcy’s law for variable solute concentration. C(s) is the solute concentration
distribution along the s direction. For sodium chloride (NaCl), the groundwater density as a function of
concentration is shown in Figure 8.

4.3 Effect of Pressure

Water is a slightly compressible fluid. In going from 1 to 200 atm of pressure, the
density of pure water at 20 °C increases from 998 to only 1,007 kg/m’; 200 atm of pressure

is what would occur at the bottom of a static water column about 2,000 m high. For this
reason, the effect of pressure on groundwater density is usually ignored in groundwater

calculations. However, it could be important when evaluating very deep flow systems.

14
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5 Solution of the Convection Cell Thought
Experiment

Now let’s return to the thermally driven convection cell. For this thought
experiment, we consider that the temperature in each leg of the pipe loop can be externally
controlled using heating or cooling coils. Each leg of length L is maintained at a uniform
temperature along its entire length. In the real world, if two legs have different
temperatures, there would need to be a gradient (or transition) of temperature at the corner
where the legs meet. Our thought experiment assumes that the temperature changes
abruptly at each corner of the cell, which would not happen physically. However, for the
issues being evaluated by this thought experiment, this departure from reality does not

affect the conclusions reached.

The pipe loop is a closed system, that is, there is no addition of water or chemical
mass from outside this system. The only thing that affects water density and viscosity is the
externally imposed temperature in each leg. For steady-state flow, these conditions dictate
that the mass flux of water in each leg must be the same. The mass flux (j) is equal to the
product of specific discharge times the fluid density (p q). Accordingly, we can multiply
both sides of Equation (11) by density (p) to obtain the Mass Flux Equation (13).

'
) == [ gsin@ + 4| | 13

where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as ©):
J = mass flux (MT'L?)

The setup for mathematical solution of the convection cell problem is shown in
Figure 10. The cell contains four legs in a vertical plane, each of length L and with the same
cross-sectional area. For our thought experiment, the mass flux (j) is the same everywhere
within the convection cell, and each leg has the temperature T; where i is the leg number 1,
2,3, or4.

15
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leg1
P, =1 atm (specified) = P(0) for Leg 1 T,=20°C P, = P(L) for Leg 1 = P(0) for Leg 2
P, 6, =0 degrees

P, {computed) must equal P, P, 1

—>S5

j=(p q)is everywhere constant

Leg 4
T,=80°C
8, =90 degrees

Leg 2
T,=20°C
6, =-90 degrees

k=103 m?

Each leg has length L =10 m

The designated temperature in
each leg (T) is spatially constant.

z

JO datum

Water density (p) and viscosity p p
(1) are both functions of 3 Leg 3 2
temperature as described by T,=50°C

graphs in Figure 6. 8, =-180 degrees

Figure 10 - Setup for solution of the convection cell thought experiment. P, is an arbitrary fluid pressure
assigned to the upper left corner of the cell. Each leg is assigned and index number i = 1, 2, 3, 4 as shown.
Mass flux (j) is the same in each leg of the cell. P;, P,, P5, and P, are computed pressures at the corners. P,

and P, are the same point and therefore must have the same pressure.

For leg i of the cell, the mass flux equation shown in Equation (14) applies (modified from
Equation (13).

= _ZPUAL ] g sin(6)) + —| ] (14)
J===rg LPITil g sin@) + 50|
where:
T; = uniform temperature along the length of leg i (®)

Referring to Figure 10, the mass flux (j) and temperature (T) are specified to be
uniform, but different, within each leg, so the derivative of pressure (dP/ds) within a
particular leg must also be uniform. The pressure gradient in leg i is therefore computed
by Equation (15).

ar|  p(L)—Pi(0)

- 15
ds i L ( )
where:
P;(0) = water pressure at the upstream end of leg i (ML'T?)
P,(L) = water pressure at the downstream end of leg i (ML'T?)

L

length of the convection cell leg (L)

Substituting Equation (15) for the derivative in Equation (14) and solving for P;(L) leads to
Equation (16) which applies to the conditions illustrated in Figure 11.
16
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L plT; .
P,(L) = P,(0) — ]k;‘% — L p[T] g sin (6) (16)

Figure 11 - Pressure at each end of a convection cell leg. The entire leg has constant mass
flux (j) and uniform temperature T;.

For our convection cell, this formulation leads to a set of coupled equations shown
in Equations (17) through (21).

Leg 1
P, =P, —%—L;}[zo °C] g sin(0 deg) (17)
Leg 2 \
P, =P, —% — L p[20°C] g sin(—90 deg) (18)
Leg 3
P; =P, —% — L p[50°C] g sin(—180 deg) (19)
Leg 4 \
P, =Py —% — L p[80 °C] g sin(90 deg) (20)
P, =P, (21)
17
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To find a solution, Equations (17) through (20) are evaluated sequentially using an
arbitrary Py in Equation (17) and a trial value for mass flux (j). Then, the computed P, from
Equation (20) is compared to the input Py. If they differ, a new mass flux value is tested.
This process is repeated in a trial-and-error manner until a value of j is found that results
in Equation (21) being satisfied. When this is achieved, the associated j value is the uniform
mass flux within the system being considered. In fluid mechanics, this iterative solution
technique is known as the Hardy-Cross method. Armed with Equations (17) through (21),
and the empirical relationships in Figure 6, we can now solve the convection cell problem
shown in Figure 10 to obtain the system mass flux and the pressures at each corner of the
convection cell. The calculations of pressure at each corner of the call are summarized in
Table 1. With the solution obtained, we wish to further investigate the applicability of
proposed alternate forms of hydraulic head within the system. Because the pressure
gradient in each leg is linear, the pressure at the midpoint of a leg is equal to the average of
the pressures at each end of the leg. Thus, at the midpoint of leg i, the freshwater head is
given by Equation (22) and the pointwater head is given by Equation (23).

himi = Zm; + fiath (22)
29pr
_ Pi_; + P
hpmi =Zmi t m (23)
where:
hfmi = freshwater head at the midpoint of convection cell leg i (L)
Zmi = midpoint elevation of convection cell leg i (L)
hpmi = pointwater head at the midpoint of convection cell leg i (L)

Calculations of freshwater head and pointwater head are summarized in Table 1, and the
results are shown graphically in Figure 12.
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Table 1 - Calculations for the convection cell thought experiment. To provide detailed documentation, these
calculations are performed using MathCad® software. However, the equations could also be evaluated using a
calculator or spreadsheet. The MathCad® output contains a semicolon before the equal sign and a dot to

indicate multiplication of parameters and units (MathCad® treats units as parameters).

k=110 13-1312 Intrinsic permeability of porous medium
L= 10m Length of each leg of a square convection cell
Water Density vs Temperature (C)
— 2 — — —12 _5
(D - 9083952 + 16.945176-T — 7.9870401.10 T 46.170461.10 O + 105.56302-10 T  — 280.54253-10 °T kg
p(h = = —
1+16.897850-10 °-T -
(T) - I 3.7188 + S78.919 10_2 i Water Viscaosity vs Temperature (C) T=0,1.100
= eXp| —2. - o15e = I .
H Pl Z137546 + (T+ 273.15) P O
0.02 1000 —T==
<, 990 ﬁ\‘*\
00157y p(T) Mo
p(T) ——— 980 P
— 0.01 kg [
poise i ] 970 AN
0.005 ] T 960 M
0 50
0 1020 3040 50 60 70 80 90100 0 10 20 30 40 50 60 70 80 50100
T T
j=2824. ke Trial-and-error system mass flux value to get P4 = Py
yr-m
P = pore water pressure and corner i hy = fresh water head at midpoint of leg i q; = specific discharge in leg i
Pmi = pore water pressure at mid-point of leg i hpi = point water head at midpoint of leg i
Py = 1.000-atm  Arbitrary pore water pressure at upper left corner of the cell
s Lowi2 ‘0. .
Leg1 Py = py— 1PV —L-p(EO)-g-sin[O—TT] Py = 0.99114-atm a = — a = 028302
k-p(20) 180 p(20) yr
Po+ Py 20.308
= = 2l m
i 2-g-p(20) it
Po P 20.308
= =zl m
te! Zgp00) P
. ¢ _an. .
Leg2 p,-—p,—i-HCE0 L-p(EO)-g-sin[&] P; = 1.94811-atm Q= @ = 028302
k-p(20) 180 p(20) vr
by = Lo 1T P2 bey = 20216
=t = 20216m
T2 2.gp20) =
L Pi+h
hyy = —+———  hy =20216m
2 2.gp20)
j-L-p(50 (—180- i
Leg3 py-=p,— i HCO L-p(SO)-g-sinL “] P; = 1.94320-atm ;= 3 qs = 02860-2
k-p(50) 180 p(50) vt
Pat P 20.145
=0+ —- = 20.145m
? 2-g-p(20) e
0 Pa+Ps 20356
3 =0+ —— = 20356m
e 26.0(50) 3
j-L-pu(80 " 90- '
Leg4 p,-=p,— i PCO L-p(so)-g-sin[—“] Py = 1.00000-am  q = — @ = 029082
k-p(80) 180 p(80) vr
L P;+ Py
= — 4+ — y = 20.236m
bes = 2 2.gp20) ot
L P3 + P_], 20.656
= 4 = 20656m
bpt = 5 2.g.p(80) bps
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P =0.9956 Units:
p=99794 P [atm]
u =0.01002 p [kg/m?)
P,=P,=1 (specified) _ 9= 028?9 __P;=0.9911 h;[m above datum]
: : h, [m above datum]
he=20.308 q [m/yr]
h, = 20.308 J T ke/yr/m?]
u (poise)
j =282.40 = constant
k=101 m?
P=14716 | | | P=1.4696 L =10 m (for each leg)
p=971.20 hf =20.236 hf: 20.216 | p=997.94
1 =0.00356 hp = 20.656 hp =20.216 [ u=0.01002 p(T) and u(T) for pure W_ater
q=0.2908 I g=0.2830 are from graphs shown in
T Figure 6
he=120.145 Portion of cell where flow is
h'u =20.356 in the direction of increasing
datum > — E: freshwater head (hf)
Py =1.9432 P =1.9457 Pp=19481 Portion of cell where flow is
p =987.55 in the direction of increasing
u =0.00549 pointwater head (h,)
g =0.2860

Figure 12 - Results of the convection cell thought experiment. In portions of the cell, the fluid flow is in the
direction of increasing freshwater head (hf) and/or increasing pointwater head (hp), indicating that these
parameters are not true hydraulic potentials.

For this thought experiment, the mathematical results show that freshwater head
(hs) and pointwater head (h,) are not hydraulic potentials because in some portions of the
cell the flow is in the direction of increasing values. As such, it is somewhat misleading to
describe these parameters as heads and interpret them as alternate representations of the
parameter H used in the head form of Darcy’s law. Blindly replacing H with hf or h,, in
Equation (1) would not provide the true flow directions or magnitudes at all locations
within the cell. For this variable-density flow system, the hydraulics can only be solved
using the pressure form of Darcy’s law. The bottom line is that the hydraulic potential H is
a different “animal” from h; or h, because the latter are not true hydraulic potentials.
Further, the downward flow in the right leg of the cell in Figure 12 is in the direction of

increasing pressure, so pressure alone is not a true potential for describing flow.

In Figure 12, an interesting observation is that specific discharge increases slightly
where the cell attains higher temperature. One might ask: Why does the specific discharge
change if there are no sources or sinks that add or subtract flow to/from the system? For
this closed flow system, conservation of mass implies that the mass flux (j = pq) is
everywhere constant. If the fluid density p decreases (at higher temperature), the specific
discharge g must increase. This can also be explained by thermal expansion of the fluid at
higher temperature.
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6 Application of Darcy’s Law to Groundwater
Systems

Having shown that the head form of Darcy’s law did not work for our convection
cell thought experiment, there is some good news for groundwater hydrologists. In most
natural groundwater systems, the difference in groundwater density is sufficiently small
that its variation can be ignored, and calculations can proceed using a uniform (average)
density. When this assumption is justified, the hydraulic head form of Darcy’s law can be
used, and the errors imposed are not large enough to be of practical concern. This explains
why the hydraulic head form of Darcy’s law is embedded in the thinking of the
groundwater discipline: It usually works! However, there are situations where one may
need to use the pressure form of Darcy’s law to obtain more representative results.

Examples include the following;:

e in a freshwater aquifer, the horizontal migration of a groundwater chemical
plume with very high TDS;

e vertical groundwater flow in an aquitard that is sandwiched between two
aquifers, one with relatively fresh water and one with brine, a situation known
to occur adjacent to Great Salt Lake in Utah, USA;

e deep groundwater flow in a geothermal area;

e vertical upward flow of lower TDS groundwater toward shallow higher TDS
groundwater associated with a playa lake;

e groundwater flow passing over the top of a salt dome;

e along coastlines where a freshwater aquifer is in hydraulic contact with an
aquifer containing ocean water; and

¢ where high-concentration chemical reagents are injected into groundwater for

in situ treatment.

A practical approach for groundwater professionals can be to perform
scoping-level, one-dimensional flow solutions using both the head and pressure forms of
Darcy’s law and compare the results. If the results are very similar, one can usually proceed
with the head form using a uniform (average) fluid density and have a reasonable
expectation that the results will be sufficiently accurate for practical application. If results
of the two forms of Darcy’s law are significantly different, deferral to the pressure form
may be required to obtain defensible results. For example, if both equations give the same
flow direction but a magnitude difference less than, say, 10 percent, one might conclude
that the uncertainty of the results is small compared to the uncertainty in the value of k (or
K), and either method is adequate for practical application. However, if the two methods

give different flow directions, the pressure form of Darcy’s law should take precedent.

The relative effect of temperature (T) on water viscosity (i) is always greater than
its effect on water density (p). At face value, one might conclude that the temperature effect
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on viscosity could swamp the effect on density. However, the system hydraulics may be
more complicated than this simple interpretation. The flux equation presented previously
for a system with zero solute concentration—but with elevated/variable temperature as

shown in Equation (11)—is reproduced here as Equation (24).

N k , ) dP
q(s’) = NGO p[T(s")] g sin(8) +d_s

This equation shows that the magnitude of flux (q) is inversely proportional to

) ] (24)

viscosity, and this effect can be significant. However, a change in viscosity alone does not
affect the flow direction. The direction of flow is controlled by the term
[p[T(s)] g sin(0) + dP/ds|y ]. If this term is negative, flow is in the +s direction; if
positive, flow is in the —s direction. Therefore, in a variable temperature system, one cannot
necessarily neglect the magnitude/variation in groundwater density even though the
relative variation in viscosity is much greater.

The flux equation presented as Equation (12) for a system at standard temperature,
but with an elevated/variable solute concentration, is reproduced here as Equation (25).

() = =5 [ ples g sin(e) +

) | (25)

Except for extreme cases of certain organic compounds (such as biodegradable
slurries), we can usually ignore the effect of concentration on water viscosity.
Elevated/variable concentration can significantly change the groundwater density, and this

can affect both flow direction and magnitude as expressed by the bracketed term.
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7 Horizontal Flow Calculations

Let’s consider some practical situations. The first is essentially horizontal flow in an
aquifer where the groundwater density varies laterally but not vertically. If the principal
directions of hydraulic conductivity are horizontal and vertical, we can relax the isotropic
assumption and consider horizontal hydraulic conductivity (Kp) or horizontal intrinsic

permeability (kj) in calculations of horizontal flow.

For horizontal flow, the direction angle () is zero and the pressure form of Darcy’s
law shown by Equation (10) simplifies to Equation (26) where the coordinate direction x is

used to indicate that the flow direction is horizontal.

ky, dpP
x)=——— 26
qn(x’) o dxly (26)
where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as O):
qn = horizontal specific discharge (LT")

kn, = horizontal intrinsic permeability (L%

x' = specified horizontal coordinate (L)

Horizontal flow is controlled only by the gradient of pressure. Conveniently, the
density of the groundwater in the aquifer and its spatial variation p(s) falls out of the flow

equation.

Let’s evaluate the horizontal component of flow in an aquifer between two
monitoring wells. To proceed, we must select an arbitrary horizontal reference level at
elevation z, and estimate the fluid pressure (P,) at each well at that elevation as shown in
Figure 13. Replacing the derivative in Equation (26) with a finite difference approximation,
an estimate of the horizontal specific discharge is given by Equation (27) where an

approximation sign is used because a linear hydraulic gradient is assumed between x;and

Xy.
- kh (P r2 T P rl)
gn ~ -2 2T (27)
uo (xz —xq)
where:
P,; = pressure at the reference elevation at the location of well i (ML 'T7?)
x; = distance coordinate at the location of well I (L)
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Well 1 Well 2

_ﬁ (PrZ - Prl)
B (X2 —x1)
Figure 13- Estimation of horizontal specific discharge in an aquifer with

variable-density groundwater. The magnitude/variation of groundwater density
between the wells is not needed to perform the calculation. The equation for

qn has an approximation sign because a linear pressure gradient is assumed to
exist between the wells.

qn =

7.1 Estimation of Pressure at the Reference Elevation

Equation (27) is easy to solve. However, a practical challenge is estimating the fluid
pressures P,y and P, at the chosen reference elevation (z,.). As shown in Figure 14, we typically
install a groundwater monitoring well and measure the physical water-level elevation in the well
or fluid pressure at the elevation of a pressure transducer installed somewhere within the water

column.

Elevation Well
Z,h
Patm
| | Ground
h,T
Z, 1 Transducer: P, or P,
p

Reference level

Figure 14 - Typical groundwater monitoring well installation. Parameters shown
on the figure are described in the text.
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The parameters represented in Figure 14 are as follows. Parameter dimensions are

in dark green font with mass as M, length as L, time as T, temperature as ©.

Zy, =  midpoint elevation of well completion zone (L)
Z, = reference level elevation (L)
Z; =  pressure transducer elevation (L)
hy, = physical water-level elevation in a well (L)
p =  groundwater density in the vicinity of the well (ML)
P = fluid pressure at the midpoint of a well completion zone (ML T~
w P P P
P. =  groundwater pressure at the reference level (ML 'T")
Pym =  prevailing atmospheric pressure (ML 'T?)
P, = 8auge pressure measured by a vented submersible transducer
(ML'T?)
P,, =  absolute pressure measured by an unvented submersible transducer
(ML'T?)

We assume that the monitoring well is periodically purged, so the density of the
water column in the casing is the same as groundwater in the aquifer (p). Using well
measurements, we compute the groundwater pressure at the reference level (P,) at the well

location making the following assumptions.

e The vertical pressure distribution in the aquifer is hydrostatic (no upward or
downward flow).

e The vertical pressure distribution in the well-water column is hydrostatic.

e P, is the fluid pressure in the well-completion zone and in the adjacent geologic
formation at elevation z,,,.

e The groundwater density (p) is vertically uniform at the well location.

e The average density of the well-water column is the same as the groundwater

density (p).
These assumptions are reasonable for many groundwater situations. The assumptions say
the vertical pressure distribution inside the well is the same as the vertical pressure

distribution in the adjacent aquifer.

Hydraulic conditions in a monitoring well or piezometer can be evaluated by

measuring any of the following.

e The distance from a surveyed measuring point (typically the top of the well
casing) down to the physical water level in the well. This is usually done using
an electric depth-to-water tape that indicates when its bottom probe contacts the
water surface. Subtracting this distance from the elevation of the measuring

point gives the elevation of the water surface (h,,).
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Measurement of gauge pressure (P;g4) using a vented pressure transducer that
does not require a barometric correction. For this type of instrument, the readout
pressure is zero when sensing the atmosphere regardless of the prevailing
barometric pressure.

Measurement of absolute pressure (P;,;) by a submersible pressure transducer
positioned at a known elevation in the water column. Referred to as an
unvented pressure transducer, when this instrument senses the atmosphere at
sea level, its readout pressure is approximately 100,300 pascals (Pa) or
14.7 pounds per square inch (psi). To convert absolute pressure to gauge
pressure requires a correction using the prevailing barometric pressure, which
is typically measured using an external barometer at ground surface or

accessing barometric records from a nearby weather station.

Other measurement devices are available, but these are the ones most used.

We can now set up equations to compute B, for three types of field measurements,

and these are presented below in Equations (28), (29), and (30).

1.

2.

3.

If the physical water-level elevation (h,,) is measured, then:
B =pg(hy —z) (28)
If a vented transducer measures true gauge pressure (Py):
B =Py +p 9z —2z) (29)
If an unvented transducer measures absolute pressure (Py,):

Pr:Pta_Patm+pg(Zt_Zr) (30)

Pyt in Equation (30) is the prevailing atmospheric pressure at the time of transducer

measurement, not standard atmospheric pressure. In subsequent analyses, we compute

P. at the location of two monitoring wells. When doing so, certain parameters in
Equations (28), (29), and (30) will be subscripted with “1” or “2” to identify the well being

evaluated.

In general practice, the water density of the formation and in the well-water column

can be directly measured in the lab using a grab sample taken during purging. However, if

a pressure transducer is positioned below the physical water surface in the well, the average

water column density above the transducer can be back-calculated using Equation (31) if the

transducer is vented or Equation (32) if the transducer is unvented.

or

P
9
p=——"—rv (31)
g (hw - Zt)
_ Prqg — Potm
Y (32)
g ( w Zt)
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If a transducer is positioned at the chosen reference level (z; = z,), the last term in
Equation (29) and Equation (30) is zero and P, can be determined directly without knowing
the groundwater or well column water density.

To minimize inaccuracies that may occur when the above assumptions are not
strictly correct, it is best to select the reference level z,. to pass through the midpoint of the
well completion zone. To evaluate flow between two wells having different completion
elevations, a good approach is to select z, to have an elevation about midway between the

well completion midpoints.

7.2 Use of Freshwater Head for Horizontal Flow

For horizontal flow problems, hydrologists tend to be more comfortable with fluid
levels and hydraulic conductivity as opposed to pressure and intrinsic permeability. With

algebraic manipulation, we can rewrite the Darcy equation for 1-D horizontal flow as

Equation (33).
khpfg> (ust> d [ p
= _ =)=z +— (33)
n ( use J\w/dx | prg

where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as ©):

Hst = standard dynamic viscosity of pure water at 20 °C (ML'T") is 0.001
kg/m/s

The other parameters were defined previously.

We define the first term on the right-hand side of Equation (33) as shown in

Equation (34).
kn pr g
Kon = ——L (34)
Ust
where:
Kstn = standard horizontal hydraulic conductivity for pure water at 20 °C (LT'I)

K¢n is the hydraulic conductivity that one would expect to measure in a laboratory
permeameter using pure water at 20 °C. The bracketed term in Equation (33) is the
freshwater head associated with the reference elevation (z, ) as shown in Equation (35).

P
Pr3

In Equation (33) we added the reference elevation (z,.) in the bracketed term, which

hy =z, + (35)

is permissible because z, is a constant and dz, /dx = 0. Further, hf depends on the chosen
elevation of the reference level z,.. Substituting Equations (34) and (35) into Equation (33)
gives an equivalent form of Darcy’s law for one-dimensional horizontal flow expressed in
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terms of standard horizontal hydraulic conductivity (Ks) and the freshwater head (hy)
associated with the reference level (z,.), as shown in Equation (36).

Mst) %

qn = —Rgstp (7 dx

Equation (36) looks quite similar to the head form of Darcy’s law. However, for a

(36)

variable-density system, this equation is not the head form for the following reasons.
e [t applies only to horizontal flow, while Darcy’s law should work for any flow
direction.
e hs is not a hydraulic potential, as was demonstrated by the convection cell

thought experiment.

hs can be visualized as the water level achieved in a manometer filled with
freshwater of density p; that senses the fluid pressure at a point located at the reference
elevation. hf is simply a surrogate for describing fluid pressure and how pressure varies
laterally at the reference level. Equation (36) is the pressure form of Darcy’s law for
horizontal flow using parameters that are more familiar to hydrologists.

Figure 15 illustrates the relationship between the physical water level in a well and

the hypothetical freshwater head associated with a reference level.

Elevation

Z, h Well

| |  Ground
he 1 Equivalent freshwater head
P

-+ i he =z, +

h,, Physical water level f = 4r 7 g
or
por Py h, =z, + -

Reference level

Figure 15 — Comparison of the physical water level in a well (h,) with freshwater head
(hy). Freshwater head depends on the choice of the reference level elevation (z,). When
groundwater density (o) is greater than freshwater density (o > py), the freshwater head
(hy) is higher than the physical water level (h,,).

Using hydrostatics and the relationships shown in Figure 15, we note that the
physical water level can be determined from the elevation and pressure at the reference

level as expressed in Equation (37).

28

The GROUNDWATER PROJECT ©The Author Free download from gw-project.org
Anyone may use and share gw-project.org links. Direct distribution of the book is strictly prohibited.



Darcy’s Law in Variable Density Groundwater Systems Fred Marinelli)

P,
hw = Zr + ﬁ (37)

When Equation (35) and Equation (37) are evaluated simultaneously and solved for
hs, we obtain Equation (38) for freshwater head (hy) based on the measured physical water
level in the well (h,,).

p
hy =z, + —(hy-2z,) (38)
Pr

Again, the computed freshwater head is not a fixed value, but depends on the chosen

reference level elevation (z,).

7.3 Horizontal Flow Example 1

As an illustrative example, Figure 16 shows the setup for a horizontal flow problem

based on the measured physical water levels in two wells.

Elevation
z,h Well 1

k, =101 m?
u=0.008 poise

z,=400m
Reference level

p, = 1,000 kg/n
 (low TDS water

| | x
x;=200m X, =400 m
Figure 16 - Problem setup for horizontal flow in an aquifer with different groundwater density at the monitor

well locations. The subscript 1 applies to parameters associated with Well 1 and subscript 2 applies to
Well 2. The solution does not require knowledge of the groundwater density distribution between the wells.

The solution to the problem in Figure 16 is provided in Table 2. The computed
specific discharge (5.32 m/yr) is the same regardless of whether the problem is solved using
pressures (P.) or freshwater heads (h,). Knowledge of the groundwater density
distribution between the two piezometers is not needed to solve this horizontal flow
problem. Further, if a pressure transducer in each well is positioned at the reference
elevation (z;), the solution requires no knowledge of the groundwater density at each well

location.
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Table 2 - Mathematical solution to the horizontal flow problem shown in Figure 16. To provide good
documentation, the results are provided in a MathCad® printout. However, the equations could also be evaluated
using a calculator or spreadsheet. The MathCad® output contains a semicolon before the equal sign and a dot
to indicate multiplication of parameters and units (MathCad® treats units as parameters).

Inputs
-1 2 _— .
ky =10 m Intrinsic permeability
W = 0.00800-poise Groundwater viscosity (at 30 degrees C) p = o_ooogoﬁ
5-m

%) =200m x = 400-m Well coordinates along x axis
h 1 =430m Physical water level in Well 1
pp = 1000-k—i Groundwater density at Well 1 (low TDS water)

m
h n = 429-m Physical water level in Well 2
py = 1025-k—g3 Groundwater density at Well 2 (sea water)

m
z, = 400-m Reference level elevation
pp = 993_2-E Standard (freshwater) density

m3 {pure water at 20 degrees C)
Mg = 0.01-poise Standard water viscosity g = 0_00100-5

(at 20 degrees C) m-s
Solution based on Pressures
Py= pl-g-(hwl - zr] Pressure at reference level at Well 1 P =2942x 10°Pa
P, = ,;E.g.{hwz — Zr] Pressure at reference level at Well 2 Py =20915x lospa
_ ky | [ P2—Pp Haorizontal specific discharge based _ 5310.™

Up = 7 I ) — on pressure Uy = > ;

Solution based on Freshwater Heads

kh-pf-g

Kyp = Standard (freshwater) horizontal hydraulic Kyp = 9789 x 10_5-3
Hst conductivity sec
P
hy =z + _](hwl - zr] Freshwater head at reference elevation by = 430.054m
Pf at Well 1
P2 .
hpy =7, + —{hwp, - zr] Freshwater head at reference elevation hp = 429.779m
- et T at Well 2 -
B Mgt | [ B —hp Harizontal specific discharge based _ = m
Ut = Kyl — |- — on freshwater head Qe = 3-319-—
A s | ¥
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Using the solution approach presented in Table 2, the sensitivity of specific
discharge to variations in physical water-level elevation (h,,) and reference level elevation
(z,) are evaluated in Table 3.

Table 3 - Computed specific discharge (qgn) for different input values of physical water-level elevations (hw) and
the reference level elevation (z,). Other (fixed) inputs are listed in Table 2.

Flow
z.(m h,,;(m h,,(m m/yr
(M) wi(m) w2(m) gn(miyr) direction  comments
Base Case:
Effect of 400 430 429 5.32 5 Figure 16 and
different
Table 2
water
levels in Reversal of
400 430 429.5 -4.59 — flow direction
the wells
from base case
Same flow
410 430 429 10.15 — direction as
base case
Base Case:
Effect of 400 430 429 5.32 — Elgbulre216 and
different anle
reference Comguted
level 389 430 429 Zero ZPE‘;' ic
elevations Ischarge Is
used for Zero
analysis Rever§al qf
380 430 429 -4.35 — flow direction
from base case
Reversal of
370 430 429 -9.19 — flow direction

from base case

Physical water levels in wells do not always provide a reliable indication of flow
direction. Consider the second line in Table 3, which indicates that the physical water level
in Well 2 (hy,,) is 0.5 m lower than Well 1 (h,,,). At face value this might be interpreted to
indicate flow to the right. However, the negative value of specific discharge shows that the
true flow direction is to the left. For this example, the pressure at the reference level at Well
2 is greater than that of Well 1; however, the higher fluid density in Well 2 supports a

shorter static water column in the well.

Results in Table 3 also show that the computed horizontal specific discharge (qy)
depends on the chosen reference elevation (z,.). Depending on the assigned value of z,, the
computed magnitude of g, can vary significantly and the flow can change direction. To get
a sense of the range in horizontal specific discharge that might occur in an aquifer, it may
be advisable to compute qj using several different values for the reference elevation. The
uncertainty of the calculation increases as the elevation difference between the reference
level and the well-completion zones becomes greater. This supports the suggestion at the
end of Section 7.2 that it is best to select the reference level z,. to pass through the midpoint
of the well completion zone, or if the wells have different completion elevations, to select

Z, at an elevation about midway between the well completion midpoints.
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The last two lines in Table 3 show that for a low z, elevation, the computed flow
direction is reversed from the base case. Well-completion depths and the reference level
elevation must be judiciously chosen to be consistent with the hydrologic issue being

evaluated while also striving for similar screen elevations.

7.4 Horizontal Flow Example 2

Next, we consider a horizontal flow thought experiment where groundwater
density varies along the flow path as shown in Figure 17. As a first approximation, we
assume the specific discharge (qy,) is laterally constant and the system temperature is 20 °C,
which implies that u = ug. For this uniform temperature problem, the variation in
groundwater density would result from variations in solute concentration that, for
example, might occur in a groundwater contaminant plume. The horizontal (segmented)
density distribution for this problem should be viewed as a snapshot in time. In a field
system, chemical transport would change the density distribution over time. The
calculations used to evaluate this thought experiment are provided in Table 4 and the

results are shown graphically in Figure 18.

|

I

0 80 160 240 320 400
Xq X3

Other inputs:
k, =102 m2
u =0.01 poise
py=998 kg/m3
z,=440 m msl

Figure 17 - Thought experiment for horizontal flow with lateral variations in groundwater density. The system
has a uniform temperature of 20 °C, so groundwater density is controlled only by the variation in TDS.
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Table 4 - Mathematical solution of the thought experiment shown in Figure 17. To provide good documentation,
this problem is solved using MathCad® software. However, the equations could also be evaluated using a
calculator or spreadsheet. The MathCad® output contains a semicolon before the equal sign and a dot to
indicate multiplication of parameters and units (MathCad® treats units as parameters).

Inputs

k=10 2’ Intrinsic permeability

i = 0.01-poise Pore water absolute viscosity

x;=0m xp=400m Coordinates at begining and end of flow system
kg .

pr = 998-—3 Freshwater density
m

z. = 440-m Reference elevation

h 1 = 500m Well 1 fluid level elevation

by = 492-m Well 2 fluid level elevation

pls) = lozok—g3 if s < 80m Aquifer pore water density distribution

m

lOﬁOk—g3 if 80m < s < 160-m
m

K
1130—g'3 £ 160m < s < 240-m
m

K
1090-—gEL £ 240m

m

1A

s < 320-m

K
1050—g3 £ s> 320m
m

Calculations

k-prg -
= f Freshwater hydraulic conductivity Kp=9787x10 e
18 sec
Pq= p{xl) g-[hwl - zr] Refrence level pressure at location of well 1 P,y = 5923.am
Poy= p{xz)-g-[hwz - zr] Refrence level pressure at location of well 2 P,y = 5284 .atm
_ PPy Reference level pressure distribution.
P(x)=Py+ - x If g, is constant, then this distribution is linear
P.(x) o
he(x) = z.+ -~ Freshwater head distribution hy = hf{xl) hg = 501.32m
P (x) o _ 40
h () = 7+ — Wellfluid level distribution by =he(x) by = 4947Im
W I
p)-g
{hf7 - hﬂ ] m
= Kp—— Specific discharge =511—
qh Kf X2 - Kl qh 3T
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GW density: p (kg/m?3)

1000
0 100 200 300 400

Coordinate: s (m)

505

50 n p——
4% E— \\\A\“
Lmh

490
0

WL elevation: h (m msl)

100 200 300 400

Coordinate: s (m)

— Freshwater head: hf
— Well water level: h,,

Figure 18 - Graphical results for the thought experiment for horizontal flow with lateral
variations in groundwater density as shown in Figure 17 and evaluated using equations
in Table 4.

The lower graph in Figure 18 shows that standard evaluation of physical water
levels in wells (h,,) could lead to uncertainties and contradictory interpretations. For
example, if monitoring wells were installed at locations A and B, the physical water level
would be higher in Well A. This could be misinterpreted to indicate flow to the left when
the true flow direction is to the right. In contrast, equivalent freshwater heads (hs) provide

a consistent and correct representation of the hydraulics for this horizontal flow system.

How is this result useful? To assess its usefulness, we consider an aquifer with
variable-density groundwater and a network of monitoring wells. Then we develop a
contour map to interpret groundwater horizontal flow directions and migration velocities.
This could be done by contouring pressure on a horizontal plane at an assigned reference
elevation, but hydrologists tend to be more comfortable visualizing water-level elevations.
If one constructs the contour map using the physical water levels in the wells (h,,), it is
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possible that flow directions and velocities could be incorrectly interpreted. An alternate
approach is to convert the physical well levels to equivalent freshwater heads (hy) for a
chosen reference level elevation (z,) and construct the contour map using these values.
Standard analysis of the freshwater head contour map should provide a more
representative interpretation of horizontal flow directions and specific discharges. The
reference level elevation must be judiciously chosen to be consistent with the hydrologic
issue being evaluated. This approach should be considered only when the density variation
in the area of interest is relatively large and the flow is essentially horizontal. An example
is the presence of a groundwater chemical plume having much higher TDS compared to
the adjacent (unaffected) groundwater in the aquifer. If the density variation in the aquifer
is relatively small, the head form of Darcy’s is usually sufficiently accurate for practical
application. Also note that in a variable-density system, freshwater head is not a hydraulic

potential and by itself cannot be used to assess flow that is nonhorizontal.

Exercise 11, Flow Through a Slurry Wall, provides a practice problem with horizontal

flow.
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8 Vertical Flow Calculations

We now turn our attention to vertical flow in a homogeneous medium. In the
pressure form of Darcy’s law shown in Equation (10), we set the direction parameter () to

90 degrees and designate the vertical distance variable as z. This leads to Equation (39).
, k , dpP
0@ ==(2) [ pera+ 3

where (parameter dimensions are in dark green font with mass as M, length as L, time as

; ] (39)

T, temperature as O):

z = vertical elevation above an arbitrary datum; positive upward (L)
z' = specified vertical coordinate (L)
gy = vertical specific discharge, positive upward (LT")
k, = vertical intrinsic permeability (L")

In this equation, groundwater density can be uniform or vary vertically, that is p(z), and
dP/dz is the vertical pressure gradient evaluated at z'. If the medium is anisotropic and
the principal directions of permeability are horizontal and vertical, we can assign a specific

value to the vertical intrinsic permeability, which is designated as k,,.

Figure 19 shows the geometry and relevant parameters for a groundwater
piezometer. We use the term piezometer here to imply an installation similar to a monitoring
well but with a short completion zone, so the pore fluid pressure is measured over a small
vertical increment of the geologic medium. In comparison with Figure 15, new parameters

to consider are shown here.

P, = fluid pressure at the midpoint of the piezometer completion zone
(ML'T?)
z, =  midpoint elevation of the piezometer completion zone (L)
p(z) =  vertical groundwater density distribution (ML)
p = density of the fluid column in the piezometer riser pipe (ML");
assumed equal to the groundwater density at the piezometer
completion zone, p(z,,)
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Elevation
z,h Plezometer
/

| | Ground

Equivalent freshwater head

Physical water level

Transducer: P, or P,

p(z)

Figure 19 - Geometric and hydraulic parameters associated with a piezometer. A piezometer is
typically designed to have a short completion zone so that P, is the fluid pore pressure measured
over a small vertical increment of the medium.

Using hydrostatics, we can now set up equations to compute the pore water
pressure (P,,) at the midpoint of the piezometer completion interval for several types of
field measurements. Equation (40) computes P,, when the physical water-level elevation

(hy) is measured in the piezometer riser:
P, =p glhy —z,) (40)

Equation (41) computes P,, when using a vented transducer that measures gauge pressure
(P tg):

PWZPtg'l'pg(Zt_Zw) (41)
Equation (42) computes P, when using a unvented transducer that measures absolute
pressure (Pq):

Py = Pig = Patm + p 9(2; — 2) (42)

If the piezometer is periodically purged for sampling, it is reasonable to assume that
the density of the standpipe water column is the same as the groundwater density in the
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medium at the elevation of the completion zone, that is, p = p(z,,). The density of the
medium groundwater, p(z,,), can be directly measured in the lab using a sample taken
during purging. If the transducer is positioned at the midpoint of the completion zone, the
term (z; — z,,) in Equations (41) and (42) goes to zero, and F,, can be measured directly

without knowledge of the standpipe water column density, p.

A situation where two piezometers are located close together in map view but have
completion zones at different elevations is commonly referred to as a nested piezometer
installation (Figure 20). For two piezometers, the parameters in Equations (40), (41), and (42)
are subscripted with “1” to indicate Piezometer 1, or “2” for Piezometer 2. Using one of the
measurement methods discussed above, the fluid pressure is determined at the midpoint

of each piezometer completion zone (P,,; and P,,;).

Z (Elevation)
A Piezo 2 Piezo 1

P> ]| Water level

2y T P2=P(2y) | &P

B Transducer

P(z) qv$? /pl

ZWl__ p1 = p(zwl)

Figure 20 - Nested piezometer Installation. Subscripts 1 and 2 refer to Piezometer 1 and 2,
respectively. Elevated groundwater density is uniform or varies vertically [o = p(2)]. P,,; and P, are

fluid pressures within the completion zones of Piezometer 1 and 2, respectively.
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The flow direction and magnitude of the vertical specific discharge (g,) between the
two piezometers is estimated using a finite difference approximation for the derivative in
Equation (39), which leads to:

kv Py, — Py
Gy~ = |54 pe g (43)
v K LZyo = Zy ¢
where:

pc = a characteristic groundwater density between the two piezometer

completion zones (ML)

The characteristic groundwater density (p.) has a value that best represents the
density distribution existing between the two piezometers. In the absence of other
information, p, can be taken as the average of the groundwater densities at each piezometer

completion zone as shown in Equation (44).

Pc = p1‘;—Pz (44)
where:
p1 = groundwater density at the midpoint of Piezometer 1 completion zone
(ML)
p, = groundwater density at the midpoint of Piezometer 2 completion zone
(ML)

In Equation (43), flow is up for q,, positive and down for g, negative. Because
vertical intrinsic permeability, k,, and fluid viscosity, g, are always positive values, flow is
up if the value within the parentheses is negative and down if the value is positive.

Therefore, one can assess flow direction without knowing k,, and p.

Some investigators (e.g., Post et al., 2007) have recast Equation (43) in terms of
freshwater heads, which are used as surrogates for pressure. To do this, we use the
definition of freshwater head in Equation (8) to develop two relationships, P, =
Pr g (hf1 - Zwl) and Py, = pr g (hfz - sz), which are substituted into Equation (43).
Algebraic manipulation then leads to the equivalent vertical flux equation using freshwater
heads as shown in Equation (45). This version of the flux equation uses the definition of

standard vertical hydraulic conductivity provided in Equation (46).

tse\ | hrz —he1 | pc— Py

qv = _Kstv (_> I + (45)
u Zw2 — Zw1 Pr
kv pr g
Kstp = ——— (46)
Ust
where:
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Kstv = standard vertical hydraulic conductivity (LT™)

K¢, is the hydraulic conductivity one would expect to measure in a laboratory
permeameter containing minimally disturbed soil using pure water at 20 °C. As with
Equation (43), if the value in the brackets of Equation (45) is negative, the flow is up. If the

value is positive, the flow is down.

8.1 Vertical Flow Example 1

Figure 21 shows the mathematical setup for an example vertical flow problem,

which is solved in Table 5.

z (Elevation)

N

Piezo2 Piezo1 k =1012 m?2
u =0.008 poise
h,,H230 m
Y h,1H228 m
200m z,,4 p, | e, p,= 1,050 kg/m?

o(2) qvl

100 m Z,;+ P4 p; = 1,100 kg/m?

_____

Figure 21 - Setup for example vertical flow problem. The physical water level (h,) in the lower piezometer
is 2 m lower than the level in the upper piezometer.
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Table 5 - Mathematical solution for the vertical flow problem shown in Figure 21. However, the equations could
also be evaluated using a calculator or spreadsheet. The MathCad® output contains a semicolon before the
equal sign and a dot to indicate multiplication of parameters and units (MathCad® treats units as parameters).

Inputs

k, = l-ltil_lz-m2 Vertical intrinsic permeability

== 0.008 poise Groundwater absolute viscosity at
prevailing system temperature

Upper Piezometer Lower Piezometer

z0 = 200-m z1 = 100-m Piezometer elevation (z positive upward)
h o = 230m h1 = 228m Physical fluid elevation in piezometer
) < kg ) kg Groundwater density within the formation at the piezometer
P2 = 10,0-—3 P1= “00'_3 completion depth (for this analysis, this is also the fluid
m m density inside the piezometer standpipe).
) . kg Freshwater density at standard temperature
Pf = 998--'_3 (20 degrees C)
m
gt == 0.01-poise Water viscosity at standard temperature
(20 degrees C)
Calculations

Based on pressures

Poh= pz-g-{h.w_ - 1“,2] Water pressure in upper piezometer P, = 30891kPa
Po1= F’l'g'{hwl - Lwl] Water pressure in lower piezometer P = 1380.78 kPa
! Charateristic (average) density ks
Pe = 7 between the two piezometers pe=1075—
m
_ i Pa2 =Py . Vertical specific discharge using _696™ U
%4 = b | Zgn - 21 B pressures (positive upward) Gy = B0 p
WL W W
Based on freshwater levels
P2 _
hpy =20+ —(hw-, - aw-,] Piezometer 2 freshwater head hp = 231.56m
2 27 e U2 2 2
| _
heyy =z + _{hwl - Lwl) Piezometer 1 freshwater head hy = 241.05m
P
kg -prg Freshwater vertical hydraulic -6 m
K= e conductivity Ky =979x10 eec
5
be [ e — Pe— P _ o _
Qf = —Kf.j. ' + 5 d Vertical specific discharge using A = 6.96. 2 Up
Hol T2 — Zwl PF freshwater heads (positive upward) ¥r

The computed vertical specific discharge in Table 5 is 6.96 m/yr upward regardless
of whether the calculation is based on pressures or freshwater heads. In the problem setup,
the physical water level in the lower piezometer is 2 m lower than the level in the upper
piezometer. If the elevated groundwater density is not considered, these levels could be

incorrectly interpreted to indicate downward flow when in fact the flow direction is up.
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Exercise 21, Leakage Through a Pond Liner, provides a practice problem with vertical
flow.

8.2 Vertical Flow in an Aquitard

Next, we consider a relatively low-permeability aquitard that is bounded above and
below by two aquifers as shown in Figure 22. In each aquifer, the groundwater density is
uniform, and the flow is horizontal, so the vertical pressure distribution is hydrostatic. Flow
within the aquitard is vertical, and we assume a characteristic groundwater density (p.) that
reasonably represents the vertical density distribution. A piezometer is installed in each
aquifer relatively close to, but not necessarily at, the aquifer/aquitard boundary.

Z (Elevation) Piezo 2 Piezo 1

A

Zpo

Figure 22 - Vertical flow in an aquitard that is sandwiched between two permeable aquifers. Subscript 1
represents the lower portion of the aquifer/aquitard system and subscript 2 represents the upper portion
of the system. The abbreviation ‘gw’ stands for groundwater.
Depending on how the measurement is made, we use Equation (47), (48), or (49) to
estimate the fluid pressure at an aquitard boundary.

If the physical water-level elevation (h,,) is measured:
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P, =pg(h, —z) (47)

If a vented transducer measures true gauge pressure (Pyg):

Pb:Ptg+Pg(Zt—Zb) (48)
If an unvented transducer measures absolute pressure (Pg):

Pb:Pta_Patm+pg(Zt_Zb) (49)

where (parameter dimensions are in dark green font with mass as M, length as L, time as

T, temperature as O):

P, = pressure at an aquitard boundary (ML 'T?)
p = groundwater density in the aquifer (ML")
Zp = elevation of the aquitard boundary (L)

The parameters in Equations (47), (48), or (49) are subscripted “1” to indicate the
lower piezometer and the bottom boundary of the aquitard. Subscript “2” indicates the

upper piezometer and the top boundary of the aquitard.

We can insert the appropriate parameters into Equation (43) to get the approximate
equation for vertical specific discharge in the aquitard as shown by Equation (50).

Ppy — P, b1 o
—=2 +peg (50)
[sz ~ Zp1 ‘
where:
pc = acharacteristic groundwater density for the aquitard [kg/m’]

Since it is unlikely that a sampling well would be installed in the aquitard, three
values can be considered for the characteristic groundwater density in the aquitard (p.):

o p.=(p1+p2)/2, the average of the two aquifer densities. This might be
reasonable if the density is diffusion controlled and a linear vertical density
distribution exists in the aquitard.

e p. = p; might be reasonable for significant upward flow in the aquitard.

e p. = p, might be reasonable for significant downward flow in the aquitard.

8.3 Vertical Flow Example 2

The setup for an example aquitard problem is shown in Figure 23. The conditions
depicted in this example are similar to those observed at a field site located close to Great
Salt Lake in Utah, USA. The problem is solved in Table 6.
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Z (Elevation) Piezo 2 Piezo 1

420 m z, 5

400 m z,

Figure 23 - Example problem for vertical flow in an aquitard. The direction and magnitude of vertical specific
discharge (q,) is to be evaluated.
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Table 6 - Mathematical solution for the example aquitard problem. To provide good documentation, the problem
is solved using MathCad® software. However, the equations could also be evaluated using a calculator or
spreadsheet. The MathCad® output contains a semicolon before the equal sign and a dot to indicate
multiplication of parameters and units (MathCad® treats units as parameters).

Inputs Note: 1 kPa = 1000 Pascals
k, = 110 14-13:12 Vertical intrinsic permeability
p = 0.01-poise Water absolute viscosity
h » = 441m Physical water level in upper piezometer
h q =440m Physical water level in lower piezometer
fy = IOOS-k—i Groundwater density in the upper aquifer
m
pp= 1200-E Groundwater density in the lower aquifer
m
z,7 = 420-m Top of aquitard elevation
Z31 = 400m Bottom of aquitard elevation
Calculations
P, = F):-g-{hw: - za_z) Water pressure at top of aquitard P, = 20697 -kPa
P, = F;I.g.{hwl — zal} Water pressure bottom of aquitard Py =470.72 kPa
P12 _
Pay = 5 Average groundwater density

Spedcific discharge if groundwater density in the

i m
%1 = - A * g'”l] aquitard is the same as in the lower aquifer. 41 = 0-448'; Up

—, ( Py-P Specific discharge if groundwater in the aquitard < U
%2 = T B T8 Pay varies linearly between the densities in the upper %o =0 ?*0'; P
al  ‘al and lower aquifers }
) -k, ( Py-P Specific discharge if groundwater density in the < U
43 = T P TEP aquitard is the same as in the upper aquifer. 43 =1 0,1; P
al  ‘al . This result is not reasonable as the :

computed flow direction is Up.

For all cases shown in Table 6, the computed flow direction is up (q,, positive) even
though the physical water level is lower in the lower piezometer. The computed magnitude
of specific discharge varies depending on the characteristic groundwater density
considered in the aquitard, p.. With upward flow, it is unlikely that the groundwater
density in the aquitard is equal to density in the upper aquifer (the third case). The other

two cases give vertical specific discharges that range from 0.448 to 0.750 m/yr.
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9 Concluding Remarks

In most groundwater systems with slight to moderate variations in pore water
density, the traditional hydraulic head form of Darcy’s law is sufficiently accurate for
practical application. However, in systems with large variations in pore water density, the
head form of Darcy’s law can lead to misinterpretation of flow directions and inaccurate
estimates of specific discharge. In these situations, one should use the pressure form of
Darcy’s law, which is more universal and not subject to restrictions contained in the head
form. The more general applicability of the pressure form of Darcy’s law has been
recognized in other disciplines, such as petroleum engineering, but its practical use may be

unfamiliar to many practicing groundwater hydrologists.
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10 Exercises

These two practice problems are provided to supplement the four solved problems

that are presented in Sections 7 and 8 of this book.

Exercise 1 - Flow Through a Slurry Wall

The image below shows a vertical slurry wall constructed in a permeable aquifer to
minimize the encroachment of saline groundwater into portions of the aquifer with low

TDS groundwater. The saline groundwater is chemically similar to seawater and has a fluid

density of 1,030 kg/m”>. The low TDS groundwater (freshwater) has a density of 1,000 kg/m”.
The physical water table in the seawater aquifer is 4 m higher than the water table in the

freshwater aquifer. Samples of the slurry wall material were tested in a laboratory

permeameter, and the average intrinsic permeability was 5x10"* cm® The system
temperature is 20 °C, the vertical pressure distributions on each side of the wall are
hydrostatic, and the pore fluid pressure is approximately zero where the aquifer is

unsaturated; that is, above the water table.

Our objective is to estimate the horizontal specific discharge through the slurry wall

at three different locations (A, B, and C) as shown in the following image.

Permeable aquifer Permeable aquifer
with seawater  Slurry  with freshwater

1,030 kg/m3 wall 1,000 kg/m3

- No-flow boundary
Im

Problem description. This figure is not to scale.

Solution to Exercise 11

Return to where text linked to Exercise 1.1
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Exercise 2 - Leakage Through a Pond Liner

The image for this exercise illustrates a brine wastewater pond with a temperature
of 25 °C and a fluid density of 1,100 kg/m’. At the bottom of the pond is a compacted soil
liner that is 1.5 m thick and has a footprint area of 0.5 hectares. During construction,
recompacted samples of the liner material were tested in a laboratory permeameter using
tap water at 20 °C. The average hydraulic conductivity measured from these laboratory
tests (Kgzp) is 6.1x107 cm/sec. Below the liner is an unsaturated coarse sand that is assumed
to have zero pore water pressure.

We need to estimate the vertical specific discharge through the liner and the total
flow rate leaking from the pond bottom. For this exercise, we disregard leakage through

the pond sides.
Pond surface y
T
Brine
p,, = 1,100 kg/m3 2.0 m
Unsaturated coarse sand
Probrlem describtion. This figure is not to scale.
Solution to Exercise 271
Return to where text linked to Exercise 21
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12 Exercise Solutions

Solution to Exercise 1

Answer:

1. Atlocation A, specific discharge (q5) = 0.319 m/yr

2. Atlocation B, specific discharge (q,) = 0.665 m/yr

3. Atlocation C, specific discharge (q,) = 0.707 m/yr

The following image illustrates the problem and the mathematical setup that leads
to the solution for location B.

Permeable aquifer Permeable aquifer ,
with seawater Slurry  with freshwater X X
1,030 kg/m3 wall 1,000 kg/m3 ! C oy

" No-flow boundary
Im Im

a. Problem description (not to scale) b. Problem setup (for location B)

Problem description and setup. The direction and magnitude of horizontal specific discharge (q;,) is to be
evaluated at locations A, B, and C.

General input parameters:

kn = horizontal intrinsic permeability of the slurry wall material
(5x10™* cm?)
p = dynamic viscosity of the pore fluid; water at 20 °C (0.001 kg/m/s)
g = acceleration of gravity (9.807 m/s)

Assuming hydrostatic conditions, the fluid pressure on the left (seawater) side is

calculated as follows.

Py =P1g(hw1_ Z,)
where:

P; = porewater pressure in the seawater aquifer at the reference elevation

50

The GROUNDWATER PROJECT ©The Author Free download from gw-project.org
Anyone may use and share gw-project.org links. Direct distribution of the book is strictly prohibited.



Darcy’s Law in Variable Density Groundwater Systems Fred Marinelli)

p1 = seawater density (1,030 kg/m’)

h,1 = waterlevel (water table) elevation in the seawater aquifer (20 m)
z, = reference elevation at location B (10 m)
_ kg m kg
Atlocation B: P, = 1030—; 9.807— (20 m — 10 m) = 101,012 >
m S ms

The fluid pressure (P;) on the left side at location B is computed to be 101,012 Pa.
On the right (freshwater) side, the pressure is calculated as follows.

P, = p, g (hyy — z)

where:
P, = porewater pressure in the freshwater aquifer at the reference
elevation
p2 = freshwater density (1,000 kg/mS)
hy, = waterlevel (water table) elevation in the freshwater aquifer (16 m)
. kg m kg
Atlocation B: P, = 1000 — 9.807 — (16 m — 10 m) = 58,842 >
m S ms

Assuming a linear pressure gradient, the horizontal specific discharge (g,) through

the slurry wall at location B is estimate as follows.

kh (PZ_P1>
U b

qn =

b= Xy — Xq

where:
qn = horizontal specific discharge at location B [m/s]
b = slurry wall width (1.0 m)

- m? k k
B0 o’ T gop e (58842 &7 — 101012 575\ 315575107 m
qnh = — =0. -
kg 1m yr yr

0.001-%

Using appropriate inputs and unit conversions, the specific discharge at location B
is estimated to be 0.665 m/yr. The positive value indicates that flow in the slurry wall is in
the positive x direction; that is, from left to right.

Using the same equations and appropriate inputs, the aquifer pressures and specific
discharges at locations A, B and C are shown in the following table. Note at location A, the
pressure on the right side of the slurry wall (P2) is assumed zero because the soil is
unsaturated.
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Summary of calculations.

Location hya hyeo Z; Py P, ahn
(m) (m) (m) (Pa)@ (Pa)@ (m/yr)
A 20 16 18 20,202 o®) 0.319
B 20 16 10 101,012 58,842 0.665
C 20 16 1 191,916 147,100 0.707

@ Pressure in Pascals (Pa). 1 Pa = 1 kg/m/s?
®)The freshwater aquifer is unsaturated at Location A; it is reasonable to assume that the pore fluid

pressure P, is approximately zero.

The GROUNDWATER PROJECT

Return to Exercise 1.1

Return to where text linked to Exercise 1.1
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Solution to Exercise 2

Answer:

1. Specific discharge (g;,) = 0.556 m/yr (down)

2. Total pond leakage (Q) = 13,710 liters/day

The image shown here illustrates the problem and the mathematical setup thatleads

to the solution.

z
P f
ond surface y 35m 2, v
Brine P
p,, = 1,100 kg/m3 [2.0 m or
1.5m z,—
Om z,-
a. Problem description b. Problem setup

Example 2 problem description and setup. The direction and magnitude of vertical specific discharge
through the liner (g,,) is to be evaluated.

Compute the vertical intrinsic permeability (k,) of the liner material:

k. = Kstv Hst
= ——
Pr g
where:
Kst, = laboratory measured vertical hydraulic conductivity using pure water at

20 °C (6.1 x 107cm/sec)

Pr = density of laboratory permeant; tap water at 20 °C (998.2 kg/m’)

Use = dynamic viscosity of laboratory permeant; water at 20 °C (0.001 kg/m/s)
g = acceleration of gravity (9.807 m/s%)
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—7cm  1m _3 kg
6.1x1077 — ———1x1073 == 10.000 cm?
ky, = s 100em S — 6231x1071 m? ——5— = 6.231x10""% cm?
998.2 m—%9.807s—2 Im

Using the values given above, the intrinsic permeability (k) of the liner material is

computed to be 6.231 x 10 ecm”.

By choosing the datum for the vertical (elevation) axis at the liner bottom, values

of the elevation parameters are given here.

7z, = elevation at the liner bottom (0 m)
z, = elevation of the liner top (1.5 m)
z, = elevation of pond surface (3.5 m)

The fluid pressure at the liner bottom (P;) is assumed to be zero, a reasonable

approximation because the underlying coarse-grained sand is unsaturated.

Based on hydrostatics, the pressure at the liner top is:

Pzzpbrg(zp_zz)

where:

Ppr = brine density (1,100 kg/m3)
kg m kg
Pz = 1,100 3 9.807—2 (35 m-—1.5 m) = 21,575—2
m s ms
Using values given above and appropriate unit conversions, the fluid pressure at
the liner top (P;) is computed to be 21,575 kg/m/s?.

Using the pressure form of Darcy’s law, and assuming a linear pressure gradient,
the specific discharge (q,) through the liner is estimated:

_ ky (P > — Py + )
Qv = u \z, — z, Pc9
where:
p = dynamic viscosity of water at 25 °C (0.00089 kg/m/s)

Pc = characteristic density of pore fluid in the liner (1,100 kg/m’). We expect
the flow direction in the liner to be down; thus, it is reasonable to assume
that the pore water in the liner is brine (p, = pp,)

2
12 .2 m k
6.231x107°" cm 10,000 cm? [ 21,575 m§2 -0 kg m \3.1557x107s
Q@ =— - oS+ 1,100 — 9.807 5 | =————
0.00089 —& ~>m m S yr

ms

= —-0.556 &

yr
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Using values given above and appropriate unit conversions, the estimated specific

discharge (q,) is -0.556 m/yr. The negative value indicates that the flow direction is down.

The magnitude of the pond leakage flow rate (Q) is:

Q=lal A
where:
A = footprint area of bottom liner (0.5 hectare)
Q= |—0.556E| __r 0.5 hectare 10,000m? 1000 L =7611 L
yrl 365.25 day hectare m3 ' day

Using appropriate inputs and unit conversions, the leakage flow rate (Q) is

computed to be 7,611 liters/day.

Return to Exercise 21

Return to where text linked to Exercise 2.1
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13 Notations

Parameter dimensions are in dark green font with mass as M, length as L, time as T,

temperature as ©O).

A = area(L)
g = acceleration of gravity (LT7), 9.807 m/s®
H = hydraulic head existing as a hydraulic potential (L)
h; = freshwater head (L)
hfmi =  freshwater head at midpoint of convection cell leg i (L)
h, = pointwater head (L)
hpmi = pointwater level at midpoint of convection cell leg i (L)
hy = physical water-level elevation in a well or piezometer (L)
i = index number (subscript) to identify each of the four convection cell

legs (1, 2, 3, 4) or index number to identify each of two wells or

piezometers (1, 2) (dimensionless)

J = massflux (MT'L?)
K = hydraulic conductivity (LT™)
Ksn = standard horizontal hydraulic conductivity; pure water at
20 °C (LT
K¢y, = standard vertical hydraulic conductivity; pure water at 20 °C (LT’I)
k = intrinsic permeability of the porous medium (L")
kp = horizontal intrinsic permeability (L")
k, = vertical intrinsic permeability (L")
L = length of the convection cell leg (L)
u = groundwater dynamic viscosity at the prevailing system

temperature (ML 'T"); useful conversion: 1 poise = 1 gm/cm/s = 0.1

kg/m/s

Us = standard dynamic viscosity of pure water at 20°C (ML'TY),
0.001 kg/m/s = 0.01 poise

P = pore fluid gauge pressure (ML 'T"); useful conversion: 1 Pascal = 1

kg/m/s> =1 Newton/m?

P = pore fluid pressure at a specified location of interest (ML "T")
P* = arbitrary pressure for the reference state (ML 'T7)
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prevailing atmospheric pressure (ML 'T?)
pressure at an aquitard boundary (ML "'T7)

water pressure at the upstream end of convection cell leg i (ML 'T7)
water pressure at the downstream end of convection cell leg i
(ML'T?)

groundwater pressure at a chosen reference level (ML 'T7)

absolute pressure measured by an unvented submersible transducer
(ML'T?)

absolute pressure measured by an unvented submersible transducer
(ML'T?)

gauge pressure measured by a vented submersible transducer
(ML'T?)

fluid pressure at the midpoint of a well or piezometer completion
zone ML 'T?)

mechanical potential: work per unit mass of fluid to transform it

from an arbitrary reference state to the current state at a location of
interest (L°T"), useful conversion: Jule/kg = Newton m/kg = m?/s*
specific discharge; volumetric flow rate per unit cross-sectional area
normal to the direction of flow (LT)

horizontal specific discharge (LT")

vertical specific discharge, positive upward (LT")

volumetric flow rate (L'T™")

pore fluid (groundwater) density (ML)

pore fluid density at a specified location of interest (ML)
groundwater density at the midpoint of Piezometer 1 completion
zone (ML")

groundwater density at the midpoint of Piezometer 2 completion
zone (ML")

characteristic or average groundwater density (ML)

freshwater density; pure water at 20° C (ML), 998.2 kg/m”
distance (L)

specified distance coordinate (L)
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S; distance coordinate at the location of well i (L)
T temperature (), °C for Celsius or °F for Fahrenheit
7] direction of flow from horizontal; counterclockwise positive
(dimensionless), radians or degrees
x horizontal distance variable; in this book positive to right (L)
x specified horizontal coordinate (L)
z vertical elevation variable positive upward (L)
z' specified vertical coordinate (L)
z" elevation of the reference state datum (L)
Zp elevation of the aquitard boundary (L)
Zmi midpoint elevation of convection cell leg i (L)
Zy reference elevation (L)
Zt pressure transducer elevation (L)
Zy midpoint elevation of well or piezometer completion zone (L)
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Please consider signing up to the GW-Project mailing list to stay informed about new book
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