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PREFACE 

This book i s  an outgrowth of a course in ground-water 
hydrology taught fo r  seniors and f i r s t - y e a r  graduate students 
in Agricultural Engineering, Civil Engineering, Geology, and 
Watershed Science. The select ion of subject  material and pre- 
sentat ion has been favorably received by both students and 
professionals in these d isc ip l ines .  The book i s  designed, 
primarily, for  use as a t ex t ,  but the emphasis on basic physi- 
cal and mathematical concepts should be found useful t o  profes- 
sional hydrologists and geohydrologists a s  well. I t  has been 
our experience, both in teaching and in professional prac t ice ,  
t ha t  a sol id background in fundamentals and a thorough under- 
standing of ground-water phenomena in idealized cases contr ib-  
utes immeasurably to  imaginative and successful ana lys is ,  syn- 
t he s i s ,  and solution of f i e l d  problems; even when the r e su l t s  
from idealized s i tua t ions  a r e  not d i r ec t ly  applied. 

Presentation of the subject  matter begins with an overview 
of ground-water hydrology with a def in i t ion  of some basic terms 
and a limited discussion of the ro le  of geology as a fundamental 
supporting science. The ro le  of ground-water in the hydrologic 
cycle i s  implici t  in the material of Chapter I1 where ground- 
water s torage and water budgets a r e  discussed. Fluid flow 
through porous media i s  presented in Chapter I11 with emphasis 
on Darcy's Law and i t s  s ignif icance.  The discussions of steady 
and unsteady flow in Chapters IV and V emphasize local ground- 
water problems such as we1 1 flow, drainage, mine-inflow, e t c . .  
A chapter on f i n i t e  difference techniques i s  included to  provide 
the student with an introduction t o  methods and tools  avai lable 
for  basin-wide or regional analysis .  One fea ture  of the book 
tha t  we hope will be especial ly useful to  the reader i s  the 
numerous worked examples and the problem se t s  a t  the end of each 
chapter. Many of the examples and problems a re  designed to  help 
elucidate  principles  and several a r e  straight-forward applica- 
t ions  of the tex t  material ,  but in contexts t ha t  deviate t o  some 
degree from the context of the original  presentation. We hope 
tha t  t h i s  will reduce the tendency of the reader to  associate  
a par t icu lar  development only with the context in which i t  was 
derived. 

Our select ion and presentation of subject  material has been 
influenced by authors of s imi la r  books and by our former teach- 
e r s ,  and we are  indebted t o  these many people. We have included 
many other  books, both tex ts  and reference books, in our l i s t  
of references in an t ic ipa t ion  tha t  the  reader will often des i re  
to  study other  summaries and digests  of the l i t e r a t u r e  as  well 
as  the original  papers. 

We are  grateful  fo r  comments and suggestions received from 
colleagues and students who have reviewed and studied the mater- 
i a l  from which t h i s  book evolved. In pa r t i cu l a r ,  we wish t o  



thank Dr. H. R. Duke, Agricultural Research Service, USDA; and 
Dr. A. T. Corey, Professor of Agricultural Engineering for thei 
review and comments. Thanks are also due Ms. Diane English for 
typing the manuscripts and Mr. J. A. Brookman for the drafting. 
Also, we would like to express our deep appreciation to our 
families who sacrificed evening and weekend activities on numer 
ous occasions because of our involvement in the preparation of 
this text. 

Finally, we wish to express our appreciation to Colorado 
State University and particularly to the Agricultural and Chem- 
ical Engineering and the Civil Engineering Departments. It was 
through the direct and indirect support of the University that 
this undertaking became possible. 

April, 1977 David B. McWhorter 
Fort Coil ins , Col orado Associate Professor 
U.S.A. Agricultural and Chemical 

Engineering 

Daniel K. Sunada 
Associate Professor 

Civil Engineering 
Colorado State University 
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Symbols 

Major def in i t ions  of symbols a r e  presented here. Second- 
ary def in i t ions  or  constants a r e  defined where used. 

Symbol 

a  

AW 

^m 
b  

B E  

P 
c~ 

d 

a 

r  
E 
ET 

E T ~  
F 

g 

h 

i  

I 

k 

K 

Ko(r/B) 

Y 
1 

Perpendicular dis tance from source 
or  sink t o  hydrogeologic boundaries 

Available water f o r  plants  

Maximum avai 1  able  water f o r  plants  

Thickness of confined aquifer  o r  
saturated thickness of unconfined 
aquifer  

Barometric e f f ic iency  

Pan coef f ic ien t  f o r  evaporation 

Temperature coef f ic ien t  f o r  evapora- 
t ion  

Grain diameter 

Character is t ic  dimension of flow 
space in porous media 

Rooting depth of plant  

Evaporation r a t e  

Evapotranspiration r a t e  

Pan Evaporation r a t e  

Potenti a1 evapotranspiration r a t e  

Force 

Gravitational constant 

Vertical height of water t ab l e  o r  
pi ezometri c  head 

Hydraulic gradient 

I n f i l t r a t i o n  r a t e  

In t r i n s i c  permeability 

Hydraulic conductivity 

Modified Bessel function of the second 
kind, order zero 

Latent heat of vaporization of water 

Length of perforated well bore 



Mass o f  f l u i d  

Number o f  streamtubes 

Number o f  e q u i p o t e n t i a l  drops 

Number o f  columns i n  g r i d  system 

Number o f  rows i n  g r i d  system 

F l u i d  pressure  

Atmospheric pressure  

C a p i l l a r y  pressure  

Darcy v e l o c i t y  

V e l o c i t y  v e c t o r  

Flow r a t e ,  d i scha rge  

Rad ia l  d i s t a n c e  

Radius o f  i n f l u e n c e  

Gas cons tan t  

S o l a r  r a d i a t i o n  

Drawdown 

Storage c o e f f i c i e n t  

S p e c i f i c  r e t e n t i o n  

S p e c i f i c  s torage 

S p e c i f i c  y i e l d  ( e f f e c t i v e  p o r o s i t y )  

Apparent s p e c i f i c  y i e l d  

Time 

Transmi s s i  v i  t y  

T i d a l  e f f i c i e n c y  
2 

Boltzman v a r i a b l e  = r / ( 4 a t )  

Seepage v e l o c i t y  

Con t ro l  volume 

V e r t i c a l  seepage r a t e  

We1 1  f u n c t i o n  

Rectangu lar  c o o r d i n a t e  system 

T/S o r  T/Sya 

Pore volume compressi b i  1  i t y  



Compressi bi 1 i t y  of water 

Leakage f ac to r  f o r  leaky aqui fe r  

Angle - defined where used 

Distance t o  f resh  water - s a l t  water 
in te r face  

Volumetric water content 
Volumetric water content a t  permanent 
wi l t ing  

Dynamic v i scos i ty  

Density of f l u id  

Surface tension 

Intergranul a r  s t r e s s  

Dummy time variable  

Porosity 

Velocity potenti  a1 

Stream function 



Chapter I 
INTRODUCTION 

1.1 SCOPE 

Waters c o n t a i n e d  i n  t h e  v o i d s  o f  t h e  g e o l o q i c  m a t e r i a l s  
t h a t  compr ise  t h e  c r u s t  o f  t h e  e a r t h  have been v a r i o u s l y  c l a s -  
s i f i e d  a c c o r d i n g  t o  o r i g i n  and mode o f  o c c u r r e n c e .  I n  con fo rm-  
ance w i t h  common p r a c t i c e ,  t h e  t e r m  ground w a t e r  i s  used h e r e i n  
t o  d e n o t e  s u b s u r f a c e  w a t e r  t h a t  e x i s t s  a t  p r e s s u r e s  g r e a t e r  
t h a n  o r  equa l  t o  a t m o s p h e r i c  p r e s s u r e .  P r e s s u r e s  o f  s u b s u r f a c e  
w a t e r  i n  t h e  c a p i l l a r y  f r i n g e  and above a r e  l e s s  t h a n  atmos- 
p h e r i c  and t y p i c a l l y  c a p i l l a r y  w a t e r  i s  n o t  i n c l u d e d  as  g round  
w a t e r .  T h i s  d i s t i n c t i o n  between s u b s u r f a c e  w a t e r s  t h a t  e x i s t  
a t  p r e s s u r e s  g r e a t e r  o r  l e s s  t h a n  a t m o s p h e r i c  p r e s s u r e  i s  a r t i -  
f i c i a l  i n  t h e  sense t h a t  no p h y s i c a l  boundary s e p a r a t e s  them, 
t h e i r  p r o p e r t i e s  a r e  i d e n t i c a l ,  t h e y  do n o t  behave i n d e p e n d e n t -  
l y  and t h e  same p r i n c i p l e s  o f  p h y s i c s  a p p l y  t o  b o t h .  On t h e  
o t h e r  hand, t h e  e x p e r i m e n t a l  and m a t h e m a t i c a l  methods r e q u i r e d  
f o r  a n a l y s e s  a r e  d i s t i n c t l y  d i f f e r e n t  as a r e  t h e  methods b y  
w h i c h  t h e  two w a t e r s  a r e  e x p l o i t e d  and  used i n  t h e  c o u r s e  o f  
human a f f a i r s .  

The s u b j e c t  m a t t e r  o f  t h i s  book d e a l s  a l m o s t  e x c l u s i v e l y  
w i t h  g round  w a t e r  as  d e f i n e d  above. Some 97 p e r c e n t  o f  t h e  
w o r l d ' s  p o t a b l e  w a t e r  s u p p l y  a v a i l a b l e  a t  any moment i n  t i m e  
o c c u r s  as ground w a t e r ,  and t h e  i m p o r t a n c e  o f  g round  w a t e r  i n  
t h e  t o t a l  w a t e r  r e s o u r c e  i s  u n q u e s t i o n e d  (Ground Water and 
We1 1 s, 1972) .  P r o p e r  e v a l u a t i o n  o f  g round-wate r  r e s o u r c e s  
r e q u i r e s  t h o r o u g h  hydro1  o g i  c ,  g e o l o g i c  and h y d r a u l  i c  i n v e s t i  - 
g a t i o n  o v e r  a r e a s  t h a t  may range  i n  s i z e  f r o m  a  few hundred 
h e c t a r e s  t o  e n t i r e  b a s i n s  o r  even c o u n t r i e s .  Use o f  s i m u l a t i o n  
and management models  i s  w idespread  i n  such s t u d i e s .  On t h e  
o t h e r  end o f  t h e  spec t rum a r e  g round-wate r  s t u d i e s  t h a t  may be 
q u i t e  l o c a l  i n  e x t e n t  and o n l y  i n d i r e c t l y  m o t i v a t e d  by  g round  
w a t e r  as a  r e s o u r c e .  Examples i n c l u d e  a q u i f e r  t e s t i n g ,  d r a i n -  
age o f  a g r i c u l t u r a l  1  and, d e w a t e r i n g  f o r  c o n s t r u c t i o n ,  i n f l o w  
t o  a  m ine  s h a f t  o r  p i t ,  seepage benea th  o r  t h r o u g h  a  dam, sub- 
s u r f a c e  r e t u r n  f l o w  f r o m  i r r i g a t i o n ,  seepage f r o m  c a n a l s  and 
r e s e r v o i r s ,  i n t r u s i o n  o f  s a l i n e  w a t e r ,  and s u b s u r f a c e  d i s p o s a l  
o f  l i q u i d  was tes .  

It i s  beyond t h e  scope o f  t h i s  b a s i c  t e x t  t o  c o v e r  a l l  
a s p e c t s  o f  h y d r o l o g y ,  g e o l o g y ,  and h y d r a u l i c s  t h a t  a r e  p e r t i n -  
e n t  t o  t h e  a n a l y s i s  and s o l u t i o n  o f  t h e  above p rob lems.  Espe- 
c i a l l y  n o t a b l e  o m i s s i o n s  a r e  t r e a t m e n t s  o f  g r o u n d - w a t e r  e x p l o r -  
a t i o n ,  g round-wate r  qua1 i t y  and an adequate d i s c u s s i o n  o f  t h e  
r o l e  o f  g e o l o g y .  The h y d r a u l i c s  o f  g round  w a t e r  r e c e i v e  t h e  
most  emphasi s,  b u t  h y d r o l o g i c a l  a s p e c t s  a r e  i n t r o d u c e d  t h r o u g h  
d i s c u s s i o n  o f  g round-wate r  s t o r a g e ,  s u p p l y ,  and w a t e r  budge ts .  



1.2 HISTORICAL PERSPECTIVE 

Extraction of Ground Water 

Ground w a t e r  has been a  source  o f  w a t e r  s u p p l y  s i n c e  t h e  
dawn o f  r e c o r d e d  h i s t o r y .  The f i r s t  use o f  g round  w a t e r  was 
f r o m  s p r i n g s ,  b u t  dug w e l l s  were w i d e l y  used i n  t h e  e a r l i e s t  
o f  B i b l i c a l  t i m e s .  Dug w e l l s ,  w i t h  d i a m e t e r s  f r o m  2  t o  1 0  
m e t e r s ,  l i n e d  w i t h  r o c k  o r  b r i c k  a r e  s t i l l  i n  use t o d a y  i n  many 
p a r t s  o f  t h e  w o r l d .  The t i m e  and p l a c e  a t  w h i c h  t h e  f i r s t  
d r i l l e d  w e l l  ( d i s t i n c t  f r o m  dug w e l l )  was c o n s t r u c t e d  i s  l o s t  
i n  u n r e c o r d e d  h i s t o r y ,  b u t  t h e  a n c i e n t  Chinese a r e  g e n e r a l l y  
r e g a r d e d  as  t h e  i n v e n t o r s  o f  d r i l l e d  and cased w e l l s .  Tolman 
(1937)  r e p o r t s  t h a t  t h e  Chinese sunk bamboo-cased w e l l s  t o  
dep ths  o f  more t h a n  1500 m e t e r s ,  r e q u i r i n g  t h r e e  g e n e r a t i o n s  
t o  comp le te .  

E x t r a c t i o n  o f  g round  w a t e r  f r o m  w e l l s  r e q u i r e d  a  w a t e r -  
l i f t  method. The e a r l i e s t  w a t e r - l i f t  methods c o n s i s t e d  o f  
l i t t l e  more t h a n  a  means o f  r a i s i n g  and l o w e r i n g  a  c o n t a i n e r  
on a  r o p e .  A p p a r e n t l y  t h e  E g y p t i a n s  used a  l e v e r ,  f u l c r u m  and 
c o u n t e r w e i g h t  i n  c o n j u n c t i o n  w i t h  t h e  r o p e  and c o n t a i n e r  as 
e a r l y  as  2000 B.C. ( F i g .  1 - 1 ) .  Animal  power was, and s t i l l  i s ,  
used t o  l i f t  w a t e r  f rom dug w e l l s  by  means o f  P e r s i a n  whee ls  
( F i g .  1 - 2 ) .  C o n t a i n e r s ,  formed f r o m  gourds ,  c l a y ,  and more 
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F i g u r e  1  -1 . C o u n t e r p o i  se 1  i ft .  

2  



F i g u r e  1 -2 .  P e r s i a n  wheel w i t h  p o r t g a r l a n d  d r i v e  wheel and 
h o r i z o n t a l  d r i v e  s h a f t  ( A f t e r  Wood, 1 9 7 6 ) .  

r e c e n t l y  f r o m  m e t a l ,  were a t t a c h e d  t o  a  c o n t i n u o u s  l o o p  of r o p e  
o r  b e l t i n g  t h a t  was suspended i n t o  t h e  w e l l  o v e r  a  d r i v e  wheel 
a t  t h e  s u r f a c e .  The a r rangement  was n o t  d i s s i m i l a r  t o  a  modern 
c h a i n  and s p r o c k e t  mechanism. The l o w e r  end o f  t h e  l o o p  e x t e n d -  
e d  t o  be low w a t e r  l e v e l  i n  t h e  w e l l .  The c h a i n  o f  c o n t a i n e r s  
was r o t a t e d  b y  t h e  s p r o c k e t  wheel so t h a t  t h e  c o n t a i n e r s  a c t e d  
as d i p p e r s  a t  t h e  b o t t o m  o f  t h e  w e l l  and e m p t i e d  i n t o  a  t r o u g h  
as  t h e y  became i n v e r t e d  a t  t h e  t o p  o f  t h e  l o o p .  The d a t e s  o f  
f i r s t  use o f  P e r s i a n  wheel seem t o  be i n  d i s p u t e ,  b u t  t h e y  were 
i n  use  a t  l e a s t  b y  200 B.C. (Wood, 1 9 7 6 ) .  

The Ch inese  w a t e r  l a d d e r ,  a  d e v i c e  used p r i m a r i l y  t o  r a i s e  
s u r f a c e  w a t e r  t o  i n c r e a s e d  e l e v a t i o n s ,  was m o d i f i e d  d u r i n g  t h e  
l a s t  c e n t u r i e s  B.C. t o  p r o v i d e  a  v e r t i c a l  l i f t  mechanism 



s u i t a b l e  f o r  use in  we l l s  (F ig .  1 - 3 ) .  C i r c u l a r  d i s c s  were 

Figure 1-3.  Chain pump with manual windlass  ( A f t e r  Wood, 1976) .  

a t t ached  t o  a  continuous loop of rope suspended in  t h e  well 
over  a  windlass .  The d i s c s  on t h e  r i s i n g  s i d e  of t h e  loop 
passed upward through a  v e r t i c a l  c y l i n d e r  of s l i g h t l y  l a r g e r  
diameter than t h a t  of t h e  d i s c s .  The r i s i n g  d i s c s  d i sp laced  
t h e  water  i n  t h e  c y l i n d e r  and discharged i t  a t  t h e  s u r f a c e .  
This  device  i s  known a s  a  chain pump. 

The f i r s t  c e n t u r i e s  A . D .  saw t h e  development of t h e  p i s ton  
pump. The fo re runner s  of modern c e n t r i f u g a l  and o t h e r  r o t a r y -  
type pumps were developed i n  t h e  1 6 t h ,  17th  and 18th  c e n t u r i e s .  
A unique l i f t  method was used a t  t h e  S a i n t  P a t r i c k ' s  well a t  
Orv ie to ,  I t a l y .  This 16th  cen tu ry  well was cons t ruc ted  with 
two s p i r a l  s t a i r c a s e s  t h a t  permit ted  donkeys t o  c a r r y  water on 



t h e i r  backs from a  depth of some 60 meters .  

The most remarkable of t h e  a n c i e n t  methods of ground water 
e x t r a c t i o n  did  not r e q u i r e  l i f t i n g  dev ices .  The Pe r s i ans  
developed ground water a s  e a r l y  a s  800 B . C .  from a l l u v i a l  ou t -  
wash ad jacen t  t o  t h e  mountains by means of huge g r a v i t y  d r a i n s  
c a l l e d  kanats .  Kanats c o n s i s t  of t u n n e l s ,  dug on an approxi-  
mate grade ,  t h a t  connect v e r t i c a l  c o n s t r u c t i o n  s h a f t s  through 
which spo i l  from t h e  tunne l s  was l i f t e d  and l i g h t  was r e f l e c t e d  
on t h e  d igging ope ra t ions .  Kanats i n t e r c e p t e d  ground water and 
de l ive red  i t  by g r a v i t y  t o  lower e l e v a t i o n s .  Ground water  
development by kanats  spread t o  Egypt, where i t  i s  be l ieved 
t h a t  tunne l s  may have exceeded 100 k m  i n  l eng th  (Tolman, 1937) .  
Kanats e x i s t  today in  many a r e a s  inc lud ing  Pak i s t an ,  Afgani s t an  
and I r a q ,  i n  a d d i t i o n  t o  I ran  and Egypt. 

Ground-Water Hydrology 

Ground-water e x p l o i t a t i o n  preceded t h e  e s t ab l i shment  of 
t h e  rudiments of ground-water sc i ence  by many c e n t u r i e s .  The 
source of  ground water remained unproven, i f  not  undisc losed,  
u n t i l  t h e  l a t t e r  p a r t  of t h e  17th  century  when a  French sc i en -  
t i  s t ,  P i e r r e  Perraul t ,  concluded on t h e  b a s i s  of  measurements 
t h a t  annual runoff from t h e  Seine River catchment above P a r i s  
was l e s s  than one-s ix th  of t h e  annual volume of p r e c i p i t a t i o n .  
A few yea r s  l a t e r ,  Edme Mariot te  v e r i f i e d  t h a t  t h e  annual pre- 
c i p i  t a t i o n  on t h e  Seine River catchment was approximately s i x  
t imes t h e  annual d ischarge  of t h e  r i v e r .  Fur the r ,  he e s t a b l i s h -  
ed t h a t  t h e  d i scha rge  of seeps and sp r ings  was suppl ied  by pre- 
c i p i t a t i o n  (Dewiest ,  1965) .  P r i o r  t o  these  s t u d i e s ,  i t  was 
widely bel ieved t h a t  p r e c i p i t a t i o n  was e n t i r e l y  inadequate t o  
account f o r  t h e  flow of s t reams and s p r i n g s .  The e a r t h  was 
thought t o  be p r a c t i c a l l y  impenetrable by r a i n  water ;  a  b e l i e f  
t h a t ,  i n  i t s e l f ,  precluded a  c o r r e c t  explanat ion f o r  t h e  source 
of ground water .  The p r e v a i l i n g  theory ,  a r t i c u l a t e d  by many of 
t h e  most prominent t h i n k e r s  of t h e  t ime ,  held t h a t  ocean water 
mi gra ted  in land through subsurface  caverns and was eventual  1  y  
re turned t o  t h e  s u r f a c e  through sp r ings .  Elaborate  c o r o l l a r y  
t h e o r i e s  were advanced t o  exp la in  how t h e  sp r ings  could e x i s t  
a t  e l e v a t i o n s  above sea l eve l  and how t h e  sea water was pur i -  
f i e d .  

The 19th  century  saw t h e  development of t h e  bas i s  f o r  t h e  
q u a n t i t a t i v e  d e s c r i p t i o n  of  ground-water motion. Hagen (1839) 
and Poiseui l  l e  (1840) de r ived ,  independent ly ,  t h e  equa t ions  f o r  
v iscous  flow in  c a p i l l a r y  tubes  and Henry Darcy (1856) ,  pub- 
l i s h e d  h i s  now famous empir ica l  equat ion f o r  flow of water  
through sand.  Darcy 's  law, in  a  gene ra l i zed  form, remains 
today t h e  fundamental r a t e  equat ion in  t h e  a n a l y s i s  of ground- 
water  motion. 



The s tudy of ground-water hydrology expanded r a p i d l y  in  
t h e  l a s t  decade of  t h e  19th  century  and t h e  f i r s t  p a r t  of t h e  
20th cen tu ry .  In p a r t i c u l a r ,  0 .  E .  Meinzer of t h e  United S t a t e  
Geological Survey was ins t rumenta l  i n  t h e  i n t e g r a t i o n  of e l e -  
ments of su r face  hydrology, geology and hydrau l i c s  i n t o  t h e  
s c i e n t i f i c  s tudy of  ground water .  The 1  i  t e r a t u r e  i s  now com- 
posed of hundreds of a r t i c l e s  and books with important  c o n t r i -  
but ions  from g e o l o g i s t s ,  h y d r o l o g i s t s ,  eng inee r s ,  chemis ts ,  
mathematicians and petroleum and ag r i cu l  t u r a l  s c i e n t i  s t s .  

The cumulative knowledge of ground-water phenomena now 
encompasses an understanding of  t h e  r o l e  of ground water in  the  
hydrologic c y c l e ,  a  uni fying theory  f o r  t h e  motion of f l u i d s  in 
porous media, and procedures f o r  f i e l d  i n v e s t i g a t i o n  t h a t  r e -  
f l e c t  t h e  c e n t r a l  r o l e  of geology in  t h e  occurrence and d i s t r i -  
bution of ground water .  Should t h e  s tudy of  ground-water hydrc 
ogy be confined t o  t h e  desks and l a b o r a t o r i e s  of r e sea rche r s  
and t e a c h e r s ,  where knowledge of t h e  hydro-geologic c h a r a c t e r -  
i s t i c s  can be presupposed, one might argue t h a t  t h e  sc i ence  i s  
re1 a t i  vel y  we1 1 devel oped. Ground wa te r ,  however, occurs  i n  
geologic  format ions  whose hydrologic ,  hydraul i c y  chemical and 
geometric p r o p e r t i e s  e x h i b i t  a l l  of t h e  vaga r i e s  of t h e  na tu ra l  
processes  from which they r e s u l t .  While in  p r i n c i p l e  t h e  theo-  
r e t i c a l  and computational t o o l s  a v a i l a b l e  a r e  appl i c a b l e  t o  
such complicated c a s e s ,  t h e  p r a c t i c a l  d i f f i c u l t y  of  adequate ly  
c h a r a c t e r i z i n g  t h e  ground-water r e s e r v o i r s  remains a  s i g n i f i c a n  
c o n s t r a i n t .  The p r a c t i o n e r  in  ground-water hydrology may be 
ob l iged ,  i n  some c a s e s ,  t o  use l e s s  than t h e  f u l l  p o t e n t i a l  of 
h i s  suppor t ing sc i ence  simply because t h e  a v a i l a b l e  d a t a  o r  
f i n a n c i a l  resources  do not j u s t i f y  add i t iona l  ref inements .  

1.3 GROUND-WATER GEOLOGY - A N  OVERVIEW 

Geologic Strata - Ground-Water Vessels 

The sequence of sedimentary rocks extending upward from 
metamorphic o r  igneous basement rock i s  t h e  s tratagraphic  c o l w  
The column con ta ins  a  widely v a r i a b l e  sequence of sandstone,  
conglomerates,  s h a l e s ,  s i  1 t s t o n e s ,  1  imestones,  do los tones ,  and 
e v a p o r i t e s ,  among o t h e r s .  An assemblage of loose  m a t e r i a l ,  
known a s  r egoZi th ,  mantles t h e  upper-most s t r a tum i n  t h e  s t r a t e  
graphic  column in  most a r e a s ,  but  bare rock exposed a t  t h e  s u r -  
f a c e  i s  not  an uncommon occurrence .  The s t r a t a g r a p h i c  s e c t i o n  
can be thousands of meters t h i c k  in  l a r g e  depos i t iona l  bas ins  
o r  completely absent  where e ros ion  has exposed t h e  basement 
rock.  

The rocks i n  t h e  s t r a t a g r a p h i c  column and t h e  ove r ly ing  
r e g o l i t h  a r e  t h e  hos t s  of  ground water .  The water i s  containec 
in  t h e  voids formed by t h e  i n t e r s t i c e s  between individual  g r a i r  
o r  aggregates  of g r a i n s ,  i n  channels  and vugs r e s u l t i n g  from 
d i s s o l u t i o n  of  carbonates  o r  e v a p o r i t e s ,  and i n  f r a c t u r e s  o r  



o t h e r  open ings .  A  measure o f  t h e  r e l a t i v e  v o i d  volume i s  por- 
osity d e f i n e d  as t h e  r a t i o  o f  t h e  v o i d  volume t o  t h e  b u l k  v o l -  
ume o f  t h e  m a t e r i a l .  P o r o s i t y  i s  an i m p o r t a n t  h y d r o g e o l o g i c  
p a r a m e t e r  t h a t  w i l l  be d i s c u s s e d  i n  more d e t a i l  l a t e r .  

A n o t h e r  i m p o r t a n t  h y d r o g e o l o g i c  p a r a m e t e r  i s  h y d r a u l i c  
c o n d u c t i v i t y .  A  p r e c i s e  t e c h n i c a l  d e f i n i t i o n  o f  h y d r a u l  i c  con-  
d u c t i v i t y  w i l l  be p r o v i d e d  i n  a  subsequent  c h a p t e r .  F o r  t h e  
purposes  o f  t h e  p r e s e n t  d i s c u s s i o n ,  t h e  hydraulic conductivity 
i s  l o o s e l y  d e f i n e d  as a  measure o f  t h e  ease w i t h  w h i c h  w a t e r  
can be t r a n s m i t t e d  t h r o u g h  a  porous  m a t e r i a l .  A  m a t e r i a l  w h i c h  
p e r m i t s  w a t e r  t o  e a s i l y  f l o w  t h r o u g h  i t  has a  h i g h e r  h y d r a u l i c  
c o n d u c t i v i t y  ( i s  more permeab le )  t h a n  a  m a t e r i a l  t h a t  more 
severe1 y  impedes w a t e r  movement, a1 1  o t h e r  c o n d i t i o n s  b e i n g  
e q u a l .  

A  g e o l o g i c  s t r a t u m  t h a t  e x h i b i t s  p o r o s i t y  and h y d r a u l i c  
c o n d u c t i v i t y  s u f f i c i e n t  t o  s t o r e  and t r a n s m i  t w a t e r  i n  s i g n i f -  
i c a n t  q u a n t i t i e s  i s  c a l l e d  an  aquifer .  T h i s  d e f i n i t i o n ,  w h i l e  
i m p r e c i s e ,  i s  n e v e r t h e l e s s  u s e f u l .  R e g o l i t h  i n  t h e  f o r m  o f  
u n c o n s o l i d a t e d  d e p o s i t s  o f  sand and g r a v e l  a r e  p r o b a b l y  t h e  
mos t  i m p o r t a n t  a q u i f e r s  f r o m  t h e  s t a n d p o i n t  o f  w a t e r  s u p p l y .  
More t h a n  90 p e r c e n t  o f  t h e  g round  w a t e r  used  i n  t h e  U n i t e d  
S t a t e s  i s  pumped f r o m  such d e p o s i t s  (Wa l ton ,  1970) .  Sand and 
g r a v e l  a q u i f e r s  o c c u r  as  a l l u v i u m  a d j a c e n t  t o  and benea th  
s t reams and r i v e r s ,  i n  b u r i e d  v a l l e y s  and abandoned r i v e r  
c o u r s e s ,  and i n  p l a i n s  and i n t e r - m o n t a n e  v a l l e y s .  The r i v e r  
d e p o s i t e d  m a t e r i a l  a d j a c e n t  t o  t h e  Sou th  P l a t t e  R i v e r  i n  Co lo -  
r a d o  i s  an example o f  an a l l u v i a l  a q u i f e r .  C l a s t i c  d e p o s i t s  
i n  t h e  a l l u v i a l  f a n s  o f  t h e  S i e r r a  Nevada Range a r e  a  second 
example.  A q u i f e r s  i n  t h e  B a s i n  and Range r e g i o n  o f  Nevada a r e  
examples o f  t h e  i n t e r - m o n t a n e  a q u i f e r s .  The Ogal l a l a  f o r m a t i o n  
w h i c h  immediate1 y  under1 i e s  t h e  H i g h  P l a i n s  o f  Nebraska,  Co lo -  
r a d o  and Texas i s  a  p a r t i a l l y  cemented a l l u v i a l  a q u i f e r .  The 
t remendous a l l u v i a l  d e p o s i t s  fo rmed b y  t h e  I n d u s  R i v e r  i n  Pak- 
i s t a n  and I n d i a  f o r m  a  huge a q u i f e r .  Water  c o u r s e s ,  l o n g  s i n c e  
abandoned b y  t h e  I n d u s ,  a r e  t o  be f o u n d  b u r i e d  i n  t h e  f l o o d  
p l a i n .  O f t e n ,  i t  i s  w i t h i n  t h e s e  b u r i e d  w a t e r  c o u r s e s  t h a t  t h e  
most  p r o l i f i c  w e l l s  and t h e  b e s t  q u a l i t y  w a t e r  can be found. 

Sandstones and c o n g l o m e r a t e s  a r e  t h e  cemented e q u i v a l e n t s  
o f  u n c o n s o l i d a t e d  sands and s a n d - g r a v e l - b o u l d e r  m i x t u r e s .  These 
g e o l o g i c  m a t e r i a l s  a l s o  c o n s t i t u t e  i m p o r t a n t  a q u i f e r s .  The 
Dakota sands tone  i s  one example and t h e  F o x h i l l s  f o r m a t i o n  i n  
t h e  Dakotas and i n  e a s t e r n  Montana a n o t h e r .  

Carbona te  r o c k s  a r e  sometimes i m p o r t a n t  a q u i f e r s .  Lime- 
s t o n e s  and d o l o m i t e s  may e x h i b i t  an i n t e r s t i t i a l  p o r o s i t y  and 
h y d r a u l i c  c o n d u c t i v i t y .  O f t e n ,  however, t h e  p o r o s i t y  and perme- 
a b i l i t y  o f  c a r b o n a t e  r o c k s  a r e  secondary  i n  t h e  sense t h e y  
r e s u l t  f r o m  c h a n n e l s  formed b y  d i s s o l u t i o n  o f  t h e  r o c k  b y  p e r -  
c o l a t i n g  w a t e r s .  Huge c a v e r n s  may r e s u l t  i n  some i n s t a n c e s .  



Igneous and metamorphic rocks form a q u i f e r s  a t  some l o c a t i o n s .  
The p o r o s i t y  and permeabi 1 i  t y  a r e  provided by f r a c t u r e s ,  f a u l t s  
and o t h e r  openings and not  by i n t e r s t i t i a l  void space.  

Rare1 y ,  i f  e v e r ,  a r e  geologic  m a t e r i a l s  homogeneous over 
l a r g e  a r e a s  o r  t o  g r e a t  dep ths .  A l luv ia l  d e p o s i t s  a r e ,  normal- 
l y ,  c h a r a c t e r i z e d  by re1 a t i v e l y  coa r se  ma te r i a l  near  t h e  sedi  - 
ment source  which grades  i n t o  i n c r e a s i n g l y  f i n e r  mater ia l  a t  
l a r g e r  d i s t a n c e s  from t h e  source .  This  i s  t h e  r e s u l t  of t h e  
p rogress ive  decrease  i n  ca r ry ing  c a p a c i t y  of t h e  streams a s  
t h e i r  g r a d i e n t  becomes sma l l e r  with inc reas ing  d i s t a n c e  from 
t h e  mountains. The same process  o f t e n  causes  a  s t ra tum t o  
e x h i b i t  a  v e r t i c a l  g rada t ion  of p a r t i c l e  s i z e .  The f i n e s t  
sediments,  deposi ted  f a r t h e s t  from t h e  mountains,  may be so  
f i n e  t h a t  they no longer  q u a l i f y  a s  a q u i f e r s .  This i s  t r u e  
because t h e  dimensions of t h e  void space a r e  too  small t o  per-  
mit  s i g n i f i c a n t  f low,  even though t h e  p o r o s i t y  may be a s  l a r g e  
o r  l a r g e r  than t h a t  of  t h e  c o a r s e r  sediments.  Mate r i a l s  which 
have s u f f i c i e n t  p o r o s i t y  t o  s t o r e  water  but a  very small capac- 
i t y  t o  t r ansmi t  water a r e  c a l l e d  aquictudes .  Clays and s h a l e s  
a r e  examples of aqu ic ludes .  The occurrence  and d i s t r i b u t i o n  of 
aqui c l  udes a r e  impor tant  in  ground-water ana lyses  because they 
form t h e  boundaries of a q u i f e r s  i n  many cases .  Thus, aquic ludes  
o f t e n  d i c t a t e  t h e  type  and geometry of  boundary cond i t ions  t h a t  
must be considered by t h e  hydro1 ogi s t .  

The term aqui tard r e f e r s  t o  a  geologic  m a t e r i a l ,  t h e  
hydraul ic  conduc t iv i ty  of which i s  too  small t o  permit  t h e  
development of  we l l s  o r  s p r i n g s  but may be s u f f i c i e n t l y  l a r g e  
t o  s i g n i f i c a n t l y  in f luence  t h e  hydraul i c s  of a q u i f e r s  a d j a c e n t  
t o  i t .  Another term used by p r a c t i o n e r s  in  ground-water hydrol-  
ogy i s  aquifuge which r e f e r s  t o  a  geologic  ma te r i a l  wi th  no 
s i g n i f i c a n t  p o r o s i t y  o r  permeabi 1  i  t y .  Unweathered and unfrac-  
tu red  g r a n i t e  and some carbonates  a f f o r d  examples of aquifuges .  
Aquifuges a r e  important  a s  boundaries of a q u i f e r s  and sources  
of c l a s t i c  mater ia l  f o r  a q u i f e r  format ion.  

C l e a r l y ,  t h e  s t r a t a g r a p h i c  column has t h e  important  hydro- 
1  ogi c  s i g n i f i c a n c e  of a  sequence of po ten t i  a1 a q u i f e r s ,  aqui - 
e ludes  and a q u i t a r d s  i n  a d d i t i o n  t o  i t s  more t r a d i t i o n a l  s i g n i f -  
icance  i n  geology. The ac tua l  o r d e r  i n  which s t r a t a  occur i n  a  
p a r t i c u l a r  col u m n  i n f luences  t h e  v e r t i c a l  d i s t r i b u t i o n  of ground 
water .  Aquicludes may i s o l a t e  p o t e n t i a l  a q u i f e r s  from sources  
of r echa rge ,  f o r  example. On t h e  o t h e r  hand, an a q u i f e r  t h a t  
may appear i s o l a t e d  i n  a  p a r t i c u l a r  s e c t i o n  can be exposed a t  
o t h e r  l o c a t i o n s  v ia  t h e  processes  of geologic  u p l i f t ,  f o l d i n g ,  
f a u l t i n g  o r  e ros ion .  Geologic maps and c r o s s - s e c t i o n s ,  which 
d e p i c t  t h e  l a t e r a l  d i s t r i b u t i o n  of s t r a t a ,  a r e  a l s o  indispens-  
a b l e  a i d s  t o  t h e  ground water h y d r o l o g i s t ,  t h e r e f o r e .  

While t h e  occurrence  of ground water in  r e g o l i t h  and t h e  
upper po r t ions  of t h e  s t r a t a g r a p h i c  column i s  problemat ica l  a t  



any p a r t i c u l a r  l o c a t i o n ,  g round  w a t e r  can n e a r l y  a l w a y s  be 
f o u n d  a t  d e p t h  i n  a  t h i c k  sequence of s e d i m e n t a r y  r o c k s .  Water 
s a t u r a t e d  r o c k s  more t h a n  8 km benea th  t h e  e a r t h ' s  s u r f a c e  have 
been p e n e t r a t e d  by  w e l l s  i n  t h e  p e t r o l e u m  i n d u s t r y .  Water a t  
such g r e a t  d e p t h s  i s  u s u a l l y  c o m p l e t e l y  i s o l a t e d  f r o m  s u r f a c e  
w a t e r  and o c c u r s  as  a  r e s u l t  o f  e n t r a p m e n t  i n  t h e  i n t e r s t i c e s  
when t h e  sed iments  were o r i g i n a l l y  d e p o s i t e d  benea th  t h e  sea. 
Such w a t e r  i s  known as  connate w a t e r  and i s  h i g h l y  m i n e r a l i z e d  
and s a l i n e .  The t e m p e r a t u r e  o f  w a t e r  g e n e r a l l y  i n c r e a s e s  w i t h  
d e p t h  and i n  some a r e a s  w a t e r  t e m p e r a t u r e s  a r e  h i g h  enough t o  
p r o v i d e  u s e f u l  e n e r g y .  Such geo therma l  a c t i v i t y  o c c u r s  i n  
many a r e a s  o f  t h e  w o r l d  and sometimes i s  a p p a r e n t  a t  t h e  
g round  sur face"  as  g e y s e r s  such as  i s  e v i d e n t  a t  Y e l l o w s t o n e  
N a t i o n a l  Park ,  USA. 

Confined and Unconfined Ground Water 

A  water t a b l e ,  a1 so known as  t h e  p h r e a t i c  s u r f a c e ,  i s  t h e  
s u r f a c e  upon w h i c h  t h e  w a t e r  p r e s s u r e  i s  equa l  t o  a t m o s p h e r i c  
p r e s s u r e .  An unconfined o r  w a t e r - t a b l e  a q u i f e r  i s  one i n  w h i c h  
a  w a t e r  t a b l e  e x i s t s ,  and a  confined o r  a r t e s i a n  a q u i f e r  con-  
t a i n s  w a t e r  a t  p r e s s u r e s  g r e a t e r  t h a n  a t m o s p h e r i c  p r e s s u r e .  
W h i l e  i t  i s  t r a d i t i o n a l  t o  use t h e  words c o n f i n e d  and uncon- 
f i n e d  as  m o d i f i e r s  o f  t h e  t e r m  a q u i f e r ,  t h e  meaning s h o u l d  n o t  
be ex tended  t o  t h e  g e o l o g i c  s t r a t u m  as a  who le .  As w i l l  be 
seen p r e s e n t l y ,  i t  i s  q u i t e  p o s s i b l e  f o r  a  p a r t i c u l a r  s t r a t u m  
t o  be p r o p e r l y  c l a s s i f i e d  as  a  c o n f i n e d  a q u i f e r  a t  one l o c a t i o n  
and as  u n c o n f i n e d  i n  a n o t h e r .  The d i s t i n c t i o n  between c o n f i n e d  
and u n c o n f i n e d  a q u i f e r s  i s  made because t h e r e  a r e  s u b s t a n t i a l  
d i f f e r e n c e s  i n  t h e i r  h y d r a u l i c  b e h a v i o r ,  p a r t i c u l a r l y ,  t h e i r  
c a p a c i t y  t o  t a k e  up o r  r e l e a s e  w a t e r  f r o m  s t o r a g e .  

I n  o r d e r  t h a t  w a t e r  e x i s t  i n  a  c o n f i n e d  a q u i f e r  a t  p r e s -  
s u r e s  g r e a t e r  t h a n  a t m o s p h e r i c ,  t h e  a q u i f e r  must  be bounded by  
r e l a t i v e l y  i m p e r v i o u s  m a t e r i a l s  on t h e  t o p  and bo t tom.  A  con-  
f i n e d  a q u i f e r  i s  shown i n  F i g .  1-4.  The s h a l e  f o r m a t i o n s  
bound ing  t h e  l i m e s t o n e  a q u i f e r  a c t  as  w a l l s  o f  a  c o n t a i n e r  
p e r m i t t i n g  t h e  w a t e r  i n  t h e  a q u i f e r  t o  e x i s t  a t  e l e v a t e d  p r e s -  
s u r e s .  We l l  A  i s  a  f l o w i n g  a r t e s i a n  w e l l ,  t h e  p r e s s u r e  i n  t h e  
c o n f i n e d  a q u i f e r  b e i n g  s u f f i c i e n t  t o  cause t h e  w a t e r  t o  r i s e  
above t h e  l a n d  s u r f a c e .  The source  o f  t h e  e l e v a t e d  p r e s s u r e  
observed  a t  t h e  l o c a t i o n  o f  w e l l  A  i s  t h e  h y d r o s t a t i c  p r e s s u r e  
deve loped  between t h e  e l e v a t i o n  o f  t h e  r e c h a r g e  a r e a  and t h e  
e l e v a t i o n  o f  t h e  a q u i f e r  a t  p o i n t  A. I t  i s  o n l y  n e c e s s a r y  f o r  
t h e  w a t e r  t o  r i s e  above t h e  t o p  o f  t h e  a q u i f e r  t o  be c l a s s i -  
f i e d  as  a  c o n f i n e d  o r  a r t e s i a n  a q u i f e r ,  however. The a q u i f e r  
i s  a r t e s i a n ,  f o r  example, a t  t h e  l o c a t i o n  o f  w e l l  C where t h e  
w a t e r  l e v e l  i s  be low t h e  g round  s u r f a c e .  

An i m a g i n a r y  s u r f a c e  p a s s i n g  t h r o u g h  a l l  p o i n t s  t o  w h i c h  
w a t e r  w i l l  r i s e  i n  w e l l s  p e n e t r a t i n g  a  c o n f i n e d  a q u i f e r  i s  
c a l l e d  t h e  piezometric surface.  The w a t e r  l e v e l s  i n  w e l l s  A  





and C a r e  p o i n t s  on t h e  p i e z o m e t r i c  s u r f a c e .  T h i s  s u r f a c e  
p l a y s  a  c e n t r a l  r o l e  i n  t h e  i d e n t i f i c a t i o n ,  d e s c r i p t i o n  and 
a n a l y s i s  o f  f l o w  i n  c o n f i n e d  a q u i f e r s .  N o t i c e  t h a t ,  s h o u l d  t h e  
p i e z o m e t r i c  s u r f a c e  f a l l  be low t h e  t o p  o f  t h e  a q u i f e r ,  t h e  
a q u i f e r  becomes u n c o n f i n e d  a t  t h a t  p o i n t  and t h e  p i e z o m e t r i c  
s u r f a c e  and t h e  w a t e r  t a b l e  c o i n c i d e .  

An u n c o n f i n e d  o r  w a t e r - t a b l e  a q u i f e r  i s  a l s o  shown i n  
F i g .  1 -4 .  The w a t e r  l e v e l  i n  w e l l  B i n d i c a t e s  t h e  p o s i t i o n  o f  
t h e  w a t e r  t a b l e .  Water  l e v e l s  i n  w e l l s  A  and B a r e  n o t  equa l  
because t h e  a q u i c l u d e  t e n d s  t o  h y d r a u l i c a l l y  i s o l a t e  t h e  a q u i -  
f e r s ,  one f r o m  t h e  o t h e r .  The f a u l t  zone, however, p e r m i t s  
w a t e r  f r o m  t h e  c o n f i n e d  a q u i f e r  t o  seep i n t o  t h e  w a t e r - t a b l e  
a q u i f e r ,  and t h e  a q u i f e r s  a r e  n o t  e n t i r e l y  i n d e p e n d e n t .  The 
perched  w a t e r  t a b l e  i n  F i g .  1 - 4  i s  t h e  r e s u l t  o f  t h e  c o l l e c t i o n ,  
on a  c l a y  l e n s ,  o f  w a t e r  w h i c h  has p e r c o l a t e d  f r o m  t h e  g round  
s u r f a c e .  S h a l l o w  g round  w a t e r  o f  l o c a l  o c c u r r e n c e  t h a t  r e t u r n s  
t o  t h e  l a n d  s u r f a c e  a l o n g  l i t h i c  c o n t a c t s  above t h e  ma in  a q u i -  
f e r s  i s  c a l l e d  interflou. I n t e r f l o w  i s  o f t e n  r e s p o n s i b l e  f o r  
s m a l l  s p r i n g s  and seeps t h a t  f l o w  o n l y  d u r i n g  w e t  p e r i o d s .  

Observation of Ground Water 

The o c c u r r e n c e ,  d i s t r i b u t i o n ,  and movement o f  g round  w a t e r  
mus t  be d e t e c t e d  and a n a l y z e d  b y  means o t h e r  t h a n  d i r e c t  v i s u a l -  
i z a t i o n .  D e t a i l e d  g e o l o g i c  s t u d y  i s  one method b y  w h i c h  t h e  
r e q u i r e d  d a t a  can be o b t a i n e d ,  b u t  i m p o r t a n t  s y n e r g i s t i c  e f f e c t s  
a c c r u e  t o  t h e  a n a l  y s i  s  t h a t  combines b o t h  g e o l o g i c  and h y d r a u l  i c  
d a t a .  By f a r  t h e  most  i m p o r t a n t  s o u r c e s  o f  h y d r a u l i c  d a t a  a r e  
t h e  w a t e r  l e v e l s  i n  o b s e r v a t i o n  we1 1 s  and p i e z o m e t e r s .  

A  piezometer i s  a  d e v i c e  w h i c h  i n d i c a t e s  t h e  w a t e r - p r e s s u r e  
head h  a t  a  " p o i n t "  i n  t h e  a q u i f e r  ( F i g .  1 - 5 ) .  The p i e z o m e t e r  

c o n s i s t s  o f  a  c a s i n g ,  p e r f o r a t e d  n e a r  t h e  t e r m i n a l  p o i n t  o n l y ,  
t h a t  i s  i n s t a l l e d  i n  such a  way t h a t  t h e  c a s i n g  f i t s  t i g h t l y  
a g a i n s t  t h e  g e o l o g i c  f o r m a t i o n .  A  common method o f  i n s t a l l a t , i o n  
i s  t o  p l a c e  t h e  c a s i n g  i n  a  d r i l l e d  h o l e ,  b a c k f i l l i n g  t h e  
a n n u l u s  between t h e  c a s i n g  and t h e  w a l l  o f  t h e  b o r e  h o l e  w i t h  
c l a y .  The h e i g h t  t o  w h i c h  w a t e r  r i s e s  i n  t h e  p i e z o m e t e r  i s  t h e  
w a t e r - p r e s s u r e  head a t  t h e  t e r m i n a l  p o i n t  o f  t h e  p i e z o m e t e r .  

The observation we22 o f  F i g .  1 - 5  i s  a  p e r f o r a t e d  c a s i n g  
s i m p l y  p l a c e d  i n  a  b o r e  h o l e  w i t h  no a t t e m p t  t o  p r o v i d e  a  s e a l  
between t h e  c a s i n g  and t h e  a q u i f e r .  I n  t h e  case  shown, t h e  
o b s e r v a t i o n  we1 1  p r o p e r 1  y i n d i c a t e s  t h e  w a t e r  t a b l e  p o s i t i o n .  
Shou ld  t h e  o b s e r v a t i o n  w e l l  p e n e t r a t e  i n t o  t h e  u n d e r l y i n g  con-  
f i n e d  a q u i f e r ,  however, t h e  observed  w a t e r  l e v e l  wou ld  be mean- 
i n g l e s s .  T h i s  i s  t r u e  because t h e  w a t e r  l e v e l  wou ld  r e f l e c t  
n e i t h e r  t h e  w a t e r  t a b l e  n o r  t h e  p i e z o m e t r i c  s u r f a c e  e l e v a t i o n ,  
b u t  a  c o m b i n a t i o n  o f  t h e  two s i n c e  t h e  w e l l  b o r e  p r o v i d e s  a  
f l o w  c o n d u i t  between t h e  two a q u i f e r s .  
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F i g u r e  1-5. Common f a c i l i t i e s  f o r  o b s e r v i n g  w a t e r  l e v e l s  i n  
a q u i f e r s .  

The p r o d u c t i o n  w e l l  on t h e  r i g h t  s i d e  o f  F i g u r e  1 -5  can 
f u n c t i o n  as  an o b s e r v a t i o n  w e l l  i n  t h e  c o n f i n e d  a q u i f e r ,  because 
t h e  a n n u l u s  i s  s e a l e d  i n  t h e  c o n f i n i n g  l a y e r .  The p r o d u c t i o n  
we1 1  i s  n o t  a  p i e z o m e t e r ,  s t r i c t l y  speak ing ,  because t h e  w e l l  
sc reen  e x t e n d s  o v e r  an a p p r e c i a b l e  f r a c t i o n  o f  t h e  a q u i f e r .  
Thus, t h e  w a t e r  l e v e l  i n d i c a t e s  an average  w a t e r - p r e s s u r e  head 
o v e r  t h e  sc reened  i n t e r v a l .  The w a t e r  l e v e l  s  i n  t h e  p r o d u c t i o n  
w e l l  and i n  t h e  p i e z o m e t e r  w i l l  be i d e n t i c a l  o n l y  under  s p e c i a l  
c o n d i t i o n s ,  one o f  w h i c h  i s  no f l o w  o f  w a t e r  i n  t h e  a q u i f e r .  
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PROBLEMS AND STUDY QUESTIONS 

1 .  I d e n t i f y  l o c a l l y  a  g roundwate r  b a s i n  and p r o v i d e  r e f e r e n c e s  
f o r  a v a i l a b l e  b a s i c  d a t a  on t h e  a r e a .  

2 .  Why i s  i t  i m p o r t a n t  t o  i d e n t i f y  and d i s t i n g u i s h  between an 
a q u i f e r ,  a q u i c l u d e ,  a q u i t a r d  and a q u i f u g e ?  

3. I d e n t i f y  g roundwate r  p rob lems w h i c h  a r e  o f  p r i m a r y  c o n c e r n  
t o  : 

c i v i l  e n g i n e e r s ,  
g e o l o g i s t s ,  
p e t r o l e u m  e n g i n e e r s ,  
a g r i c u l  t u r a l  e n g i n e e r s ,  
agronomi s t s ,  
1  awyers,  
p h y s i c i s t s ,  
chemi s t s ,  
m a t h e m a t i c i a n s .  



Chapter I1 
GROUND-WATER STORAGE AND SUPPLY 

Ground-water  s t o r a g e  i s  no l e s s  i m p o r t a n t  t o  t h e  ground-  
v a t e r  h y d r o l o g i s t  t h a n  above-ground s t o r a g e  i s  t o  h y d r o l o g i s t s  
and e n g i n e e r s  concerned  w i t h  s u r f a c e - w a t e r  s u p p l i e s .  The a q u i -  
Fer i s  an underg round  s t o r a g e  r e s e r v o i r  and a l s o  s e r v e s  as t h e  
:ondui t t h r o u g h  w h i c h  w a t e r  moves t o  s t reams,  w e l l s ,  d r a i n s  o r  
i t h e r  e x t r a c t i o n  p o i n t s .  J u s t  as t h e  change o f  s t a g e  i s  an 
i n d i c a t o r  o f  t h e  change o f  s t o r a g e  i n  a  s u r f a c e  r e s e r v o i r ,  
F l u c t u a t i o n s  o f  t h e  w a t e r  t a b l e  o r  p i e z o m e t r i c  s u r f a c e  e l e v a -  
t i o n  a r e  i n d i c a t o r s  o f  t h e  changes i n  t h e  r e l a t i v e  volume o f  
ground-water  s t o r a g e .  The r e l a t i v e  volume o f  w a t e r  t a k e n  i n t o  
)r r e l e a s e d  f r o m  s t o r a g e  i s  r e l a t e d  t o  t h e  c o r r e s p o n d i n g  w a t e r -  
l e v e l  change t h r o u g h  two i m p o r t a n t  h y d r o l o g i c  paramete rs ;  t h e  
i p p a r e n t  s p e c i f i c  y i e l d  f o r  w a t e r - t a b l e  a q u i f e r s ,  and t h e  
s p e c i f i c  s t o r a g e  f o r  c o n f i n e d  a q u i f e r s .  The r e l a t i o n s h i p s  
aetween a q u i f e r  s t o r a g e  and w a t e r - l e v e l  changes a r e  d i s c u s s e d  
i n  t h i s  c h a p t e r  w i t h o u t  r e g a r d  f o r  t h e  c a p a c i t y  o f  t h e  a q u i f e r  
t o  a l s o  a c t  as a  c o n d u i t .  The l a t t e r  s u b j e c t  and i t s  r e l a t i o n -  
s h i p  t o  g round-wate r  s t o r a g e  and s u p p l y  a r e  d e a l t  w i t h  i n  
j e t a i l  i n  subsequent  c h a p t e r s .  

2.1 STORAGE IN WATER-TABLE AQUIFERS 

Porosity and Representative Volume Elements 

P o r o s i t y ,  b e i n g  a  measure o f  t h e  r e l a t i v e  v o i d  volume o f  
a po rous  medium, i s  a  fundamenta l  h y d r o l o g i c  paramete r  o f  a q u i -  
f e r s .  Porous m a t e r i a l s  o c c a s i o n a l l y  c o n t a i n  v o i d s  t h a t  a r e  
i s o l a t e d  f r o m  a d j a c e n t  v o i d s  and, t h e r e f o r e ,  do n o t  p a r t i c i p a t e  
i n  t h e  s t o r a g e  and i n t e r c h a n g e  o f  f l u i d s .  An example i s  some 
i o l c a n i c  r o c k s  t h a t  c o n t a i n  i s o l a t e d  v o i d  space formed by t h e  
i v o l u t i o n  o f  gases. These v o i d s  a r e  o f  l i t t l e  i m p o r t a n c e  i n  
i y d r o l o g y  and a r e  e x c l u d e d  f r o m  t h e  f o l l o w i n g  d i s c u s s i o n .  

P o r o s i t y  i s  t h e  f r a c t i o n  o f  a  r e p r e s e n t a t i v e  volume e l e -  
nen t  o f  po rous  medium t h a t  i s  i n t e r c o n n e c t e d  v o i d  space. View- 
i d  on a  s c a l e  o f  t h e  same o r d e r  as  t h e  g r a i n  s i z e ,  g r a n u l a r  
a q u i f e r  m a t e r i a l s  e x h i b i t  a  p r o f o u n d l y  i r r e g u l a r  v a r i a t i o n  o f  
s o l i d s  and v o i d s  t h a t  i s  v i r t u a l l y  i m p o s s i b l e  t o  d e s c r i b e  i n  
i d e t a i l e d  manner. T h i s  d i f f i c u l t y  i s  c i r c u m v e n t e d  b y  c o n s i d -  
i r i n g  average  v a l u e s  o f  h y d r o l o g i c  paramete rs  and v a r i a b l e s  
f o r  volume e lements  w h i c h  a r e  l a r g e  r e l a t i v e  t o  t h e  g r a i n  s i z e  
3 u t  a r e  sma l l  r e l a t i v e  t o  t h e  d imens ions  o f  t h e  a q u i f e r  ( o r  
sample t h e r e o f )  as a  whole.  Such a  volume i s  c a l l e d  a  r e p r e -  
s e n t a t i v e  volume e lement .  The r e p r e s e n t a t i v e  volume e lement  
i s  t h e  s m a l l e s t  e lement  f o r  w h i c h  g r a d u a l  o r  smooth changes i n  
average v a l u e s  o f  hydro1  o g i c  paramete rs  and v a r i a b l e s  a r e  
abserved.  F u r t h e r  r e d u c t i o n  i n  t h e  e lement  o f  volume r e s u l t s  
i n  l a r g e ,  a b r u p t  changes i n  t h e  average  v a l u e s  ow ing  t o  t h e  



i r r e g u l a r i t y  o f  po rous  m a t e r i a l s  on a  s m a l l  s c a l e .  H y d r o l o g i c  
p a r a m e t e r s  and v a r i a b l e s  d e f i n e d  f o r  r e p r e s e n t a t i v e  volume e l e -  
ments a r e  macroscopic q u a n t i t i e s .  

A  g r a p h i c  i l l u s t r a t i o n  o f  t h e  v a r i a t i o n  o f  t h e  r a t i o  o f  
v o i d  volume t o  e l e m e n t  volume, as  t h e  volume o f  t h e  e lement  
i n c r e a s e s  i n c r e m e n t a l l y ,  i s  p r e s e n t e d  i n  F i g .  2-1.  The ex t reme 

F i g u r e  2 -1 .  V a r i a t i o n  o f  v o i d  vo lume w i t h  e lement  s i z e  i n  a  
homogeneous porous  medium. 

v a r i a t i o n  shown f o r  s m a l l  volume e lements  r e s u l t s  because t h e  
volume e l e m e n t  i s  so s m a l l  t h a t  i t  may be e n t i r e l y  f i l l e d  w i t h  
s o l i d s ,  e n t i r e l y  v o i d ,  o r  c o n s i s t  o f  b o t h  s o l i d s  and v o i d s  i n  
any p r o p o r t i o n  depend ing  upon t h e  l o c a t i o n  o f  t h e  e lement .  As 
t h e  s i z e  o f  t h e  volume e lement  i s  i n c r e a s e d  beyond t h e  volume 
o f  i n d i v i d u a l  g r a i n s ,  i t  w i l l  a l w a y s  encompass some s o l i d s  and 
some v o i d  space, b u t  t h e  p r o p o r t i o n  t h a t  i s  v o i d  space w i l l  
s t i l l  v a r y  a b r u p t l y  as t h e  l o c a t i o n  o f  t h e  e lement  i s  changed. 
The v a r i a t i o n  becomes s m a l l e r  as t h e  volume o f  t h e  e lement  i s  
f u r t h e r  i n c r e a s e d .  I n  a  homogeneous porous  medium, t h e  f r a c -  
t i o n  o f  t h e  volume e lement  t h a t  i s  v o i d  space approaches a  con-  
s t a n t  as shown. The r e p r e s e n t a t i v e  volume e lement  w i l l  e x h i b i t  
t h e  same p o r o s i t y ,  r e g a r d l e s s  o f  l o c a t i o n  i n  a  homogeneous a q u i -  
f e r .  I n  an u n s t r a t i f i e d ,  nonhomogeneous a q u i f e r ,  smooth v a r i -  
a t i o n s  o f  p o r o s i t y  a r e  observed  as  t h e  l o c a t i o n  o f  t h e  e lement  
i s  changed. A b r u p t  changes i n  p o r o s i t y ,  ow ing  t o  t e x t u r a l  d i s -  
c o n t i n u i t i e s , m a y  o c c u r  a t  t h e  i n t e r f a c e s  between d i f f e r e n t  
s t r a t a .  A t  a  p a r t i c u l a r  l o c a t i o n  i n  a  porous  m a t e r i a l ,  t h e  
p o r o s i t y  i s  t h e  same r e g a r d l e s s  o f  t h e  o r i e n t a t i o n  o f  t h e  



volume e l e m e n t .  P o r o s i t y  does n o t  e x h i b i t  d i r e c t i o n a l  p r o p e r -  
t i e s  and i s  a  s c a l a r  q u a n t i t y .  

The p o r o s i t y  can a l s o  be d e f i n e d  as  t h e  v o i d  a r e a  p e r  u n i t  
o f  b u l k  a r e a .  F i g u r e  2-2 i s  a  p h o t o g r a p h  o f  a  c u t - s e c t i o n  o f  

F i g u r e  2-2.  T y p i c a l  p h o t o g r a p h  o f  a  c u t - s e c t i o n  o f  po rous  
med i um. 

a  porous  medium, showing t h e  s o l i d s  and t h e  v o i d s .  S t a t i s t i c a l  
t e c h n i q u e s  can be used t o  d e t e r m i n e  p o r o s i t y  f r o m  such a  sec-  
t i o n .  F o r  example, one may d r o p  p i n s  a t  random on a  p h o t o -  
g r a p h  o f  a  c u t  s e c t i o n  and c o u n t  t h e  number o f  t i m e s  n  t h e  
ends o f  t h e  p i n  f a l l  w i t h i n  a  v o i d  a r e a  and t h e  t o t a l  number 
o f  d r o p s  N . The p o r o s i t y  6 f o r  l a r g e  N i s  

I t  i s ,  o f  c o u r s e ,  v e r y  d i f f i c u l t  t o  e s t a b l i s h  n u m e r i c a l  
v a l u e s  f o r  t h e  d i m e n s i o n s  o f  r e p r e s e n t a t i v e  volume e l e m e n t s .  
F o r t u n a t e l y ,  t h e  volume o f  t h e  r e p r e s e n t a t i v e  e lement  i s  much 
s m a l l e r  t h a n  t h e  minimum volume w i t h i n  w h i c h  changes o f  p r o p e r -  
t i e s  a r e  i m p o r t a n t  i n  mos t  cases o f  p r a c t i c a l  i n t e r e s t .  O n l y  
i n  t h e  l a b o r a t o r y  o r  when t h e  h y d r o l o g i c  p r o p e r t i e s  a r e  domin- 
a t e d  b y  s p a r s e  f r a c t u r e s ,  s o l u t i o n  c h a n n e l s ,  o r  by  v e r y  c o a r s e  
m a t e r i a l  i s  t h e  s i z e  o f  t h e  r e p r e s e n t a t i v e  volume e lement  o f  



p r a c t i c a l  concern.  The u t i l i t y  of t h e  concept of t h e  r ep re -  
s e n t a t i v e  volume element i s  t h a t  i t  provides a  r a t i o n a l  b a s i s  
f o r  t h e  use of continuum mathematics f o r  t h e  d e s c r i p t i o n  and 
i n t e r p r e t a t i o n  of t h e  s t o r a g e  and flow of  f l u i d s  i n  porous 
medi a .  

The p o r o s i t y  of a q u i f e r  m a t e r i a l s  ranges from near ze ro  i n  
s p a r s e l y  f r a c t u r e d  rocks and in  some l imestone format ions  t o  50 
percent  o r  more i n  well aggregated c l a y s .  Typical va lues  o f p o r -  
o s i t y  f o r  va r ious  geologic  m a t e r i a l s  a r e  presented i n  Table 2-1. 

Table 2-1. Poros i ty  of Aquifer Mate r i a l s  
(Adapted from Morris & Johnson, 1967) 

Aquifer Material  No. of Range Ari thmet ic  
Analyses Mean 

Igneous Rocks 
Weathered g r a n i t e  8  0.34-0.57 0 .45 
Weathered gabbro 4  0.42-0.45 0 .43 
Basa l t  9  4  0.03-0.35 0.17 

Sedimentary Mate r i a l s  
Sandstone 6  5  0.14-0.49 0.34 
Si 1 t s t o n e  7  0.21-0.41 0.35 
Sand ( f i n e )  243 0.26-0.53 0.43 
Sand ( c o a r s e )  26 0.31 -0.46 0.39 
Gravel ( f i n e )  38 0.25-0.38 0.34 
Gravel ( c o a r s e )  15 0.24-0.36 0.28 
S i l t  281 0.34-0.61 0.46 
Clay 74 0.34-0.57 0.42 
Limestone 74 0.07-0.56 0.30 

Metamorphic Rocks 
S c h i s t  18  0.04-0.49 0 .38 

The p o r o s i t y  of c l a s t i c  m a t e r i a l s  i s  a f f e c t e d  by: 
1 ) p a r t i c l e  shape ( a n g u l a r i t y  and roundness) ,  
2 )  degree of compaction and cementa t ion,  
3 )  p a r t i c l e  s i z e  d i s t r i b u t i o n .  

P a r t i c l e  shape in f luences  p o r o s i t y  because p a r t i c l e  shape 
a f f e c t s  t h e  manner in  which p a r t i c l e s  a r r ange  themselves ( F i g .  
2 -2 ) .  Highly angular  and i r r e g u l a r l y  shaped, noncemented par-  
t i c l e s  tend t o  r e s u l t  i n  a  l a r g e r  p o r o s i t y  than smooth, regu- 
l a r l y  shaped p a r t i c l e s ,  a l though t h e  d i f f e r e n c e  i s  not  always 
a  s u b s t a n t i a l  one. The degree of compaction o r  cementation 
changes t h e  p o r o s i t y  s i  gni f i  cant1 y ,  however. Cement, formed 
by i ron  and calcium compounds (among o t h e r s ) ,  a t  i n t e r p a r t i c l e  
c o n t a c t s ,  occupies  a  po r t ion  of t h e  i n t e r s t i t i a l  volume t h a t  
would o therwise  be void.  Comparison of t h e  p o r o s i t i e s  i n  
Table 2-1 f o r  sandstone and s i l t s t o n e  with t h e i r  uncemented 
e q u i v a l e n t s ,  sand and s i l t ,  i l l u s t r a t e s  t h e  e f f e c t  of cementa- 
t i  on. 



A q u i f e r s  composed o f  g r a n u l a r  m a t e r i a l s  o f  near1  y  u n i f o r m  
p a r t i c l e  s i z e  e x h i b i t  a  l a r g e r  p o r o s i t y  t h a n  m a t e r i a l s  w i t h  a  
w i d e  d i  s t r i  b u t i o n  of p a r t i c l e s  because s m a l l  p a r t i c l e s  occupy 
a  p o r t i o n  o f  t h e  volume between t h e  l a r g e r  p a r t i c l e s  i n  g raded  
m a t e r i a l s  ( F i g .  2 - 2 ) .  F i n e  g r a v e l  and sands o f t e n  have l a r g e r  
p o r o s i t i e s  t h a n  t h e i r  c o a r s e  c o u n t e r p a r t s  f o r  t h i s  reason .  The 
p o r o s i t y  o f  c l a s t i c  m a t e r i a l s  w i t h  a  n e a r l y  u n i f o r m  p a r t i c l e  
s i z e  i s  n o n s e n s i t i v e  t o  a c t u a l  p a r t i c l e  s i z e .  I n  t h e  ex t reme 
case of spheres  w i t h  equa l  d i a m e t e r s ,  t h e  p o r o s i t y  i s  c o m p l e t e -  
1 y  independent  o f  t h e  s i z e  o f  t h e  spheres .  

The d a t a  i n  T a b l e  2-1 i n d i c a t e  t h a t  t h e  p o r o s i t y  o f  l i m e -  
s t o n e  ranges  w i d e l y .  P o r o s i t i e s  i n  t h e  upper  p o r t i o n  o f  t h e  
range  r e s u l t  f r o m  i n t e r s t i t i a l  v o i d  space bounded by  t h e  s o l i d  
c r y s t a l s  o f  t h e  r o c k .  Vugs and s o l u t i o n  c h a n n e l s  u s u a l l y  con-  
s t i t u t e  a  s m a l l  f r a c t i o n  o f  t h e  a q u i f e r  volume, n o t w i t h s t a n d i n g  
t h e  f a c t  t h a t  t h e i r  d i m e n s i o n s  a r e  q u i t e  l a r g e  r e l a t i v e  t o  
i n t e r s t i t i a l - p o r e  space i n  c r y s t a l l i n e  l i m e s t o n e .  

Volume methods f o r  measurement of p o r o s i t y  r e q u i r e s  t h a t  
any two o f  t h e  f o l l o w i n g  t h r e e  volumes be d e t e r m i n e d :  t h e  b u l k  
volume o f  t h e  sample, t h e  p a r t i c l e  volume, and t h e  p o r e  volume. 
A  v a r i e t y  o f  methods a r e  a v a i l a b l e  by  w h i c h  t h e s e  volumes can 
be d e t e r m i n e d .  Inasmuch as  t h e  more common methods r e q u i r e  
n o t h i n g  more t h a n  g r a v i m e t r i c  a n d / o r  v o l u m e t r i c  measurements 
and s i m p l e  m a n i p u l a t i o n s  o f  t h e  d e f i n i t i o n  o f  p o r o s i t y ,  t h e  
d e t a i l s  o f  p o r o s i t y  d e t e r m i n a t i o n  a r e  b e s t  i l l u s t r a t e d  b y  c a l -  
c u l a t i o n s .  S e v e r a l  methods a r e  i l l u s t r a t e d  i n  t h e  p r o b l e m  s e t  
a t  t h e  end o f  t h i s  c h a p t e r .  

EXAMPLE 2-1 

U n i f o r m ,  s o l i d  spheres  o f  r a d i u s  R  a r e  packed i n t o  a  
cube o f  d i m e n s i o n s  2 0  R . P a c k i n g  i s  accompl i shed  i n  t i e r s  
so t h a t  t h e  spheres i n  each t i e r  a r e  d i r e c t l y  c e n t e r e d  between 
t h e  spheres o f  a d j a c e n t  t i e r s  ( c u b i c  p a c k i n g ) .  C a l c u l a t e  t h e  
p o r o s i t y .  

S o l u t i o n :  
Number o f  spheres  p e r  t i e r  = ( 1 0 )  (1  0 )  = 100 
Number o f  t i e r s  = 1 0  
Number o f  spheres  = 1000 

Volume o f  spheres  = (1000)  ($ ITR') 

Volume o f  cube = (20R) 3 
. . 

4 3 Volume o f  v o i d s  = @ O R ) - *  - (lOOO)(i-r nR ) 
Volume o f  v o i d s  = o.476 

@ = Volume o f  cube 

N o t i c e  t h a t  t h e  p o r o s i t y  f o r  t h i s  s i m p l e  case  i s  independ-  
e n t  o f  t h e  s i z e  o f  t h e  spheres .  The r e p r e s e n t a t i v e  volume 



3  element in  t h i s  case  i s  2R by 2R by 2 R  o r  8R and i s  much 
smal l e r  than t h e  volume used in  t h i s  example. C l e a r l y ,  t h e  
r e p r e s e n t a t i v e  volume element i s  h ighly  dependent upon t h e  
sphere s i z e .  

EXAMPLE 2-2 

A con ta ine r  with a  volume of 44.0 cm3 i s  f i l l e d  with a  
loose  sand.  When t h e  sand i s  poured i n t o  a  graduated c y l i n d e r  
p a r t i a l l y  f i l l e d  with wa te r ,  i t  i s  observed t h a t  25.7 cm3 of 
water a r e  d i s p l a c e d .  Ca lcu la t e  t h e  p o r o s i t y  of t h e  sand in  t h e  
c o n t a i n e r .  

S o l u t i o n :  
The volume of water d i sp laced  i s  t h e  volume of sol i d s  
V , and t h e  volume of t h e  c o n t a i n e r  i s  t h e  bulk volume 

"b . 

Desaturation and Specific Retention of Aquifer Materials 

Removal of water from t h e  pore space of a q u i f e r s  and r e -  
placement by a i r  i s  a  fundamental process t h a t  accompanies t h e  
reduct ion of t h e  wa te r - t ab le  l eve l  i n  unconfined a q u i f e r s .  
Di spl  acernent of water by a i r  ( d e s a t u r a t i o n )  occurs  because t h e  
p res su re  of t h e  water  i n  t h e  pores becomes l e s s  than t h e  loca l  
a i r  p res su re .  Thus, a i r  and water  e x i s t  s imul taneously  in  t h e  
voids where t h e  a i r  p res su re  exceeds t h e  water p res su re  s u f f i c -  
i e n t l y  t o  d i s p l a c e  a  po r t ion  of t h e  water .  Water, however, 
adheres t o  a q u i f e r  s o l i d s  more s t r o n g l y  than does a i r  which 
causes  t h e  a i r -wa te r  i n t e r f a c e s  t o  become curved,  r e s u l t i n g  i n  

i n t e r f a c i a l  f o r c e s  t h a t  oppose t h e  f o r c e  due t o  p res su re  d i f f e r -  
ence.  I n t e r f a c i a l  t ens ion  o i s  an i n t e r f a c i a l  f o r c e  per  u n i t  
length  t h a t  a c t s  along t h e  per imeter  of t h e  i n t e r f a c e  i n  d i r e c -  
t i o n s  tangent  t o  the  curved s u r f a c e .  A t  equ i l ib r ium,  t h e  f o r c e  
due t o  i n t e r f a c i a l  t ens ion  balances  t h e  displacement f o r c e  due 
t o  p res su re  d i f f e r e n c e .  

Figure 2-3 shows an i d e a l i z e d ,  hemi-spherical  i n t e r f a c e  
ac ross  t h e  t h r o a t  o r  connecting channel between two pores .  On 
t h e  l e f t ,  t h e  pore i s  f i l l e d  wi th  water a t  p res su re  -p , and 
t h e  r ight -hand pore i s  f i l l e d  with a i r  a t  zero  gage (a tmospher ic)  
p res su re .  The d i f f e r e n c e  between t h e  a i r  p res su re  and t h e  water  
p res su re  i s  c a l l e d  capillary p r e s s u r e ,  p  . In t h i s  c a s e ,  p - p .  

The f o r c e s  due t o  i n t e r f a c i a l  t ens ion  a r e  prevent ing t h e  d i s -  
placement of t h e  water i n  t h e  l e f t  pore.  A f o r c e  balance on t h e  
hemi-spherical  i n t e r f a c e  l e a d s  t o  



(pressure = - p 1 

solid 

- Resultant Force 
Due to Pressure 

Figure 2-3. Idea l i zed  a i r - w a t e r  i n t e r f a c e .  

obta ined by equat ing t h e  f o r c e  due t o  i n t e r f a c i a l  t e n s i o n ,  Z I T ~ C I ,  
i. and t h e  f o r c e  due t o  p res su re  d i f f e r e n c e ,  rrr pc . 

Equation 2-2 was obta ined f o r  a  h ighly  i d e a l i z e d  i n t e r f a c e  
geometry, but n e v e r t h e l e s s ,  t h e  conclus ion t h a t  t h e  equ i l ib r ium 
r a d i i  of cu rva tu re  of a i r - w a t e r  i n t e r f a c e s  must decrease  a s  t h e  
c a p i l l a r y  p res su re  i n c r e a s e s  remains v a l i d .  The f a c t  t h a t  a i r -  
water i n t e r f a c e s  must become more sha rp ly  curved with i n c r e a s -  
ing  pc means t h a t  water must occupy i n c r e a s i n g l y  sma l l e r  pores 

and void subspaces a s  pc i s  i nc reased .  For example, should 

t h e  water p res su re  in  t h e  l e f t  pore of Figure 2-3 be reduced 
s l i g h t l y  ( i  . e . ,  p  i n c r e a s e d ) ,  t h e  f o r c e  tending t o  d i s p l a c e  

t h e  water wi l l  i n c r e a s e .  The r a d i u s  of cu rva tu re  of t h e  i n t e r -  
f a c e  a t  t h e  t h r o a t  i s  a l r eady  minimum, however, and cannot de- 
c r e a s e  f u r t h e r  a s  r equ i red  t o  balance t h e  inc reased  p ressu re  
f o r c e .  The r e s u l t  i s  a  detachment of t h e  i n t e r f a c e  from i t s  
p o s i t i o n  ac ross  t h e  t h r o a t  and displacement of water i n  t h e  
l e f t  pore occurs .  The displacement ceases  when t h e  a i r - w a t e r  
i n t e r f a c e  recedes  t o  o t h e r  pores o r  void subspaces t h a t  a r e  
s u f f i c i e n t l y  small t o  suppor t  an i n t e r f a c e  with t h e  r ad ius  
required  t o  balance t h e  f o r c e  of d isplacement .  

The f a c t  t h a t  both a i r  and water may e x i s t  i n  t h e  pore 
space r e q u i r e s  a  parameter o t h e r  than p o r o s i t y  t o  c h a r a c t e r i z e  
t h e  r e l a t i v e  volume of water in  t h e  a q u i f e r .  The f r a c t i o n  of a  
r e p r e s e n t a t i v e  volume element t h a t  con ta ins  water  i s  t h e  volu- 
metr ic-uater  content ,  6 . Volumetric-water con ten t  ranges from 



z e r o  i n  a  c o m p l e t e l y  d r y  porous  medium t o  a  maximum, equa l  t o  
p o r o s i t y ,  when a l l  t h e  p o r e  space i s  f i l l e d  w i t h  w a t e r .  Be- 
cause w a t e r  mus t  occupy i n c r e a s i n g l y  s m a l l e r  p o r e s  and v o i d  
subspaces as pc i n c r e a s e s ,  t h e  v o l u m e t r i c - w a t e r  c o n t e n t  

decreases  w i t h  i n c r e a s i n g  p . Such c u r v e s  a r e  v a r i o u s l y  

known as  u a t e r - r e t e n t i o n  c u r v e s ,  m o i s t u r e  c h a r a c t e r i s t i c s ,  
d e s o r p t i o n  c u r v e s  o r  c a p i l l a r y  p r e s s u r e - d e s a t u r a t i o n  c u r v e s .  
A  w a t e r - r e t e n t i o n  c u r v e  c h a r a c t e r i z e s  t h e  a b i l i t y  o f  t h e  porous  
medium t o  r e t a i n  w a t e r  when w a t e r  i s  b e i n g  d i s p l a c e d  ( i  .e . ,  
d u r i n g  d r a i n a g e  o r  d r y i n g ) .  

As shown i n  F i g .  2-4, t h e  v o l u m e t r i c - w a t e r  c o n t e n t  changes 
v e r y  l i t t l e ,  i f  a t  a l l ,  i n  a  r a n g e  o f  p  n e a r  p = 0  . Even 
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Volumetric Woter Content 

F i g u r e  2 -4 .  T y p i c a l  w a t e r  r e t e n t i o n  c u r v e s .  

t h e  l a r g e s t  p o r e s  a r e  s u f f i c i e n t l y  s m a l l  t o  r e s i s t  d e s a t u r a t i o n  
i n  t h i s  r a n g e  o f  p  . S i g n i f i c a n t  d e s a t u r a t i o n  o c c u r s  o n l y  

a f t e r  t h e  d i f f e r e n c e  between t h e  a i r  and w a t e r  p r e s s u r e s  i s  
s u f f i c i e n t  t o  d i s p l a c e  w a t e r  f r o m  t h e  l a r g e s t  p o r e s .  A t  a  
p a r t i c u l a r  v a l u e  o f  p  , t h e  r a d i i  o f  c u r v a t u r e  o f  a i r - w a t e r  

i n t e r f a c e s  a r e  equa l  i n  b o t h  m a t e r i a l s ,  b u t  t h e  v o l u r n e t r i c -  
w a t e r  c o n t e n t  d i f f e r s  s i g n i f i c a n t l y  because t h e  f i n e  t e x t u r e d  



m a t e r i a l  c o n t a i n s  a  l a r g e r  volume o f  p o r e s  and subspaces t h a t  
a r e  s u f f i c i e n t l y  s m a l l  t o  p r e v e n t  d e s a t u r a t i o n .  

The v o l u m e t r i c - w a t e r  c o n t e n t  t e n d s  t o w a r d  a  c o n s t a n t  v a l u e  
a t  l a r g e  pc f o r  b o t h  m a t e r i a l s  i n  F i g .  2-4.  The v a l u e  o f  e 
f o r  w h i c h  d e l d p  t e n d s  t o  z e r o  i s  t h e  specific r e t e n t i o n ,  S .  

The s p e c i f i c  r e t e n t i o n  i s  a l s o  known a s  f i e l d  c a p a c i t y  o r  w a t e r -  
h o l d i n g  c a p a c i t y  i n  o t h e r  f i e l d s  o f  s t u d y .  S p e c i f i c  r e t e n t i o n  
i s  a  r e a s o n a b l y  c h a r a c t e r i s t i c  paramete r  o f  po rous  s o l i d s ,  
e s p e c i a l l y  i n  sands and g r a v e l s  i n  w h i c h  d e l d p  t e n d s  t o w a r d  

z e r o  r a t h e r  a b r u p t l y  a t  l o w  v a l u e s  o f  p  . A v e r y  g r a d u a l  

change o f  0 w i t h  i n c r e a s i n g  p  i s  o f t e n  observed  i n  v e r y  
c  

f i n e - g r a i n e d  m a t e r i a l s ,  mak ing  i t  d i f f i c u l t  t o  e s t a b l i s h  a  v a l u e  
o f  e a t  w h i c h  de/dpc approaches z e r o .  As a  p r a c t i c a l  m a t t e r ,  

t h e  v o l u m e t r i c - w a t e r  c o n t e n t  a t  a  c a p i l l a r y  p r e s s u r e  o f  113 b a r  
i s  o f t e n  t a k e n  as  b e i n g  t h e  s p e c i f i c  r e t e n t i o n .  

The r e l a t i o n s h i p  between p  and e observed  when t h e  

porous  m a t e r i a l  i s  a b s o r b i n g  w a t e r  ( w e t t i n g )  i s  s u b s t a n t i a l l y  
d i f f e r e n t  f r o m  t h a t  shown i n  F i g .  2-4. The dependence o f  e 
upon pc f o r  a  m a t e r i a l  t h a t  was o r i g i n a l l y  s a t u r a t e d ,  t h e n  

d e s a t u r a t e d  ( c u r v e  I ) ,  a l l o w e d  t o  a b s o r b  w a t e r  a g a i n  ( c u r v e  2 ) ,  
and, f i n a l l y ,  d e s a t u r a t e d  a  second t i m e  ( c u r v e  3 )  i s  shown i n  
F i g .  2-5. I t  i s  a p p a r e n t  t h a t  p ( e )  i s  n o t  a  s i n g l e - v a l u e d  

F i g u r e  2-5.  C a p i l l a r y  p r e s s u r e  - w a t e r  c o n t e n t  c u r v e s  w i t h  
d i f f e r e n t  p r e s s u r e  h i  s t o r y  ( a f t e r  McWhorter,  1971 ) . 



func t ion  but depends upon t h e  p res su re  ( o r  water c o n t e n t )  h i s -  
t o r y .  One reason f o r  t h e  h y s t e r e s i s  of t h e  p ( e )  func t ion  i s  

entrapment of a i r  dur ing t h e  wet t ing  cyc le .  The presence of 
entrapped a i r  accounts f o r  t h e  observat ion t h a t  e = e < ^ >  a t  

p  =0 f o r  curve 2. In t h e  f i e l d ,  a i r  i s  entrapped during i n f i l -  c  
t r a t i o n  and dur ing per iods  of r i s i n g  water t a b l e s .  For t h i s  
reason,  t h e  pore space i s  r a r e l y ,  i f  e v e r ,  completely f i l l e d  
with water even when p  =0 . c  

EXAMPLE 2-3 

Figure 2-6 i s  a  schematic diagram of a  device  t h a t  i s  used 
t o  measure t h e  func t iona l  r e l a t i o n s h i p  between volumetric-water 
con ten t  and c a p i l l a r y - p r e s s u r e  head. 

ontal Capillary 

\ oir filled 1 \ z; 
Saturated water filled .-- 
Porous Plate I I I 

Figure 2-6. Measurement of r e l a t i o n s h i p  between 6 and p / p g .  

The experiment i s  begun with a  completely s a t u r a t e d  sample 
( i  . e . ,  e = $ ) .  A suc t ion  ( c a p i l l a r y  p r e s s u r e )  i s  app l i ed  t o  t h e  
sample by lowering t h e  l e v e l i n g  b o t t l e  in  which t h e  water l eve l  
i s  exposed t o  t h e  atmosphere. Except f o r  a  small c o r r e c t i o n  
a t  t h e  a i r - w a t e r  i n t e r f a c e  i n  t h e  hor izonta l  c a p i l l a r y  tube ,  
t h e  d i f f e r e n c e  i n  e l e v a t i o n  z  of t h e  water in  t h e  l e v e l i n g  
b o t t l e s  i s  t h e  average c a p i l l a r y - p r e s s u r e  head app l i ed  t o  t h e  
sample. Water i s  withdrawn from t h e  sample through the  sa tu -  
r a t e d  porous p l a t e  i n  response t o  an app l i ed  increment of c a p i l -  
l a r y - p r e s s u r e  head. The s i z e  of t h e  pores i n  t h e  porous p l a t e  
a r e  too  small t o  d e s a t u r a t e  over t h e  range of c a p i l l a r y  pres-  
su res  encountered i n  t h e  experiment,  and t h e r e f o r e ,  t h e  porous 
p l a t e  remains impermeable t o  a i r  while pe rmi t t ing  water t o  flow 
from t h e  sample. 

The a i r - w a t e r  i n t e r f a c e  in  t h e  c a p i l l a r y  tube  moves ou t -  
ward a s  water i s  withdrawn from t h e  sample fo l lowing an i n c r e -  
mental i n c r e a s e  of z . Evaporation from t h e  su r face  of t h e  
sample i s  a1 so  inc reas ing  t h e  c a p i l l a r y  p res su re ,  however, and 
even tua l ly  t h e  a i r - w a t e r  i n t e r f a c e  ceases  t o  move outward and 



begins t o  recede toward t h e  sample. The average c a p i l l a r y -  
p res su re  head in  t h e  sample, a t  t h e  moment t h e  i n t e r f a c e  begins 
t o  recede,  i s  very nea r ly  equal t o  z . When t h e  i n t e r f a c e  
begins t o  recede,  t h e  sample holder i s  detached and weighed. 
The weight of t h e  sample and ho lde r ,  t h e  t a r e  weight of t h e  
ho lde r ,  and t h e  dry  weight of sample permit  computation of t h e  
volumetric-water c o n t e n t .  The procedure i s  repeated  through 
success ive ly  h igher  values  of z . 

A procedure s i m i l a r  t o  t h a t  descr ibed above was used t o  
ob ta in  t h e  fo l lowing da ta  f o r  a fragmented,  p a r t i a l l y  weathered 
s h a l e .  

Distribution of Water Content and Pressure Above a Water Table 

The p ressu re  of pore wa te r ,  a s  measured i n  r e p r e s e n t a t i v e  
volume e lements ,  i s  d i s t r i b u t e d  in  s t a t i c  subsurface  water  
systems i n  e x a c t l y  t h e  same manner a s  i n  any o t h e r  s t a t i c  
hydraul ic  system. The p ressu re  in  s t a t i c  ground water  i n c r e a s e s  
with depth p r e c i s e l y  a s  t h e  p res su re  i n c r e a s e s  with depth in a 
tank o r  o t h e r  c o n t a i n e r .  The d i f f e r e n t i a l  equat ion of f l u i d  
s t a t i c s  

der ived from a balance of f o r c e s  on s t a t i c  f l u i d  elements in  
elementary hydrau l i c s ,  a l s o  a p p l i e s  t o  subsurface  wa te r ,  t h e r e -  
f o r e .  In t h e  above equa t ion ,  p i s  t h e  average pore-water 
p res su re  in  a r e p r e s e n t a t i v e  volume element,  dz i s  a d i f f e r -  
e n t i a l  displacement of t h e  c e n t e r  of t h e  volume e lement ,  p i s  
t h e  water d e n s i t y ,  and g i s  t h e  g r a v i t a t i o n a l  c o n s t a n t .  Equa- 
t i o n  2-3 s t a t e s  t h a t  t h e  downward f o r c e  per u n i t  volume of 
water due t o  weight i s  balanced by an upward f o r c e  due t o  t h e  
g r a d i e n t  of water p res su re .  

I n t e g r a t i o n  of Eq. 2-3, and d i v i s i o n  by pg , gives  

= -z + cons tan t  
P !3 

(2 -4 )  



w h e r e i n  z i s  t h e  v e r t i c a l  c o o r d i n a t e  measured p o s i t i v e  upward 
f r o m  an a r b i t r a r y  datum. The q u a n t i t y  p l p g  i s  te rmed pres- 
sure head. F o r  t h e  purposes  o f  t h i s  d i s c u s s i o n ,  i t  i s  conven-  
i e n t  t o  measure z  f r o m  t h e  w a t e r  t a b l e  where p=0 r e l a t i v e  
t o  t h e  l o c a l  a t m o s p h e r i c  p r e s s u r e .  The immed ia te  c o n c l u s i o n  i s  
t h a t  t h e  gage p r e s s u r e  o f  w a t e r  a t  p o i n t s  above t h e  w a t e r  t a b l e  
i s  n e g a t i v e  ( F i g .  2 - 7 ) .  F o r  t h i s  reason ,  w a t e r  above t h e  w a t e r  

z 
Ground Surface 

water table 
o /  - -  P 

- + P<3 

water pressure 

F i g u r e  2-7.  D i s t r i b u t i o n  o f  w a t e r - p r e s s u r e  head i n  s t a t i c  
s u b s u r f a c e  w a t e r .  

t a b l e  has been c a l l e d  suspended w a t e r ,  and t h e  n e g a t i v e  p r e s s u r e  
head c a l l e d  t e n s i o n  o r  s u c t i o n ,  a l t h o u g h  i t  i s  c l e a r  f r o m  Eq. 
2-3 t h a t  t h e  w a t e r  i s  n o t  a c t u a l l y  suspended by  t e n s i o n  f o r c e s .  
Because t h e  w a t e r  p r e s s u r e  above t h e  w a t e r  t a b l e  i s  l e s s  t h a n  
a t m o s p h e r i c ,  w a t e r  f r o m  t h i s  zone w i l l  n o t  e n t e r  w e l l s ,  d r a i n s ,  
o r  open h o l e s .  Water p r e s s u r e s  l e s s  t h a n  a t m o s p h e r i c  p r e s s u r e  
must  be sensed b y  s p e c i a l  d e v i c e s  known as t e n s i o m e t e r s  w h i c h  
f u n c t i o n  i n  a  manner s i m i l a r  t o  t h e  porous  p l a t e  i n  Example 2-3.  

The n e g a t i v e  w a t e r  p r e s s u r e  a t  p o i n t s  above t h e  w a t e r  t a b l e  
i s  s i m p l y  t h e  c a p i l l a r y  p r e s s u r e .  Thus, 

i s  v a l i d  f o r  s t a t i c  s u b s u r f a c e  w a t e r ,  i n d e p e n d e n t  o f  t h e  p o r o u s  
s o l i d .  E q u a t i o n  2-5, used i n  c o n j u n c t i o n  w i t h  t h e  a p p r o p r i a t e  
p ( e )  f u n c t i o n ,  i s  used t o  deduce t h e  d i s t r i b u t i o n  o f  w a t e r  

c o n t e n t  above t h e  w a t e r  t a b l e .  Example d i s t r i b u t i o n s  o f  9 i n  
a  homogeneous and i n  a  s t r a t i f i e d  a q u i f e r  a r e  d e p i c t e d  i n  F i g .  
2-8. The c a p i l l a r y  f r i n g e ,  shown i n  F i g .  2-8a, i s  t h e  i n c r e m e n t  



.- 
Capillary Fringe 

F i g u r e  2-8a. T y p i c a l  e q u i l i b r i u m  d i s t r i b u t i o n  o f  w a t e r  above 
a  w a t e r  t a b l e  i n  homogeneous m a t e r i a l s .  

F i g u r e  2-8b. E q u i l i b r i u m  d i s t r i b u t i o n  o f  w a t e r  above a  w a t e r  
t a b l e  i n  s t r a t i f i e d  a q u i f e r .  

3-0 
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o f  a q u i f e r  m a t e r i a l  i m m e d i a t e l y  above t h e  w a t e r  t a b l e  t h a t  
rema ins  p r a c t i c a l l y  a t  6=6 . The t o p  o f  t h e  c a p i l l a r y  f r i n g e  m  
c o r r e s p o n d s  t o  t h e  c a p i l l a r y  p r e s s u r e  a t  w h i c h  t h e  l a r g e s t  o f  
t h e  p o r e s  can no l o n g e r  m a i n t a i n  i n t e r f a c e s  w i t h  r a d i i  s u f f i -  
c i e n t  t o  p r e v e n t  d e s a t u r a t i o n .  The h e i g h t  o f  t h e  c a p i l l a r y  
f r i n g e  may be i n  t h e  r a n g e  o f  1 - 5  cm i n  a  c o a r s e  sand and i n  
excess  o f  1  m  i n  c l a y  o r  c l a y  loam s o i l s .  

The r e a d e r  s h o u l d  t a k e  s p e c i a l  n o t e  t h a t  w h i l e  p  ( 0 )  
c  

r e l a t i o n s h i p s  a r e  u s u a l l y  r e g a r d e d  as b e i n g  v a l i d  f o r  b o t h  
s t a t i c  and dynamic s i t u a t i o n s ,  Eq. 2-5 i s  v a l i d  f o r  e q u i l i b r i u m  
c o n d i t i o n s  o n l y .  Capi 1  l a r y - p r e s s u r e  head b e a r s  no  s i m p l e  r e l a -  
t i o n  t o  e l e v a t i o n  z  u n d e r  c o n d i t i o n s  o f  e v a p o r a t i o n ,  r e c h a r g e ,  
o r  r a p i d l y  f a l l i n g  w a t e r  t a b l e s ,  and t h e r e f o r e ,  t h e  d i s t r i b u t i o n  
o f  6 i s  c o r r e s p o n d i n g l y  more complex.  

Specific Yield and Apparent Specific Yield 

The c o n c e p t  o f  s p e c i f i c  y i e l d  was i n t r o d u c e d  i n  ground-  
w a t e r  h y d r o l o g y  as  a  p r a c t i c a l  means o f  c h a r a c t e r i z i n g  t h e  s t o r -  
age c a p a c i t y  o f  w a t e r - t a b l e  a q u i f e r s .  N o t w i t h s t a n d i n g  i t s  
p r a c t i c a l  u t i l i t y ,  s p e c i f i c  y i e l d  i s  a  somewhat ambiguous con-  
c e p t  (Duke, 1972; Youngs, 1 9 6 9 ) .  To some degree ,  t h e  a m b i g u i t y  
r e s u l t s  f r o m  t h e  use o f  t h e  t e r m  -- s p e c i f i c  y i e l d  - -  as  b o t h  
an o b j e c t i v e  p r o p e r t y  o f  po rous  s o l i d s  and as  a  c h a r a c t e r i z a t i o n  
o f  t h e  s t o r a g e  b e h a v i o r  o f  a q u i f e r  systems as  a  who le .  I n  t h e  
l a t t e r  case, many f a c t o r s ,  o t h e r  t h a n  p r o p e r t i e s  o f  t h e  a q u i f e r  
m a t e r i a l  i t s e l f ,  may domina te  t h e  changes i n  s t o r a g e  a s s o c i a t e d  
w i t h  w a t e r - t a b l e  f l u c t u a t i o n s .  

Speci f ic  y i s l d ,  S  , as  used h e r e i n ,  i s  d e f i n e d  as t h e  d i f -  

f e r e n c e  between p o r o s i t y  and s p e c i f i c  r e t e n t i o n  and  i s  

I n s o f a r  as  p o r o s i t y  and s p e c i f i c  r e t e n t i o n  a r e  r e l a t i v e l y  o b j e c -  
t i v e  p r o p e r t i e s  o f  po rous  s o l i d s ,  t h e  s p e c i f i c  y i e l d  i s  a  c h a r -  
a c t e r i  s t i c  p r o p e r t y .  S p e c i f i c  r e t e n t i o n  i s  dependent  upon t h e  
f l u i d s  used d u r i n g  i t s  l a b o r a t o r y  d e t e r m i n a t i o n ,  however, so 
n e i t h e r  s p e c i f i c  r e t e n t i o n  n o r  s p e c i f i c  y i e l d  i s  e n t i r e l y  c h a r -  
a c t e r i s t i c  o f  t h e  porous  s o l i d s  f o r  w h i c h  t h e y  a r e  measured. 
S p e c i f i c  y i e l d  i s  a  d i m e n s i o n l e s s  paramete r ,  o f t e n  i n t e r p r e t e d  
as  b e i n g  t h e  r a t i o  o f  t h e  d r a i n a b l e  volume t o  t h e  b u l k  volume 
o f  t h e  medium. S p e c i f i c  y i e l d  i s  a l s o  known as  e f f e c t i v e  por- 
osity. 

Apparent spec i f i c  y i e l d ,  , i s  d e f i n e d  as t h e  r a t i o  o f  

t h e  volume o f  w a t e r  added o r  removed d i r e c t l y  f r o m  t h e  s a t u r a t e d  
a q u i f e r  t o  t h e  r e s u l t i n g  change i n  t h e  volume o f  a q u i f e r  be low 



t h e  w a t e r  t a b l e .  The a p p a r e n t  s p e c i f i c  y i e l d ,  when d e t e r m i n e d  
d i r e c t l y  f r o m  i t s  d e f i n i t i o n  and f i e l d  measurement, i s  a  b u l k  
paramete r  t h a t  i n c o r p o r a t e s  t h e  i n f l u e n c e s  o f  such f a c t o r s  as  
a i r  e n t r a p p e d  n e a r  t h e  w a t e r  t a b l e ,  s t r a t i f i c a t i o n  o f  m a t e r i a l s  
above t h e  w a t e r  t a b l e ,  w a t e r  t a b l e  p o s i t i o n  and t h e  r a t e  o f  
change o f  w a t e r  t a b l e  e l e v a t i o n .  A l t h o u g h  i n  p r i n c i p l e  t h e  
a p p a r e n t  s p e c i f i c  y i e l d  can be t r e a t e d  as a  v a r i a b l e  i n  b o t h  
t i m e  and space, i t  i s  n e a r l y  a l w a y s  assumed t h a t  S  i s  a  

Ya 
c o n s t a n t  i n  t i m e .  T h i s  assumpt ion  i m p l i e s ,  f o r  example, an 
i n s t a n t a n e o u s  r e l e a s e  o f  w a t e r  f r o m  s t o r a g e  when t h e  w a t e r -  
t a b l e  l e v e l  f a l l s .  I n s t a n t a n e o u s  r e l e a s e  o f  w a t e r  f r o m  s t o r a g e  
does n o t  o c c u r ,  o f  c o u r s e ,  b u t  i s  an a c c e p t a b l e  a p p r o x i m a t i o n  
when t h e  changes i n  w a t e r - t a b l e  e l e v a t i o n  o c c u r  s l o w l y .  

Because a p p a r e n t  s p e c i f i c  y i e l d  depends h e a v i l y  on f a c t o r s  
o t h e r  t h a n  t h e  p h y s i c a l  p r o p e r t i e s  o f  po rous  s o l i d s ,  v a l u e s  o f  

s ~ a  
may b e a r  l i t t l e  o r  no r e l a t i o n  t o  t h e  s p e c i f i c  y i e l d ,  S 

Y '  
The upper  l i m i t  o f  S  i s  S  , however. One f i e l d  c o n d i t i o n  

Ya 
can be v i s u a l i z e d  i n  w h i c h  S  =S ; t h a t  b e i n g  t h e  s i t u a t i o n  

Y  Ya 
i n  a  homogeneous a q u i f e r  i n  w h i c h  a  s l o w l y  f a l l i n g  w a t e r  t a b l e  
i s  everywhere  a t  d e p t h s  much g r e a t e r  t h a n  t h e  h e i g h t  of t h e  
c a p i l l a r y  f r i n g e .  F i g u r e  2-9 shows t h e  d i s t r i b u t i o n  o f  v o l u -  
m e t r i c - w a t e r  c o n t e n t  between t h e  g round  s u r f a c e  and two succes-  
s i v e  d e p t h s  t o  t h e  w a t e r  t a b l e  i n  a  homogeneous m a t e r i a l .  
P r o v i d e d  t h a t  t h e  w a t e r  t a b l e  f a l l s  f r o m  z1 t o  z2 v e r y  

s l o w l y ,  t h e  w a t e r - c o n t e n t  d i s t r i b u t i o n s  a r e  a p p r o x i m a t e l y  t h o s e  
t h a t  w o u l d  e x i s t  a t  e q u i l i b r i u m .  The volume o f  w a t e r  r e l e a s e d  
p e r  u n i t  a rea ,  as  t h e  w a t e r  t a b l e  f a l l s  f r o m  zl t o  z2  , i s  

($ -Sr ) (z2 -z l )  and t h e  a p p a r e n t  s p e c i f i c  y i e l d  i s  $ I - S  , equa l  

t o  t h e  s p e c i f i c  y i e l d .  No te  t h a t  t h e  a p p a r e n t  s p e c i f i c  y i e l d  
i s  equa l  t o  t h e  a i r  c o n t e n t  a t  t h e  s u r f a c e .  T h i s  i s  a l s o  t r u e  
i n  any homogeneous m a t e r i a l ,  r e g a r d l e s s  o f  w a t e r  t a b l e  d e p t h ,  
p r o v i d e d  t h e  w a t e r  c o n t e n t  d i s t r i b u t i o n  i s  t h e  e q u i l i b r i u m  
d i s t r i b u t i o n .  

Had t h e  m a t e r i a l  above t h e  w a t e r  t a b l e  been s t r a t i f i e d  as  
shown i n  F i g .  2-8b, t h e  a p p a r e n t  s p e c i f i c  y i e l d  wou ld  have been 
l e s s  t h a n  t h e  s p e c i f i c  y i e l d  o f  t h e  m a t e r i a l  i n  w h i c h  t h e  w a t e r  
t a b l e  i s  l o c a t e d .  A l s o ,  d r a i n a g e  f r o m  t h e  p o r e s  c a n n o t  keep 
pace w i t h  a  r a p i d l y  d e c l i n i n g  w a t e r  t a b l e ,  c a u s i n g  t h e  w a t e r  
c o n t e n t  t o  be g r e a t e r  a t  p o i n t s  above t h e  w a t e r  t a b l e  t h a n  p r e -  
d i c t e d  f o r  t h e  e q u i l i b r i u m  c o n d i t i o n .  T h e r e f o r e ,  t h e  a p p a r e n t  
s p e c i f i c  y i e l d  f o r  r a p i d l y  d e c l i n i n g  w a t e r  t a b l e s  i s  s u b s t a n -  

S  . A i r  e n t r a p p e d  i n  t h e  zone be low t h e  t i a l l y  l e s s  t h a n  

w a t e r  t a b l e  r e s u  
s p e c i f i c  y i e l d .  
e n t r a p p e d  a i r  i n  
volume. A q u i f e r  

l t s i n  a  f u r t h e r  r e d u c t i o n  o f  t h e  a p p a r e n t  
Hansen (1977)  r e p o r t s  measured q u a n t i t i e s  o f  
t h e  f i e l d  a v e r a g i n g  20 p e r c e n t  o f  t h e  p o r e  
s t r a t i f i c a t i o n ,  s l o w  d r a i n a g e  o f  m a t e r i a l s  



and distribution 

Water table at 2 2  

F i g u r e  2-9.  Volume d r a i n e d  when a  deep w a t e r  t a b l e  i s  l o w e r e d  
i n  a  homogeneous a q u i f e r .  

above t h e  w a t e r  t a b l e ,  and a i r  e n t r a p m e n t  o f t e n  r e s u l t  i n  v a l u e s  
o f  Sya on t h e  o r d e r  o f  o n e - t h i r d  s~ . 

The h y d r o l o g i s t  may sometimes be o b l i g e d  t o  use l a b o r a t o r y  
v a l u e s  o f  S  as  an a p p r o x i m a t i o n  f o r  

Ya 
i n  t h e  absence o f  

Y 
f i e l d  d e t e r m i n a t i o n s .  Va lues  o f  s p e c i f i c  y i e l d ,  as  d e t e r m i n e d  
i n  accordance  w i t h  Eq. 2-6, a r e  t a b u l a t e d  f o r  s e v e r a l  a q u i f e r  
m a t e r i a l s  i n  T a b l e  2-2. S p e c i f i c  y i e l d  i s  most  l i k e l y  t o  be a  
f a i r  a p p r o x i m a t i o n  f o r  a p p a r e n t  s p e c i f i c  y i e l d  i n  homogeneous 
a q u i f e r s ,  composed o f  r e l a t i v e l y  c o a r s e  m a t e r i a l s  w i t h  a  s m a l l  
c a p i l l a r y  f r i n g e ,  i n  w h i c h  t h e  w a t e r  t a b l e  i s  a t  a  d e p t h  equa l  
t o  s e v e r a l  t i m e s  t h e  h e i g h t  o f  t h e  c a p i l l a r y  f r i n g e .  

EXAMPLE 2-4 

F i g u r e  2-10 shows a p l o t  o f  t h e  c a p i l l a r y  p r e s s u r e  - d e s a t -  
u r a t i o n  d a t a  f o r  t h e  f ragmented  s h a l e  o f  Example 2-3.  De te rmine  
, S  and S 

Y '  

S o l u t i o n :  
From F i g .  2-10 



Table 2-2. S p e c i f i c  Yield of Aquifer Mater ia ls  
(Adapted from Morris & Johnson, 1967) 

Aquifer Material No. of Range Arithmetic 
Analyses Mean 

Sedimentary Mater ia ls  
Sandstone ( f i n e )  4 7 0.02-0.40 0.21 
Sandstone (medi u m )  10  0.12-0.41 0.27 
Si 1 t s t o n e  13 0.01-0.33 0.12 
Sand ( f i n e )  287 0.01-0.46 0.33 
Sand (medi um) 297 0.16-0.46 0.32 
Sand ( c o a r s e )  143 0.18-0.43 0.30 
Gravel ( f i n e )  3 3 0.13-0.40 0.28 
Gravel (medium) 13 0.17-0.44 0.24 
Gravel ( c o a r s e )  9 0.13-0.25 0.21 
S i l t  299 0.01-0.39 0.20 
Clay 2 7 0.01-0.18 0.06 
Limestone 32 ~0 -0.36 0.14 

Wind-Laid Mate r i a l s  
Loess 5 0.14-0.22 0.18 
Eolian Sand 14 0.32-0.47 0 .38 
Tuff 9 0 0.02-0.47 0.21 

Metamorphic Rock 
S c h i s t  11 0.22-0.33 0.26 

EXAMPLE 2-5 

The i n i t i a  
datum) and t h e  
t abu la ted  below 
t h e  pumped well 

i s  0.0312 m3/s 

1 water l e v e l s  (wi th  r e spec t  t o  an a r b i t r a r y  
l e v e l s  a f t e r  8 h r s  and 22 min of pumping a r e  

f o r  s i x  observat ion we l l s  i n  t h e  v i c i n i t y  of 
. The average pumping r a t e  f o r  t h e  t e s t  period 

, The a q u i f e r  i s  a mixture of clayey sand and 
g rave l .  The e f f e c t i v e  rad ius  of t h e  pumped well i s  0 .3  m . 
Calcu la te  the  apparent  s p e c i f i c  y i e l d  using t h e  da ta  provided. 

Observation Well 
Number HF1 HF2 HF3 HF4 HF5 HF6 

Distance from 
Pumped Well - m 4.6 10 .4  19 .8  34.5 65.8 91.8 

I n i t i a l  Water 
Level - m 96.49 96.52 96.53 96.55 96.56 96.57 

Water Level Af te r  
8 hr-22 min 95.14 95.58 95.88 96.14 96.36 96.43 



Figure 2-10. Water- re tent ion curve f o r  fragmented s h a l e .  

S o l u t i o n :  
The t o t a l  volume of water removed from t h e  a q u i f e r  

3  dur ing t h e  t e s t  period i s  (0.0312) (30120) = 939.7 m . The 
change in  a q u i f e r  volume below t h e  water t a b l e  i s  equal t o  t h e  
volume of a q u i f e r  through which t h e  water t a b l e  has passed 
dur ing t h e  t e s t .  A p l o t  of t h e  water l e v e l s ,  i n i t i a l l y  and a t  
t h e  end of t h e  t e s t ,  i s  shown i n  Fig.  2-11. The da ta  i n d i c a t e  
a  s l i g h t l y  lower i n i t i a l  water l eve l  near t h e  pumped well than 
a t  some d i s t a n c e  away. This  i s  probably r e s idua l  drawdown from 
a  previous  pumping pe r iod .  The average i n i t i a l  water  l eve l  i s  
taken a s  96 .55  m . 

I t  i s  assumed t h a t  t h e  wa te r - t ab le  p r o f i l e  in  a l l  v e r t i c a l  
p lanes  passing through t h e  well i s  i d e n t i c a l  t o  t h e  measured 
p r o f i l e .  This  i s  t h e  assumption of r a d i a l  symmetry. Therefore ,  
t h e  volume of a q u i f e r  ma te r i a l  between t h e  i n i t i a l  and f i n a l  
water t a b l e  p o s i t i o n s  i s  



I I I I I t  1 4 1  I I I l l l l l ~  I J 

10 100 
Radial Distance from Pumped Well, meters 

F i g u r e  2-11.  D i s t r i b u t i o n  o f  w a t e r  l e v e l  i n  v i c i n i t y  o f  a  
pumped we1 1  . 

where s i s  t h e  d i f f e r e n c e  between t h e  i n i t i a l  and f i n a l  w a t e r  
t a b l e  p o s i t i o n s  ( i  . e . ,  drawdown), and r i s  t h e  r a d i a l  d i s t a n c e  
measured f r o m  t h e  a x i s  o f  t h e  pumped w e l l .  The dependence o f  
s on r i s  d e t e r m i n e d  f r o m  t h e  measured w a t e r  t a b l e  p r o f i l e  
e x t r a p o l a t e d  t o  r = 0 . 3  m  and r = 2 0 0  m  . The i n d i c a t e d  i n t e -  
g r a t i o n  may be accompl i shed  b y  any one o f  s e v e r a l  s t a n d a r d  
r u l e s  f o r  n u m e r i c a l  i n t e g r a t i o n .  The t r a p e z o i d a l  r u l e  

3  was used t o  d e t e r m i n e  V=10260 m  . The t r a p e z o i d a l  r u l e  was 
a p p l i e d  i n  segments, t h u s  p e r m i t t i n g  t h e  use o f  l a r g e  A r  a t  
g r e a t e r  d i s t a n c e s  f r o m  t h e  pumped w e l l .  

From t h e  d e f i n i t i o n  o f  a p p a r e n t  s p e c i f i c  y i e l d  



2.2 STORAGE IN CONFINED AQUIFERS 

C o n f i n e d  a q u i f e r s ,  by  d e f i n i t i o n ,  r e m a i n  c o m p l e t e l y  s a t u -  
r a t e d .  Water r e l e a s e d  f r o m  s t o r a g e  i n  a  c o n f i n e d  a q u i f e r  i s  
n o t ,  t h e r e f o r e ,  d e r i v e d  f r o m  d r a i n a g e  o f  t h e  v o i d s  as i s  t h e  
case  i n  u n c o n f i n e d  a q u i f e r s .  I n  c o n f i n e d  a q u i f e r s  w a t e r  i s  
r e l e a s e d  o r  t a k e n  i n t o  s t o r a g e  as  t h e  r e s u l t  o f  changes i n  p o r e  
volume due t o  a q u i f e r  c o m p r e s s i b i l i t y  and changes i n  w a t e r  
d e n s i t y  a s s o c i a t e d  w i t h  a  change i n  p o r e - w a t e r  p r e s s u r e .  The 
c a p a c i t y  o f  c o n f i n e d  a q u i f e r s  t o  r e l e a s e  w a t e r  f r o m  s t o r a g e  i s  
m a r k e d l y  d i f f e r e n t  f rom t h a t  f o r  u n c o n f i n e d  a q u i f e r s ,  t h e r e f o r e  

Stress in Aquifers 

The t o t a l  v e r t i c a l  f o r c e  p e r  u n i t  a r e a  e x e r t e d  upward on 
t h e  c o n f i n i n g  l a y e r  i n  F i g .  2-12 i s  equa l  t o  t h e  combined 

Ground 
Surface 

Confining 
Layer' 

F i g u r e  2 -12 .  S t r e s s  i n  a  c o n f i n e d  a q u i f e r .  

w e i g h t  p e r  u n i t  a r e a  o f  t h e  g e o l o g i c  m a t e r i a l s  and w a t e r  i n  t h e  
column e x t e n d i n g  f r o m  t h e  t o p  o f  t h e  a q u i f e r  t o  g round  s u r f a c e .  
A p o r t i o n  o f  t h e  w e i g h t  o f  o v e r b u r d e n  and i t s  c o n t a i n e d  w a t e r  
i s  s u p p o r t e d  b y  i n t e r g r a n u l a r  s t r e s s  a and a  p a r t  b y  t h e  por f  z 
w a t e r  p r e s s u r e  p  . The i n t e r g r a n u l a r  s t r e s s  i s  a  m a c r o s c o p i c  
q u a n t i t y  d e f i n e d  a s  t h e  d i f f e r e n c e  between t h e  t o t a l  s t r e s s  and 
t h e  p o r e - w a t e r  p r e s s u r e .  

a = t o t a l  s t r e s s  - p  . z ( 2 - 7 )  



Suppose t h a t  w a t e r  i s  w i t h d r a w n  f r o m  t h e  p i e z o m e t e r  i n  
F i g .  2-12, t h e r e b y  l o w e r i n g  t h e  p o r e - w a t e r  p r e s s u r e .  The t o t a l  
s t r e s s  i n  t h e  c o n f i n e d  a q u i f e r  rema ins  c o n s t a n t  because t h e  
t o t a l  w e i g h t  o f  t h e  o v e r b u r d e n  does n o t  change. Thus, t h e  
r e d u c t i o n  i n  p o r e - w a t e r  p r e s s u r e  i n  t h e  c o n f i n e d  a q u i f e r  i s  
accompanied by  a  c o r r e s p o n d i n g  i n c r e a s e  i n  i n t e r g r a n u l a r  s t r e s s .  
From Eq. 2-7,  

The i n c r e a s e d  s t r e s s  i n  t h e  g r a n u l a r  s k e l e t o n  i s ,  i n  t u r n ,  
accompanied by  compac t ion  o f  t h e  s k e l e t o n  ( r e f e r r e d  t o  as  con-  
s o l i d a t i o n  b y  s o i l s  e n g i n e e r s ) .  The t h i c k n e s s  and p o r e  volume 
o f  t h e  c o n f i n e d  a q u i f e r  a r e  t h u s  a c t u a l l y  reduced .  There  i s  a  
tendency  f o r  t h e  a q u i f e r  t o  deform l a t e r a l l y ,  as w e l l  as  v e r -  
t i c a l l y ,  when t h e  p r e s s u r e  o f  w a t e r  i s  reduced .  However, l a t e r -  
a l  d e f o r m a t i o n  i s  u s u a l l y  n e g l i g i b l e  w i t h  r e s p e c t  t o  t h e  v e r -  
t i c a l  d e f o r m a t i o n  and w i l l  n o t  be c o n s i d e r e d  f u r t h e r .  

Specific Storage and Storage Coefficient 

Of  i n t e r e s t  h e r e  i s  t h e  volume o f  w a t e r  r e l e a s e d  f r o m  a  
u n i t  volume o f  c o n f i n e d  a q u i f e r  when t h e  w a t e r - p r e s s u r e  head 
i s  reduced  by  one u n i t .  B o t h  a q u i f e r  compac t ion  and decreased  
w a t e r  d e n s i t y  c o n t r i b u t e  t o  t h e  volume r e l e a s e d .  T h e r e f o r e ,  
t h e  approach  i s  one o f  mass b a l a n c e  r a t h e r  t h a n  volume b a l a n c e .  
The l a t t e r  i s  p e r m i s s i b l e  o n l y  when t h e  w a t e r  can be c o n s i d e r e d  
i n c o m p r e s s i b l e  as  i n  t h e  case  o f  u n c o n f i n e d  a q u i f e r s .  

The mass o f  w a t e r  i n  t h e  s a t u r a t e d  e lement  o f  a q u i f e r  i n  
F i g .  2-13 i s  

The change o f  mass 

f o l l o w s  f r o m  t h e  c h a i n  r u l e  f o r  d i f f e r e n t i a t i o n  o f  a  p r o d u c t  
and t h e  assumpt ion  t h a t  t h e  a q u i f e r  de fo rms o n l y  i n  t h e  v e r t i -  
c a l  d i r e c t i o n .  The q u a n t i t y  d M - , = p d ( $ ~ z )  i s  t h e  c o n t r i b u t i o n  

p e r  u n i t  a r e a  due t o  a  change i n  p o r e  volume a t  c o n s t a n t  dens-  
i t y ,  and dM2=i))~zdp i s  t h e  c o n t r i b u t i o n  due t o  a  change i n  

w a t e r  d e n s i t y  a t  c o n s t a n t  p o r e  volume. 

The change i n  p o r e  volume, due t o  v e r t i c a l  compress ion ,  
p e r  u n i t  p o r e  volume p e r  u n i t  change i n  i n t e r g r a n u l a r  s t r e s s  i s  
t h e  pore-vo lume c o m p r e s s i b i l i t y  a and i s  d e f i n e d  as 

P  



Figure 2-13. Control volume f o r  mater ia l  balance in a  confined 
a q u i f e r .  

from which 

The second e q u a l i t y  i n  Eq. 2-11 holds only  because t h e  t o t a l  
s t r e s s  i s  cons tan t .  I t  can be shown t h a t  a,,$ i s  equal t o  t h e  

bulk v e r t i c a l  c o m p r e s s i b i l i t y  cib (def ined a s  t h e  change in  
bulk volume per  u n i t  bulk volume p e r  u n i t  of change i n  o z )  pro- 

vided t h a t  t h e  c o m p r e s s i b i l i t y  of  individual  g r a i n s  i s  zero  
(Geertsma, 1957; Bear, 1972) .  The pore-vol ume compressi bi 1  i t y  
can be regarded a s  a  cons tan t  over t h e  range of p res su re  changes 
normally encountered i n  ground-water hydrology. The pore-volume 

-10 2  compress ib i l i t y  f o r  loose  sand i s  on t h e  o r d e r  of 4 . 4 ~ 1 0  cm / 
dyne ( 3 x 1 0 -  vo l /vo l /ps i  ) a t  low overburden p ressu res  and de- 
c r e a s e s  sharp1 y  wi th  inc reas ing  overburden s t r e s s  ( F a t t  , 1958).  
Sandstone pore-volume c o m p r e s s i b i l i t y  i s  g r e a t e r  than t h a t  f o r  
loose  sand a t  equal overburden p ressu res .  

Def in i t ions  f o r  c o m p r e s s i b i l i t y  of t h e  form in  Eq. 2-11 
imply an e l a s t i c  behavior of t h e  a q u i f e r .  Ac tua l ly ,  a q u i f e r  
m a t e r i a l s  a r e  not  completely e l a s t i c ,  t h e  compaction process 
being a  combination of both e l a s t i c  and viscous  phenomena 
(Corapcioglu,  1975).  Furthermore, t h e  r e l a t i o n s h i p  between 



a q u i f e r  volume and p o r e  p r e s s u r e  d u r i n g  compac t ion  i s  n o t  

i d e n t i c a l  t o  t h a t  d u r i n g  e x p a n s i o n  ( i n c r e a s i n g  p o r e  p r e s s u r e ) .  
These f a c t s  become i m p o r t a n t  i n  t h e  s t u d y  o f  l a n d  subs idence .  

The c o m p r e s s i b i l i t y  o f  w a t e r  @ can be expressed  as  

i n  w h i c h  V w  i s  t h e  volume o f  w a t e r .  E q u a t i o n  2-13 expresses  

t h e  r e l a t i o n s h i p  between a  change o f  volume and a  change o f  
p r e s s u r e  on a  c o n s t a n t  mass o f  w a t e r .  S i n c e  t h e  mass i s  con-  
s t a n t ,  t h e  d e f i n i t i o n  o f  d e n s i t y  y i e l d s  

i n  w h i c h  Eq. 2-13 was used t o  o b t a i n  t h e  r i g h t - h a n d  e q u a l i t y .  
The change o f  mass p e r  u n i t  a r e a  due t o  w a t e r  c o m p r e s s i b i l i t y  
becomes 

The t o t a l  change i n  mass p e r  u n i t  volume o f  a q u i f e r  i s  

f r o m  Eqs. 2-10, 2-12, and 2-15.  

I n  t h e  p r a c t i c e  o f  h y d r o l o g y ,  changes i n  g round  w a t e r  
s t o r a g e  a r e  observed  i n  u n i t s  o f  volume r a t h e r  t h a n  mass. A 
more c o n v e n i e n t  f o r m  o f  E q .  2-16 i s  o b t a i n e d  b y  d i v i d i n g  b o t h  
s i d e s  by  p t o  o b t a i n  

i n  w h i c h  dvw i s  t h e  change i n  w a t e r  volume i n  t h e  e lement  due 

t o  b o t h  w a t e r  and a q u i f e r  c o m p r e s s i b i l i t y .  It i s  a l s o  t r u e  
t h a t  h y d r o l o g i s t s  o b s e r v e  changes o f  p r e s s u r e  head h =  p l p g  

a t  a  p o i n t  i n  t h e  a q u i f e r  r a t h e r  t h a n  changes o f  p r e s s u r e  
d i r e c t l y .  I t  i s  l e f t  t o  t h e  r e a d e r  t o  show t h a t  



t o  a  c l o s e  a p p r o x i m a t i o n ,  f o r  w a t e r  w i t h  a  c o m p r e s s i b i l i t y  o f  
2  

4 . 8 ~ 1  0 - l 1  cm /dyne ( 3 . 3 ~ 1  o ' " ~  p e r  p s i  ) .  

Replacement o f  dp i n  Eq. 2-17 by  i t s  e q u i v a l e n t  f r o m  
Eq. 2-18 and d i v i s i o n  b y  dh g i v e s  

P  

The paramete r  S  i s  t h e  specific storage. It i s  t o  be n o t e d  

t h a t  Ss i s  t h e  volume o f  w a t e r  r e l e a s e d  f r o m  s t o r a g e  p e r  

u n i t  volume o f  a q u i f e r  p e r  u n i t  d e c l i n e  i n  p r e s s u r e  head and 

has t h e  d i m e n s i o n  L-I . 
The s p e c i f i c  s t o r a g e  i s  r e g a r d e d  as a  c o n s t a n t ;  a  p r o p e r t y  

o f  t h e  a q u i f e r  m a t e r i a l ,  i t s  c o n t a i n e d  w a t e r ,  and t h e  o v e r -  
bu rden  s t r e s s .  The phenomena o f  w a t e r  e x p a n s i o n  and a q u i f e r  
compress ion  o c c u r  i n  w a t e r - t a b l e  a q u i f e r s  as  w e l l  as  i n  con-  
f i n e d  a q u i f e r s .  T h e i r  c o n t r i b u t i o n  t o  t h e  volume o f  w a t e r  
r e l e a s e d  i s  n e g l i g i b l e  w i t h  r e s p e c t  t o  t h a t  d e r i v e d  f rom d r a i n -  
age o f  t h e  v o i d s ,  however, and t h e  c o n c e p t  o f  s p e c i f i c  s t o r a g e  
i s  used, a l m o s t  e x c l u s i v e l y ,  i n  c o n f i n e d  a q u i f e r  a n a l y s i s .  

A second paramete r  f o r  c o n f i n e d  a q u i f e r s ,  t h e  storage 
coefficient S , 

a l s o  f i n d s  w idespread  use  f o r  t h e  case  where t h e  c o n f i n e d  
a q u i f e r  has c o n s t a n t  t h i c k n e s s  b  . The s t o r a g e  c o e f f i c i e n t  
i s  a  d i m e n s i o n l e s s  paramete r  t h a t  can be i n t e r p r e t e d  a s  t h e  
volume o f  w a t e r  r e l e a s e d  f r o m  a  co lumn o f  u n i t  a r e a  and h e i g h t  
b  p e r  u n i t  d e c l i n e  o f  p r e s s u r e  head. It s h o u l d  be u n d e r s t o o d ,  
however, t h a t  s p e c i f i c  s t o r a g e  i s  t h e  more fundamenta l  param- 
e t e r ,  s t o r a g e  c o e f f i c i e n t  b e i n g  a  paramete r  t h a t  depends upon 
b o t h  t h e  s p e c i f i c  s t o r a g e  and t h e  a q u i f e r  geometry .  

The p e r c e p t i v e  r e a d e r  may q u e s t i o n  Eq. 2 -20  i n  v i e w  o f  
t h e  f a c t  t h a t  t h e  a q u i f e r  undergoes compac t ion ,  t h u s  r e n d e r i n g  
t h e  t h i c k n e s s  b  a  v a r i a b l e .  More r i g o r o u s  d i s c u s s i o n s  o f  
s t o r a g e  i n  c o n f i n e d  a q u i f e r s  a r e  p r e s e n t e d  by  D e w i e s t  (1966)  
and Cooper ( 1 9 6 6 ) .  The above d i s c u s s i o n  f o l l o w s  c l o s e l y  t h e  
d e r i v a t i o n  o f  Jacob ( 1 9 5 0 ) .  Even t h o u g h  t h e  a q u i f e r  de fo rm-  
a t i o n  i s  v e r y  i m p o r t a n t  f r o m  t h e  v i e w p o i n t  o f  s t o r a g e  changes, 
i t  i s  r a r e l y  n e c e s s a r y  t o  o t h e r w i s e  c o n s i d e r  t h e  change o f  
t h i c k n e s s  as t h e  change o f  b  i s  u s u a l l y  s m a l l  r e l a t i v e  t o  b .  
An e x c e p t i o n  i s  t h e  case  o f  l a n d - s u r f a c e  subs idence  caused b y  
g round-wate r  w i t h d r a w a l s  where v e r t i c a l  d i s p l a c e m e n t s  can 



s e r i o u s l y  d i s r u p t  sewers, w a t e r l i n e s ,  b u i l d i n g  f o u n d a t i o n s ,  
and o t h e r  f a c i l i t i e s .  Po land  e t  a1. (1973)  r e p o r t  s u r f a c e  
subs idence  on t h e  o r d e r  o f  9 m  i n  an a r e a  i n  C a l i f o r n i a ,  
f o r  example. 

I t  has n o t  been t h e  purpose  o f  t h e  d i s c u s s i o n s  i n  t h i s  
s e c t i o n  t o  d e r i v e  e q u a t i o n s  f r o m  w h i c h  t h e  s p e c i f i c  s t o r a g e  
and s t o r a g e  c o e f f i c i e n t  can be c a l c u l a t e d  f r o m  o t h e r  a q u i f e r  
p r o p e r t i e s .  J u s t  as  i n  t h e  case  o f  w a t e r - t a b l e  a q u i f e r s ,  t h e  
s t o r a g e  paramete rs  f o r  c o n f i n e d  a q u i f e r s  can b e s t  be o b t a i n e d  
f r o m  i n d i r e c t  f i e l d  measurements, a  s u b j e c t  t h a t  must  be p o s t -  
poned u n t i l  u n s t e a d y  f l o w  i n  a q u i f e r s  i s  s t u d i e d .  The s t u d e n t  
s h o u l d  have g a i n e d  an a p p r e c i a t i o n  f o r  t h e  fundamenta l  d i f f e r -  
ences i n  t h e  s t o r a g e  paramete rs  f o r  u n c o n f i n e d  and c o n f i n e d  
a q u i f e r s ,  however, and an u n d e r s t a n d i n g  o f  t h e  reasons  why t h e  
s p e c i f i c  s t o r a g e  can be o r d e r s  o f  magn i tude  s m a l l e r  t h a n  t h e  
a p p a r e n t  s p e c i f i c  y i e l d .  

EXAMPLE 2-6 

E s t i m a t e  t h e  s p e c i f i c  s t o r a g e  and s t o r a g e  c o e f f i c i e n t  f o r  
a  c o n f i n e d  a q u i f e r  f o r  w h i c h  b=40 m  and 1(1=0.32 . Assume 

S o l u t i o n :  
From Eq. 2-19, 

= 1  . 5 3 x l o 1  p e r  cm 

s = 1 . 5 3 ~ 1  o - ~  p e r  m  

S  = b S  = ( 4 0 )  ( 1 . 5 3 ~ 1  o " ~ )  = 6 . 1 2 ~ 1 0 " ~  . 

EXAMPLE 2-7 

The average  volume o f  a  c o n f i n e d  a q u i f e r  p e r  k m  i s  
7  3x10 m  . The s t o r a g e  c o e f f i c i e n t ,  d e t e r m i n e d  f r o m  a  pumping 

t e s t  a t  a  l o c a t i o n  where b=50 m  i s  3 . 4 ~ 1 0  . E s t i m a t e  t h e  
'1 

volume o f  w a t e r  r e c o v e r e d  p e r  kmL b y  r e d u c i n g  t h e  p r e s s u r e  
head 25 m i n  t h e  a q u i f e r .  Assume no r e c h a r g e .  



7  Volume r e c o v e r e d  p e r  km2 = 6 . 8 x l 0 - ~  x  3x10 x  25 
4  3  = 5 . 1 ~ 1 0  m  . 

Note  t h a t  i f  i t  were assumed t h a t  ~ = 3 . 4 x l 0 - ~  a p p l i e d  t o  t h e  

e n t i r e  a q u i f e r ,  t h e  e s t i m a t e d  r e c o v e r e d  volume i s  3 . 4 ~ 1 0 ' ~  
2  4 3  x  1  km x  25 m  = 8 . 5 ~ 1 0  m  . T h i s  i s  an i n c o r r e c t  e s t i m a t e  

because i t  does n o t  a c c o u n t  f o r  t h e  i n f l u e n c e  o f  a q u i f e r  t h i c k -  
ness  on t h e  s t o r a g e  c o e f f i c i e n t  ( i  . e . ,  average  t h i c k n e s s  o f  t h e  
a q u i f e r  i s  30 m). A l s o  n o t e  t h a t  t h e  r e c o v e r e d  w a t e r  i s  o n l y  
0.57 p e r c e n t  o f  t h e  volume o f  w a t e r  c o n t a i n e d  i n  t h e  v o i d s ,  
assuming (j)=0.30 . 

2.3 WATER LEVEL FLUCTUATIONS 

Changes i n  g round-wate r  s t o r a g e  due t o  pumping and r e c h a r g e  
a r e  r e f l e c t e d  by  c o r r e s p o n d i n g  changes i n  t h e  w a t e r  t a b l e  and 
t h e  p i e z o m e t r i c  s u r f a c e  e l e v a t i o n s .  F a c t o r s  o t h e r  t h a n  pumping 
such as b a r o m e t r i c  p r e s s u r e  changes, ocean t i d e s ,  and use o f  
g round  w a t e r  b y  p l a n t s  a l s o  i n f l u e n c e  w a t e r  l e v e l s .  An apprec -  
i a t i o n  f o r  t h e  w a t e r - l e v e l  f l u c t u a t i o n s  i n d u c e d  by  t h e s e  f a c t o r s  
i s  r e q u i r e d  l e s t  observed  changes i n  w a t e r  l e v e l  be e r r o n e o u s l y  
i n t e r p r e t e d .  

Piezometric Surface and Barometric Pressure 

The e l e v a t i o n  o f  t h e  p i e z o m e t r i c  s u r f a c e  i n  c o n f i n e d  
a q u i f e r s  i s  i n d i c a t e d  b y  t h e  w a t e r  l e v e l  i n  p i e z o m e t e r s .  O f  
i n t e r e s t  h e r e  i s  t h e  change i n  t h e  p i e z o m e t r i c  l e v e l  a s s o c i a t e d  
w i t h  a  change i n  b a r o m e t r i c  p r e s s u r e .  C o n s i d e r  t h e  s i t u a t i o n  
i n  F i g .  2-14 and suppose t h a t  t h e  b a r o m e t r i c  p r e s s u r e  pa0 - 
i n c r e a s e s  by  dp . The i n c r e a s e  o f  a t m o s p h e r i c  p r e s s u r e  i s  
t r a n s m i t t e d  d i r e c t l y  t o  t h e  w a t e r  s u r f a c e  i n  t h e  p i e z o m e t e r ,  
t e n d i n g  t o  d i s p l a c e  w a t e r  f r o m  t h e  p i e z o m e t e r  i n t o  t h e  a q u i f e r .  
On t h e  o t h e r  hand, t h e  i n c r e a s e d  a t m o s p h e r i c  p r e s s u r e  a l s o  
i n c r e a s e s  t h e  l o a d  on t h e  c o n f i n e d  a q u i f e r  w h i c h  t e n d s  t o  d i s -  
p l a c e  w a t e r  f r o m  t h e  a q u i f e r  i n t o  t h e  p i e z o m e t e r .  P a r t  o f  t h e  
i n c r e a s e d  l o a d  i s  b o r n  b y  t h e  a q u i f e r  s k e l e t o n ,  however, and 
t h e  n e t  r e s u l t  o f  t h e  i n c r e a s e  i n  b a r o m e t r i c  p r e s s u r e  i s  t o  
decrease  

D 
. The a b s o l u t e  v a l u e  o f  t h e  r a t i o  o f  dh  t o  

P  
dp "log i s '  t h e  barornetr- i .~ e f f i c iency ,  BE , g i v e n  b y  

a  

The b a r o m e t r i c  e f f i c i e n c y  o f  a  c o n f i n e d  a q u i f e r  depends 
upon t h e  c o m p r e s s i b i l i t y  o f  t h e  a q u i f e r  and i t s  c o n t a i n e d  w a t e r  
and upon t h e  d e g r e e  t o  w h i c h  t h e  i n c r e a s e d  l o a d  dpaO on  t h e  
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F i g u r e  2-14.  S t r e s s  b a l a n c e  on t h e  i n t e r f a c e  between t h e  
a q u i f e r  and c o n f i n i n g  l a y e r .  

g round  s u r f a c e  i s  t r a n s m i t t e d  t o  t h e  i n t e r f a c e  between t h e  
a q u i f e r  and t h e  upper  c o n f i n i n g  l a y e r .  E x p r e s s i n g  a l l  f l u i d  
p r e s s u r e s  as  a b s o l u t e  p r e s s u r e s ,  

i 
o + p  = o v e r b u r d e n  p r e s s u r e  + p  z  a  ( 2 - 2 2 )  

and 

where p  i s  t h e  p o r e - w a t e r  p r e s s u r e  a t  t h e  t o p  o f  t h e  c o n f i n e d  
0 a q u i f e r ,  pa i s  t h e  a t m o s p h e r i c  p r e s s u r e  a t  g round  s u r f a c e ,  

i o  and pa i s  t h a t  p a r t  o f  pa w h i c h  i s  t r a n s m i t t e d  t o  t h e  

i n t e r f a c e  between t h e  a q u i f e r  and t h e  c o n f i n i n g  l a y e r  ( F i g .  2 -  
1 0 

1 4 ) .  The p r e s s u r e s  pa and pa a r e  n o t  n e c e s s a r i l y  equa l  
because t h e  s t r a t a  above t h e  c o n f i n e d  a q u i f e r  may be c a p a b l e  
o f  s u p p o r t i n g  a  p a r t  o f  t h e  a t m o s p h e r i c  l o a d  b y  a  b r i d g i n g  
e f f e c t .  

The t o t a l  d e r i v a t i v e s  o f  Eqs. 2-22 and 2-23 a r e  

i 
dp = d p  - doz 

and 



r e s p e c t i v e l y .  F o r  t h e  purposes  h e r e ,  i t  i s  assumed t h a t  

w h e r e i n  f i s  a  c o n s t a n t .  The paramete r  f i s  a  measure o f  
t h e  r i g i d i t y  o f  t h e  o v e r l y i n g  s t r a t a ,  a p p r o a c h i n g  z e r o  f o r  
r i g i d  f o r m a t i o n s  t h a t  a c t  as a  b r i d g e  o v e r  t h e  a q u i f e r .  T h i n ,  
s o f t ,  c o n f i n i n g  s t r a t a  p r o v i d e  t h e  o t h e r  ex t reme c o n d i t i o n  i n  
w h i c h  f approaches u n i t y .  

E q u a t i o n s  2-24 and 2-25 a r e  combined t o  y i e l d  

R e p l a c i n g  t h e  q u a n t i t y  + A Z  i n  Eq. 2-1 1  w i t h  t h e  p o r e  vo lume 
V , t h e  change i n  p o r e  volume i s  

P  
dV = - a V d o  

P  P P  z  
( 2 - 2 7 )  

A1 so, t h e  change i n  w a t e r  volume i s  

d V  = -bVwdp 

f r o m  Eq. 2-13. B u t  dV = dVw and V p  = Vw so t h a t  
P 

S u b s t i t u t i o n  o f  Eq. 2-29 i n t o  Eq. 2-26 r e s u l t s  i n  

R e c a l l i n g  t h a t  f i s  a l w a y s  l e s s  t h a n  o r  e q u a l  t o  u n i t y  
and t h a t  g and a  a r e  p o s i t i v e ,  i t  i s  a p p a r e n t  t h a t  

0 P  
dhp/dpa i s  n e g a t i v e ,  t h u s  v e r i f y i n g  t h e  p r e v i o u s  s t a t e m e n t  

t h a t  w a t e r  l e v e l s  h  decrease  when t h e  b a r o m e t r i c  p r e s s u r e  
P  

i n c r e a s e s .  No te  t h a t  t h e  a b s o l u t e  v a l u e  o f  Eq. 2-30 i s  t h e  



b a r o m e t r i c  e f f i c i e n c y .  Shou ld  t h e  pore -vo lume c o m p r e s s i b i l i t y  
be ze ro ,  t h e  b a r o m e t r i c  e f f i c i e n c y  i s  u n i t y  r e g a r d l e s s  o f  t h e  
v a l u e  o f  f . The b a r o m e t r i c  e f f i c i e n c y  i s  a l s o  u n i t y  when 
f=O . T h i s  case i s  approached when t h e  o v e r l y i n g  s t r a t a  a r e  
t h i c k ,  r i g i d  f o r m a t i o n s  t h a t  t r a n s m i t  o n l y  a  s m a l l  p a r t  o f  t h e  

i n c r e a s e d  l o a d  dpaO t o  t h e  t o p  o f  t h e  c o n f i n e d  a q u i f e r .  The 

o t h e r  ex t reme o c c u r s  where t h e  e n t i r e  a d d i t i o n a l  l o a d  i s  t r a n s -  
m i t t e d  t o  t h e  c o n f i n e d  a q u i f e r ,  i n  w h i c h  case f = l  , 

and t h e  b a r o m e t r i c  e f f i c i e n c y  i s  c h a r a c t e r i s t i c  o f  t h e  a q u i f e r  
i t s e l f .  P r o v i d e d  t h a t  f = l  , t h e  b a r o m e t r i c  e f f i c i e n c y  observed  
i n  t h e  f i e l d  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  s p e c i f i c  s t o r a g e  
o r  t h e  s t o r a g e  c o e f f i c i e n t .  It i s  l e f t  t o  t h e  s t u d e n t  t o  
d e r i v e  t h e  r e l a t i o n s h i p  between BE , Ss and S  . 
The Water Table and Barometric Pressure 

I n  c o n t r a s t  t o  t h e  case  o f  t h e  c o n f i n e d  a q u i f e r ,  a  change 
i n  b a r o m e t r i c  p r e s s u r e  i s  t r a n s m i t t e d  e q u a l l y  t o  t h e  w a t e r  i n  
an u n c o n f i n e d  a q u i f e r  and t o  t h e  w a t e r  s u r f a c e  i n  a  p i e z o m e t e r  
o r  o b s e r v a t i o n  w e l l  p e n e t r a t i n g  t h e  a q u i f e r .  One m i g h t  suppose, 
t h e r e f o r e ,  t h a t  no change i n  w a t e r  l e v e l  i n  t h e  p i e z o m e t e r  o r  
w e l l  s h o u l d  be observed .  Indeed ,  such wou ld  be t h e  case  b u t  
f o r  t h e  p resence  o f  e n t r a p p e d  a i r  ( i s o l a t e d  a i r  b u b b l e s )  i n  t h e  
w a t e r  above and be low t h e  w a t e r  t a b l e .  A i r  en t rapment  r e s u l t s  
d u r i n g  p e r i o d s  o f  i n f i l t r a t i o n  and r i s i n g  w a t e r  t a b l e s .  The 
e n t r a p p e d  a i r  e x i s t s  i n  d i s c o n t i n u o u s  assemblages t h a t  a r e  
i s o l a t e d  f r o m  t h e  c o n t i n u o u s  e x t e r n a l  a i r  phase.  

An i n c r e a s e  i n  b a r o m e t r i c  p r e s s u r e  i n c r e a s e s  t h e  p r e s s u r e  
i n  t h e  e n t r a p p e d  a i r  and a  decrease  i n  a i r  volume r e s u l t s .  On 
t h e  o t h e r  hand, t h e  w a t e r  t a b l e  e l e v a t i o n  decreases  because o f  
t h e  r e d u c t i o n  o f  t h e  volume o f  e n t r a p p e d  a i r .  The decrease  i n  
w a t e r  l e v e l  reduces  t h e  h y d r o s t a t i c  p r e s s u r e  on t h e  a i r  and 
t e n d s  t o  o f f s e t  t h e  i n c r e a s e  i n  b a r o m e t r i c  p r e s s u r e .  Peck 
(1960)  has s t u d i e d  t h e  f l u c t u a t i o n  o f  t h e  w a t e r  t a b l e  i n  
response  t o  changes i n  a t m o s p h e r i c  p r e s s u r e ,  and h i s  a n a l y s i s  
i l l u s t r a t e s  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  phenomena. 

L e t  V a  be t h e  volume o f  e n t r a p p e d  a i r  p e r  u n i t  volume - 
o f  a q u i f e r .  I n  a  v e r t i c a l  co lumn o f  u n i t  c r o s s - s e c t i o n a l  a r e a  
t h a t  e x t e n d s  f r o m  t h e  f l o o r  o f  t h e  a q u i f e r  t o  t h e  g round  s u r f a c e  
( F i g .  2 -15) ,  t h e  t o t a l  volume o f  e n t r a p p e d  a i r  i s  t h e  i n t e g r a l  
o f  V a  o v e r  z f r o m  0  t o  H . Any change i n  t h e  t o t a l  - 
volume o f  e n t r a p p e d  a i r  i s  r e f l e c t e d  by  a  change i n  t h e  w a t e r  
t a b l e  e l e v a t i o n  h  a c c o r d i n g  t o  



F i g u r e  2-15. D e f i n i t i o n  o f  symbols  used i n  t h e  c a l c u l a t i o n  o f  
w a t e r  t a b l e  f l u c t u a t i o n s  i n  response  t o  b a r o -  
m e t r i c  p r e s s u r e  changes. 

The volume V a  o f  e n t r a p p e d  a i r  p e r  u n i t  volume o f  a q u i -  

f e r  u n d o u b t e d l y  v a r i e s  w i t h  e l e v a t i o n  z i n  a  v e r y  complex 
way i n  t h e  f i e l d  due t o  d i f f u s i o n ,  gas s o l u b i l i t y ,  and b i o l o g i c -  
a l  a c t i v i t y  (Hansen, 1977) .  The p r o b l e m  o f  e v a l u a t i n g  t h e  
r i g h t  s i d e  o f  Eq. 2-32 becomes t r a c t a b l e  i f  i t  i s  assumed t h a t  
t h e  mass o f  e n t r a p p e d  a i r  p e r  u n i t  volume i s  a  c o n s t a n t  i n d e -  
penden t  o f  z  and t h a t  t h e  w a t e r  i s  s t a t i c .  Hence t h e  i d e a l  
gas l a w  can be used t o  deduce t h e  f u n c t i o n  V a ( z )  . The abso-  

l u t e  p r e s s u r e  o f  t h e  e n t r a p p e d  a i r  a t  a  p a r t i c u l a r  e l e v a t i o n  
i s  t h e  sum o f  t h e  a t m o s p h e r i c  p r e s s u r e  pa , t h e  h y d r o s t a t i c  

- 
gage p r e s s u r e  o f  t h e  a d j a c e n t  w a t e r  p g ( h - z )  , and t h e  c a p i l -  
l a r y  p r e s s u r e  p  a c r o s s  t h e  a i r - w a t e r  i n t e r f a c e s  o f  t h e  d i s -  

c o n t i n u o u s  a i r  b u b b l e s .  The l a t t e r  can be n e g l e c t e d  r e l a t i v e  
t o  t h e  sum o f  t h e  h y d r o s t a t i c  and a t m o s p h e r i c  p r e s s u r e s ,  p r o -  
v i d e d  t h a t  t h e  a n a l y s i s  i s  r e s t r i c t e d  t o  w a t e r  t a b l e  d e p t h s  
l e s s  t h a n  a b o u t  9  m  (Peck, 1 9 6 0 ) .  From t h e  i d e a l  gas equa- 
t i o n ,  

w h e r e i n  M i s  t h e  mass o f  e n t r a p p e d  a i r  p e r  u n i t  o f  a q u i f e r  
volume, R i s  t h e  gas c o n s t a n t ,  and T  i s  t e m p e r a t u r e .  



i t h  V ( z )  known, Eq. 2-32 y i e l d s  

( 2 - 3 4 )  
f r o m  w h i c h  

E q u a t i o n  2-35 i s  an e x p r e s s i o n  ana logous  t o  t h e  b a r o m e t r i c  
e f f i c i e n c y  d e f i n e d  f o r  c o n f i n e d  a q u i f e r s .  N o t i c e  t h a t  i f  t h e r e  
i s  no e n t r a p p e d  gas ( i . e . ,  c=O), t h e  w a t e r - t a b l e  e l e v a t i o n  
( t h e  w a t e r  l e v e l  i n  a  p i e z o m e t e r  o r  w e l l )  does n o t  change i n  
response  t o  a  change i n  b a r o m e t r i c  p r e s s u r e .  However, when 
c#O t h e  w a t e r  l e v e l  f a l l s  when t h e  a t m o s p h e r i c  p r e s s u r e  
i n c r e a s e s .  The s p e c i a l  case  i n  w h i c h  t h e  t o p  o f  t h e  c a p i l l a r y  
f r i n g e  i s  c o i n c i d e n t  w i t h  t h e  g round  s u r f a c e  y i e l d s  

because t h e  a p p a r e n t  s p e c i f i c  y i e l d  i s  z e r o  under  t h i s  c i r c u m -  
s t a n c e .  I t  i s  f u r t h e r  r e c o g n i z e d  t h a t  t h i c k  a q u i f e r s  s h o u l d  
e x h i b i t  l a r g e  w a t e r - l e v e l  changes r e l a t i v e  t o  t h a t  i n  t h i n  
a q u i f e r s .  

A c l o s e l y  r e l a t e d  case i s  t h a t  o f  an u n c o n f i n e d  a q u i f e r  
f o r  w h i c h  t h e  i n t e r c h a n g e  o f  a i r  above t h e  w a t e r  t a b l e  w i t h  
t h e  atmosphere i s  r e s t r i c t e d  b y  o v e r l y i n g  s t r a t a .  R e s t r i c t e d  
f l o w  o f  a i r  between t h e  atmosphere and t h e  a q u i f e r  causes t h e  
e q u i l i b r a t i o n  o f  a i r  p r e s s u r e  i n  t h e  a q u i f e r  w i t h  t h e  atmos- 
phere  t o  l a g  a  change i n  b a r o m e t r i c  p r e s s u r e  and t h e  response  
o f  t h e  w a t e r  l e v e l s  i n  p i e z o m e t e r s  may i n d i c a t e  s u b s t a n t i a l  
b a r o m e t r i c  e f f i c i e n c i e s .  I n  some cases,  t h e  most  d i r e c t  con-  
n e c t i o n  between a i r  i n  t h e  a q u i f e r  and t h e  atmosphere i s  p r o -  
v i d e d  b y  w e l l  b o r e s ,  i n  w h i c h  case,  a i r  passes t h r o u g h  t h e  
w e l l  b o r e  a t  v e r y  s u b s t a n t i a l  v e l o c i t i e s  f o l l o w i n g  a  change 
i n  b a r o m e t r i c  p r e s s u r e .  

Water Levels, Tidesand Other External Loads 

The w a t e r  l e v e l  i n  we1 1  s  and p i e z o m e t e r s  responds  t o  
e x t e r n a l  l o a d s  o t h e r  t h a n  a t m o s p h e r i c  p r e s s u r e .  Because t h e  
change i n  l o a d  due t o  f l u c t u a t i n g  t i d e s  o r  t h e  passage o f  a  
t r a i n ,  f o r  example, a r e  a p p l i e d  o n l y  t o  t h e  a q u i f e r  and n o t  



t o  t h e  w a t e r  s u r f a c e  i n  t h e  p i e z o m e t e r ,  t h e  w a t e r  l e v e l  r e -  
sponse i s  o p p o s i t e  t h a t  observed  f o r  changes i n  b a r o m e t r i c  
p r e s s u r e .  I n  o t h e r  words, t h e  i n c r e a s e d  l o a d  p roduces  a  r i s e  
i n  w a t e r  l e v e l s .  

The response  o f  w a t e r  l e v e l s  t o  s l o w l y  c h a n g i n g  e x t e r n a l  
l o a d s  can be a n a l y z e d  i n  a  manner s i m i l a r  t o  t h a t  f o r  ba romet -  
r i c  l o a d i n g .  F o r  example, c o n s i d e r  a  c o n f i n e d  a q u i f e r  e x t e n d -  
i n g  benea th  t h e  ocean f l o o r  o r  benea th  a  r i v e r  o r  e s t u a r y  i n  
w h i c h  t h e  w a t e r  s tage ,  H  , changes w i t h  t h e  t i d e .  P r o v i d e d  
t h a t  t h e  e n t i r e  change i n  p r e s s u r e  pg dH i s  t r a n s m i t t e d  t o  
t h e  c o n f i n e d  a q u i f e r ,  

From Eqs. 2-29 and 2-37, t h e  t i d a l  e f f i c i e n c y ,  TE , i s  

No te  t h a t  t h e  sum o f  t h e  t i d a l  and b a r o m e t r i c  e f f i c i e n c i e s  i s  
u n i t y  when f=l . 

Water l e v e l  changes, i n  response  t o  t i d a l  f l u c t u a t i o n s ,  
a r e  observed  i n  b o t h  c o n f i n e d  and u n c o n f i n e d  a q u i f e r s  t h a t  o u t -  
c r o p  i n  t h e  sea. I n  t h i s  case,  t h e  change i n  p r e s s u r e  head due 
t o  t i d e s  i s  t r a n s m i t t e d  d i r e c t l y  t o  t h e  w a t e r  i n  t h e  a q u i f e r  
a t  t h e  o u t c r o p ,  however, and t h e  t i d a l  e f f i c i e n c y  n e a r  t h e  o u t -  
c r o p  i s  u n i t y .  A p r e s s u r e  wave i s  t r a n s m i t t e d  t h r o u g h  t h e  
a q u i f e r ,  t h e  a m p l i t u d e  o f  w h i c h  decreases  w i t h  i n c r e a s i n g  d i s -  
t a n c e  f r o m  t h e  o u t c r o p .  A change i n  s t a g e  o f  a  r i v e r  i n  w h i c h  
an a q u i f e r  i s  exposed p roduces  a  s i m i l a r  e f f e c t .  A t h o r o u g h  
d i s c u s s i o n  o f  t h e s e  phenomena r e q u i r e s ,  as  a  p r e r e q u i s i t e ,  a  
knowledge o f  g round-wate r  h y d r a u l i c s  and w i l l  t h e r e f o r e  be 
t r e a t e d  i n  a  subsequent  c h a p t e r .  

A l o c a l ,  e x t e r n a l  l o a d ,  a p p l i e d  r a p i d l y  on a  s m a l l  p o r t i o n  
o f  t h e  a q u i f e r  and h e l d  c o n s t a n t  t h e r e a f t e r  ( F i g .  2 -16)  causes 
a  sharp  i n c r e a s e  i n  w a t e r  l e v e l s  f o l l o w e d  b y  a  g r a d u a l  d e c l i n e .  
A p a r t  o f  t h e  l o a d  i s  b o r n  by  t h e  w a t e r  i n  t h e  a q u i f e r  i n  t h e  
v i c i n i t y  o f  t h e  a p p l i c a t i o n ,  t h u s  i n c r e a s i n g  t h e  p r e s s u r e  head 
t h e r e .  The p r e s s u r e  head i s  g r e a t e r  t h a n  a t  l o c a t i o n s  more 
remote  f r o m  t h e  l o a d ,  t h e r e f o r e .  The r e s u l t  i s  a  p e r i o d  o f  
w a t e r  f l o w  away f r o m  t h e  l o c a t i o n  o f  t h e  l o a d ,  d u r i n g  w h i c h  t h e  
g r a n u l a r  s k e l e t o n  o f  t h e  a q u i f e r  b e a r s  an i n c r e a s i n g l y  l a r g e r  
p o r t i o n  o f  t h e  l o a d  and t h e  p r e s s u r e  head decreases .  The p r e s -  
s u r e  head e v e n t u a l l y  approaches i t s  o r i g i n a l  v a l u e  i n  a l l  b u t  
v e r y  s m a l l  a q u i f e r s .  



External %J 

i 
Time 

F i g u r e  2-16.  V a r i a t i o n  o f  p r e s s u r e  head i n  an a q u i f e r  s u b j e c t -  
ed t o  an e x t e r n a l  l o a d .  

A s i m i l a r  phenomenon o c c u r s  i n  h i g h l y  c o m p r e s s i b l e  uncon- 
f i n e d  a q u i f e r s .  The l o a d  causes t h e  p o r e  volume t o  be reduced,  
e x p e l l i n g  w a t e r .  I f  t h e  l o a d  i s  a p p l i e d  r a p i d l y ,  t h e  w a t e r  
t a b l e  n e a r  t h e  s i t e  o f  l o a d i n g  r i s e s  and e v e n t u a l l y  d i s s i p a t e s  
b y  f l o w  away f r o m  t h e  l o a d e d  a r e a .  F o r  a  g i v e n  l o a d  t h e  r i s e  
o f  t h e  w a t e r  l e v e l  i n  t h e  u n c o n f i n e d  a q u i f e r  i s  n o t  as p r o -  
nounced as  i n  t h e  c o n f i n e d  a q u i f e r ,  because t h e  ground w a t e r ,  
b e i n g  f r e e  t o  move upward, does n o t  s u p p o r t  as  g r e a t  a  p o r t i o n  
o f  t h e  a p p l i e d  l o a d  as  i n  t h e  c o n f i n e d  case .  N o t w i t h s t a n d i n g  
t h e  f a c t  t h a t  t h e  a q u i f e r  i s  u n c o n f i n e d ,  t h e  w a t e r  does, i n -  
deed, b e a r  a  p o r t i o n  o f  t h e  a p p l i e d  l o a d  because t h e  w a t e r  
e x p e r i e n c e s  a  r e s i s t a n c e  t o  f l o w  and t h e r e b y  r e s i s t s  compres- 
s i o n  o f  t h e  a q u i f e r .  

Water Levels and Evapotranspiration 

Evapotranspiration i s  t h e  combined p rocesses  o f  evapo- 
r a t i o n  f r o m  t h e  s o i l  and t h e  e v a p o r a t i o n  f r o m  t h e  stoma i n  
p l a n t  l e a v e s .  The l a t t e r  i s  known as  t r a n s p i r a t i o n .  Evapo- 
t r a n s p i r a t i o n  i s  an i m p o r t a n t  component o f  t h e  h y d r o l o g i c  w a t e r  
b a l a n c e  t h a t  i s  d i s c u s s e d  i n  t h e  f o l l o w i n g  s e c t i o n .  P l a n t s  
t h a t  t a k e  up w a t e r  d i r e c t l y  f r o m  t h e  c a p i l l a r y  f r i n g e  and t h e  
w a t e r  " t a b l e  a r e  phreatophgtes.  Among t h e  most  common p h r e a t o -  
p h y t e s  a r e  s a l t c e d a r ,  w i l l o w ,  s a l t g r a s s ,  co t tonwood,  and a1- 
f a l f a .  Because t h e y  e x t r a c t  w a t e r  f r o m  t h e  s a t u r a t e d  zone, 
p h r e a t o p h y t e s  p roduce  d a i l y  w a t e r - t a b l e  f l u c t u a t i o n s  i n  r e -  
sponse t o  t h e i r  t r a n s p i r a t i o n  ( F i g .  2 -17) .  T h i s  i s  i n  c o n t r a s t  
t o  p l a n t s  t h a t  d e r i v e  t h e i r  w a t e r  f r o m  p a r t i a l l y  s a t u r a t e d  s o i l  
h i g h  above t h e  w a t e r  w h i c h  have no d i r e c t ,  immed ia te  e f f e c t  on 
t h e  w a t e r - t a b l e  e l e v a t i o n .  



J u n e  

F i g u r e  2-17. Water l e v e l  f l u c t u a t i o n  due t o  p h r e a t o p h y t e  
t r a n s p i r a t i o n  ( A f t e r  Robinson,  1950) .  

Water use b y  p h r e a t o p h y t e s  i s  e s p e c i a l l y  i m p o r t a n t  i n  t h e  
f l o o d  p l a i n s  a d j a c e n t  t o  s t reams and r i v e r s .  I n  some i n s t a n c e s ,  
t h e  e f f e c t  o f  p h r e a t o p h y t e  t r a n s p i r a t i o n  i s  so pronounced t h a t  
d a i l y  f l u c t u a t i o n s  i n  r i v e r  s t a g e  a r e  d i r e c t l y  a t t r i b u t a b l e  t o  
g round-wate r  e x t r a c t i o n  b y  t h e s e  p l a n t s .  Annual w a t e r  use i s  

sometimes as g r e a t  as 2  m3/m2 , b u t  depends upon t h e  t y p e  of 
p l a n t ,  c l i m a t i c  and m e t e o r o l o g i c a l  c o n d i t i o n s ,  d e p t h  t o  g round  
w a t e r  and a v a i l a b i l i t y  o f  s o i l  w a t e r .  

I n  F i g .  2-17, i t  i s  a p p a r e n t  t h a t  t h e  w a t e r  l e v e l  f a l l s  
d u r i n g  t h e  d a y l i g h t  h o u r s ,  r e a c h i n g  a  minimum i n  t h e  even ing ,  
a f t e r  w h i c h  a  r i s e  i s  observed  t h a t  p e r s i s t s  u n t i l  e a r l y  morn- 
i n g .  The w a t e r - t a b l e  d e c l i n e  i s  caused by  t r a n s p i r a t i o n  a t  a  
r a t e  t h a t  exceeds t h e  r a t e  o f  l a t e r a l  g round-wate r  i n f l o w  t o  
t h e  p h r e a t o p h y t e  a r e a .  D u r i n g  t h e  n i g h t ,  t r a n s p i r a t i o n  i s  
n e g l i g i b l e  and l a t e r a l  g r o u n d - w a t e r  i n f l o w  o c c u r s  i n  response  
t o  t h e  depressed  w a t e r  t a b l e .  Thus, t h e  w a t e r  t a b l e  r i s e s  
d u r i n g  t h e  n i g h t .  N o t i c e  a l s o ,  t h a t  t h e r e  i s  a  g e n e r a l  d e c l i n e  
o f  w a t e r  l e v e l ,  upon w h i c h  t h e  d i u r n a l  f l u c t u a t i o n s  a r e  s u p e r -  
imposed. The d e c l i n e  o f  d a i l y  average  w a t e r  l e v e l  i s  n o t  nec -  
e s s a r i l y  a  r e s u l t  o f  e v a p o t r a n s p i r a t i o n  o n l y ,  b u t  may be i n f l u -  
enced by  n a t u r a l  d r a i n a g e ,  pumping, o r  a  number o f  o t h e r  f a c t o r s  
n o t  r e l a t e d  t o  p h r e a t o p h y t e  w a t e r  use .  

2.4 HYDROLOGIC BUDGETS 

0. E. M e i n z e r  w r o t e  i n  1932:  " t h e  mos t  u r g e n t  p rob lems i n  
g round-wate r  h y d r o l o g y  a t  t h e  p r e s e n t  t i m e  a r e  t h o s e  r e l a t i n g  
t o  t h e  r a t e  a t  w h i c h  r o c k  f o r m a t i o n s  w i l l  s u p p l y  w a t e r  t o  w e l l s  
i n  s p e c i f i e d  a r e a s  - -  n o t  d u r i n g  a  day, a  month, o r  a  y e a r ,  



3 u t  p e r e n n i a l l y . "  The p r o b l e m  became known as t h e  d e t e r m i n -  
a t i o n  o f  " s a f e  y i e l d " ,  a  c o n c e p t  t h a t  has been t h e  o b j e c t  o f  
: o n s i d e r a b l e  c o n t r o v e r s y .  I t  has n o t  been p o s s i b l e  t o  d i v o r c e  
From s a f e  y i e l d  t h e  p r a c t i c a l  a s p e c t s  o f  e x t r a c t i o n  methods, 
ji s t r i  b u t i o n ,  l e g a l  c o n s i d e r a t i o n s ,  and c o s t s .  Thus, s a f e  
y i e l d  as a  h y d r o l o g i c  c h a r a c t e r i s t i c  o f  a q u i f e r s  has fa1 l e n  
i n t o  d i s u s e .  Even so, M e i n z e r s '  p r o b l e m  o f  g round-wate r  s u p p l y  
remains a  c e n t r a l  i s s u e .  

An i n d i s p e n s a b l e  t o o l  i n  t h e  s t u d y  o f  g round-wate r  s u p p l y  
i s  t h e  h y d r o l o g i c  budge t .  The h y d r o l o g i c  budge t  i s  n o t h i n g  
nore t h a n  a  m a t e r i a l  b a l a n c e  t h a t  a c c o u n t s  f o r  a11 i n p u t s ,  o u t -  
au ts ,  and changes i n  s t o r a g e  w i t h i n  a  system d e f i n e d  by  p r e -  
s c r i b e d  b o u n d a r i e s .  A  j u d i c i o u s  s e l e c t i o n  o f  t h e  system 
aoundar ies  t o  c o r r e s p o n d  w i t h  p h y s i c a l  l o c a t i o n s  where sources  
and d i s c h a r g e s  a r e  known h e l p s  t o  max im ize  t h e  u s e f u l n e s s  o f  
t h e  budge t .  F o r  example, l a t e r a l  s u r f a c e  i n p u t s  and o u t p u t s  
are z e r o  a c r o s s  s u r f a c e  w a t e r  d i v i d e s  and l i k e w i s e  i n  t h e  
ground w a t e r .  The g round  w a t e r  ca tchment  does n o t  a lways  
:or respoi?d i n  geometry  t o  t h e  o v e r l y i n g  s u r f a c e  ca tchment ,  how- 
? v e r ,  and i t  i s  o f t e n  c o n v e n i e n t  t o  d e f i n e  subsystems t h a t  a r e  
r e l a t e d  t o  one a n o t h e r  by  t h e  exchange o f  w a t e r  a c r o s s  t h e i r  
:ommon b o u n d a r i e s .  The t i m e  p e r i o d  o v e r  w h i c h  t h e  w a t e r  b a l -  
ance i s  made can be s e l e c t e d  so as  t o  s i m p l i f y  t h e  a n a l y s i s  
i n  many cases.  F o r  example, i t  i s  sometimes p o s s i b l e  t o  s e l e c t  
a t i m e  p e r i o d  o v e r  w h i c h  t h e  n e t  change o f  w a t e r  s t o r a g e  i s  
~ r a c t i c a l l y  z e r o ,  i n  w h i c h  case t h e  i n p u t s  equa l  t h e  o u t p u t s .  

The f o l l o w i n g  t r e a t m e n t  o f  t h e  h y d r o l o g i c  budge t  i s  p r e -  
sen ted  by  c o n s i d e r i n g  f o u r  subsystems:  t h e  atmosphere,  t h e  
s u r f a c e  w a t e r  subsystem, t h e  s o i l - w a t e r  subsystem, and t h e  
g round-wate r  subsystem. These subsystems a r e  n o t  independent  
s u t  a r e  l i n k e d  b y  i n f l o w s  and o u t f l o w s  a c r o s s  t h e i r  b o u n d a r i e s  
as shown i n  F i g .  2-18. I t  i s  a n t i c i p a t e d  t h a t  t h e  r e a d e r  can 
:ombine o r  f u r t h e r  d i v i d e  t h e s e  subsystems i n  any  manner appro -  
s r i a t e  f o r  t h e  p rob lem under  h i s  c o n s i d e r a t i o n .  I t  i s  f u r t h e r  
sxpec ted  t h a t  t h e  i n p u t s  and o u t p u t s  d e s c r i b e d  h e r e i n  w i l l  be 
lumped t o g e t h e r  o r  o t h e r  ones added so t h a t  t h e y  become com- 
n e n s u r a t e  w i t h  t h e  degree  o f  d e t a i l  r e q u i r e d  by  t h e  p r o b l e m  a t  
hand. The scope o f  t h i s  book does n o t  p e r m i t  a  t h o r o u g h  con-  
s i d e r a t i o n  o f  s u r f a c e  w a t e r  components i n  t h e  s u r f a c e  w a t e r  
s u b d i v i s i o n .  Such i m p o r t a n t  f a c t o r s  as p r e c i p i t a t i o n  and s u r -  
f a c e  r u n o f f  a r e  t r e a t e d  i n  t h i s  t e x t  as  known q u a n t i t i e s  w i t h  
10 d i s c u s s i o n  o f  f a c t o r s  w h i c h  i n f l u e n c e  them o r  methods by  
ivhich t h e y  can be d e t e r m i n e d .  

Components of a Surface-Water Budget 

The l o w e r  boundary  o f  t h e  s u r f a c e - w a t e r  subsystem i s  t h e  
ground s u r f a c e .  Waters i n  t h i s  subsystem i n c l u d e  o v e r l a n d  
f l o w ,  d e p r e s s i o n  s t o r a g e ,  i n t e r c e p t i o n  s t o r a g e ,  and w a t e r s  i n  



ATMOSPHERE 

SURFACE 
Infiltration - 

c 
0 - SO1 L 

WATER g WATER 
SUBSYSTEM n SUBSYSTEM 

I 

SUBSYSTEM 

F i g u r e  2-18.  L i n k a g e s  between subsystems i n  t h e  h y d r o l o g i c  
c y c l e .  

s t reams,  c a n a l s ,  r e s e r v o i r s ,  l a k e s  and i c e .  I n p u t s  i n c l u d e  
p r e c i p i t a t i o n  and w a t e r  t r a n s p o r t e d  i n t o  t h e  subsystem by  
s t reams,  c a n a l s ,  and p i p e 1  i n e s .  T y p i c a l  d e p l e t i o n s  o f  w a t e r  i n  
t h e  s u r f a c e  subsystem r e s u l t  f r o m  e v a p o r a t i o n  on w a t e r  s u r f a c e s ,  
i n f i l t r a t i o n  o f  w a t e r  i n t o  t h e  s o i l ,  seepage, s u r f a c e  r u n o f f ,  
t r a n s p o r t  by  c a n a l s  and p i p e l i n e s  and consumpt ive  use b y  i n d u s -  
t r y  and m u n i c i p a l i t i e s .  Any n a t u r a l  o r  man-made f e a t u r e  t h a t  
r e t a i n s  w a t e r ,  e i t h e r  t e m p o r a r i l y  o r  pe rmanent l y ,  may r e q u i r e  
i n c l u s i o n  i n  t h e  budge t  as a  s t o r a g e  te rm.  

A g r o u p i n g  o f  a11 i n f l o w s ,  o u t f l o w s ,  and s t o r a g e  t e r m s  
p e r m i t s  t h e  m a t e r i a l  b a l a n c e  t o  be w r i t t e n  as  

( I n f l o w  - 0 u t f l o w ) ~ t  = change o f  s t o r a g e  (2 -39 )  

i n  w h i c h  t h e  i n f l o w  and o u t f l o w  a r e  average  vo lume f l o w  r a t e s  
o v e r  t h e  t i m e  p e r i o d ,  ~ t .  The t i m e  p e r i o d  can r a n g e  f r o m  sec-  
onds o r  m i n u t e s  t o  a  y e a r  o r  more, depend ing  upon t h e  purpose  
f o r  w h i c h  t h e  e q u a t i o n  i s  used.  



Components of a Soil-Water Budget 

The s o i l - w a t e r  subsystem i s  r e l a t e d  t o  t h e  s u r f a c e  sub- 
system by  t h e  i n t e r c h a n g e  o f  w a t e r  a c r o s s  t h e i r  common boundary,  
t h e  g round  s u r f a c e .  F o r  example, i n f i  1  t r a t i o n ,  an o u t f l o w  f r o m  
t h e  s u r f a c e  w a t e r ,  i s  i n f l o w  t o  t h e  s o i l - w a t e r  subsystem. Out -  
f l o w s  f r o m  t h e  s o i  1  - w a t e r  zone i n c l u d e  e v a p o r a t i o n ,  t r a n s p i r -  
a t i o n  and f l o w  i n t o  t h e  g round  w a t e r  be low.  S t o r a g e  changes 
i n  t h e  s o i l - w a t e r  zone a r e  r e c o g n i z e d  b y  changes i n  t h e  v o l u -  
m e t r i c - w a t e r  c o n t e n t .  A  s o i l - w a t e r  budge t  can be expressed  by  

where I i s  t h e  i n f i l t r a t i o n  r a t e ,  E  i s  e v a p o r a t i o n  r a t e  o f  
s o i l  w a t e r ,  T  i s  t r a n s p i r a t i o n  r a t e ,  W i s  t h e  f l o w  r a t e  a c r o s s  
t h e  l o w e r  boundary o f  t h e  s o i l - w a t e r  zone, and D i s  t h e  d e p t h  
o f  t h e  s o i l - w a t e r  zone. F low r a t e s  i n  Eq. 2-40 a r e  expressed  
as volumes p e r  u n i t  a r e a  p e r  u n i t  t i m e .  E v a p o r a t i o n  and t r a n s -  
p i r a t i o n  a r e  n o r m a l l y  t r e a t e d  as  one v a r i a b l e ,  e v a p o t r a n s p i r -  
a t i o n ,  ET . The q u a n t i t y  W can be e i t h e r  p o s i t i v e  o r  n e g a t i v e ,  
b e i n g  p o s i t i v e  as  an o u t f l o w  q u a n t i t y .  The r i g h t - h a n d  s i d e  o f  
Eq. 2-40 i s  t h e  change o f  w a t e r  s t o r e d  i n  t h e  s o i l - w a t e r  zone. 

The change i n  s o i l - m o i s t u r e  s t o r a g e  mus t  be e v a l u a t e d  by  
d e t e r m i n i n g  t h e  d e p t h  d i s t r i b u t i o n  o f  v o l u m e t r i c  m o i s t u r e  con-  
t e n t .  A  common method b y  w h i c h  e ( ~ )  i s  measured i s  t h e  neu- 
t r o n  a t t e n u a t i o n  t e c h n i q u e .  I n  t h i s  method an access t u b e ,  
u s u a l l y  3 .8  - 5 cm i n  d i a m e t e r ,  i s  p l a c e d  i n  t h e  s o i l  i n t o  
w h i c h  i s  l o w e r e d  a  r a d i o a c t i v e  s o u r c e  o f  f a s t  n e u t r o n s  and a  
d e t e c t o r  o f  s l o w  ( t h e r m a l )  n e u t r o n s .  The n e u t r o n s ,  b e i n g  of 
n e a r l y  t h e  same mass as  hydrogen,  a r e  s lowed and r e f l e c t e d  by  
i m p a c t  w i t h  hydrogen atoms. The s o - c a l l e d  t h e r m a l  n e u t r o n s  
r e s u l t i n g  f r o m  numerous c o l l i s o n s  a r e  d e t e c t e d  and c o u n t e d .  
The number o f  n e u t r o n s  c o u n t e d  i n  a  t i m e  i n t e r v a l  c o r r e l a t e s  
w i t h  t h e  v o l u m e t r i c  w a t e r  c o n t e n t ,  t h e r e b y  p r o v i d i n g  an i n d i -  
r e c t  ( b u t  n o n - d e s t r u c t i v e )  method o f  d e t e r m i n i n g  t h e  s o i l  
m o i s t u r e  as  a  f u n c t i o n  o f  d e p t h .  A n o t h e r  w i d e l y  used method 
i s  t o  e x t r a c t  s o i l  samples a t  v a r i o u s  d e p t h s  and d e t e r m i n e  t h e  
v o l u m e t r i c  w a t e r  c o n t e n t  b y  g r a v i m e t r i c  p r o c e d u r e s .  A l l  t h a t  
i s  r e q u i r e d  i s  t o  measure t h e  b u l k  volume o f  t h e  sample, t h e  
i n i t i a l  w e i g h t ,  and t h e  o v e n - d r i e d  w e i g h t .  The d i f f e r e n c e  be-  
tween t h e  i n i t i a l  w e i g h t  and t h e  o v e n - d r i e d  w e i g h t  i s  c o n v e r t e d  
t o  a  volume o f  w a t e r ,  t h e n  d i v i d e d  b y  t h e  b u l k  volume t o  o b t a i n  
0 .  

The average  i n f i l t r a t i o n  r a t e  o r  t h e  c u m u l a t i v e  i n f i l t r a -  
t i o n  I A ~  i s  o f t e n  d e t e r m i n e d  f r o m  t h e  s u r f a c e - w a t e r  budge t  by  
measur ing ,  o r  o t h e r w i s e  d e t e r m i n i n g ,  a l l  o t h e r  v a r i a b l e s  i n  
Eq. 2-39.  When a  s u r f a c e - w a t e r  budge t  i s  n o t  a v a i l a b l e ,  t h e  
h y d r o l o g i s t  may be o b l i g e d  t o  use one o f  s e v e r a l  i n f i l t r a t i o n  



fo rmu las .  W h i l e  i t  i s  t r u e  t h a t  t h e  p h y s i c s  o f  i n f i l t r a t i o n  
a r e  w e l l  u n d e r s t o o d  and mos t  i n f i l t r a t i o n  f o r m u l a s  a r e  based 
on sound t h e o r y ,  t h e  v a r i a b i l i t y  o f  f a c t o r s  a f f e c t i n g  i n f i l -  
t r a t i o n  make a c c u r a t e  e s t i m a t i o n  o f  i n f i l t r a t i o n  v i a  i n f i l  t r a -  
t i o n  f o r m u l a s  a  d i f f i c u l t  t a s k  f o r  a l l  b u t  s m a l l  homogeneous 
a r e a s .  

E v a p o t r a n s p i r a t i o n  ET r e p r e s e n t s  t h e  combined p r o c e s s e s  
o f  e v a p o r a t i o n  f r o m  t h e  s u r f a c e  o f  t h e  s o i l  and t r a n s p i r a t i o n  
by  t h e  p l a n t s .  N o r m a l l y ,  t h e  s i n g l e  l a r g e s t  o u t f l o w  f r o m  t h e  
s o i l - w a t e r  subsystem o c c u r s  b y  t h e  e v a p o t r a n s p i r a t i o n  p r o c e s s .  
E v a p o t r a n s p i r a t i o n  depends upon w ind ,  t e m p e r a t u r e ,  h u m i d i t y ,  
a l b e d o ,  s o l a r  r a d i a t i o n ,  t y p e  o f  p l a n t ,  p l a n t  c o v e r ,  and t h e  
a v a i l a b i l i t y  o f  s o i l  m o i s t u r e .  Because o f  i t s  m a j o r  i m p o r t a n c e  
i n  a g r i c u l t u r e ,  e v a p o t r a n s p i r a t i o n  has been i n t e n s i v e l y  s t u d i e d ,  
p a r t i c u l a r l y  f o r  i r r i g a t e d  c r o p s .  A r e l a t i v e l y  s m a l l  body o f  
knowledge e x i s t s  t h a t  p e r t a i n s  e x c l u s i v e l y  t o  wa te rsheds  c o v e r -  
e d  w i t h  n a t u r a l  v e g e t a t i o n .  

One method o f  e s t i m a t i n g  ET i s  t o  compute i t  as  t h e  
r e s i d u a l  r e q u i r e d  t o  o b t a i n  a  m a t e r i a l  b a l a n c e  i n  t h e  s o i l -  
w a t e r  subsystem. The g r o u n d - w a t e r  h y d r o l o g i s t  may make an  
i n d e p e n d e n t  e s t i m a t e  o f  ET so t h a t  t h e  s o i l  w a t e r  budge t  can 
be used t o  c a l c u l a t e  t h e  deep p e r c o l a t i o n  W . E s t i m a t i o n  o f  
W by  c a l c u l a t i n g  i t  as  t h e  r e s i d u a l  i n  t h e  s o i l - w a t e r  budge t  
i s  n o t  w i t h o u t  d i f f i c u l t i e s ,  however, because t h i s  method lumps 
a l l  e r r o r s  i n  t h e  o t h e r  components i n t o  W . S i n c e  W i s  
o f t e n  s m a l l  r e l a t i v e  t o  o t h e r  budge t  components, l a r g e  p e r c e n t -  
age e r r o r s  f o r  W may r e s u l t .  

A v a r i e t y  o f  methods e x i s t  f o r  c a l c u l a t i n g  ET f r o m  
c l i m a t i c ,  s o i l  and p l a n t  p a r a m e t e r s .  Most  methods r e q u i r e ,  as  
a  f i r s t  s t e p ,  t h e  c a l c u l a t i o n  o f  poten t ia l  evapotranspiration 
ETp . The p o t e n t i a l  e v a p o t r a n s p i r a t i o n  i s  t h e  w a t e r - u s e  r a t e  
f o r  a  r e f e r e n c e  c r o p  t h a t  f u l l y  shades t h e  g round  and i s  n o t  
l i m i t e d  by  w a t e r  a v a i l a b i l i t y .  B o t h  s h o r t  g r a s s e s  and a l f a l f a  
have been used as  t h e  r e f e r e n c e  c r o p .  The e v a p o r a t i o n  f r o m  a  
s h a l l o w  l a k e  i s  c o n s i d e r e d  by  many t o  c l o s e l y  a p p r o x i m a t e  p o t e n -  
t i a l  e v a p o t r a n s p i r a t i o n .  

The Jensen-Hai  se ( 1  963)  e q u a t i o n  f o r  p o t e n t i a l  e v a p o t r a n s -  
p i r a t i o n  i s  

where E T  i s  p o t e n t i a l  e v a p o t r a n s p i r a t i o n  i n  c e n t i m e t e r s  p e r  

day,  C, i s  a  t e m p e r a t u r e  c o e f f i c i e n t  i n  ( o c ) "  , T  i s  mean 

a i r  t e m p e r a t u r e  f o r  t h e  p e r i o d  o f  i n t e r e s t  i n  O C  , Tx i s  a  



c o n s t a n t  i n  O C  , Rs i s  t h e  s o l a r  r a d i a t i o n  i n  l a n g l e y s  p e r  
day ( c a l o r i e s  p e r  cm2 p e r  d a y )  and L i s  t h e  l a t e n t  h e a t  o f  
v a p o r i z a t i o n  f o r  w a t e r .  A t  20Â°C L 2 585 c a l / g  . Eq. 2-41 

was deve loped  f r o m  d a t a  i n  t h e  Western U n i t e d  S t a t e s  and i s  
a p p l i c a b l e  t o  i n l a n d ,  a r i d  and semi - a r i d  r e g i o n s .  E q u a t i o n s  
a r e  a v a i l a b l e  f r o m  w h i c h  C-r and Tx can be c a l c u l a t e d  based 

on v a p o r  p r e s s u r e  and e l e v a t i o n  (Jensen,  19731. When t h e  r e l -  

a t i v e  h u m i d i t y  i s  l e s s  t h a n  40% , CT = 0.025 ( o c ) - '  and 

T  = -3OC can be used.  The s o l a r  r a d i a t i o n  R  mus t  be meas- 
x  

u r e d ,  a  f a c t  t h a t  sometimes l i m i t s  t h e  u s e f u l n e s s  o f  t h e  Jensen-  
H a i s e  method because R  has n o t  been a  w i d e l y  measured param- 
e t e r ,  h i s t o r i c a l l y .  

Numerous a t t e m p t s  t o  r e l a t e  t h e  e v a p o r a t i o n ,  Epan f r o m  

e v a p o r a t i o n  pans t o  ETp have been made. T h i s  approach  i s  

a t t r a c t i v e  because o f  t h e  ease w i t h  w h i c h  Dan e v a p o r a t i o n  can 
be measured 

i s  a  s i m p l e  

where CD 

The r e l a t i o n s h i p  between E T ~  and pan e v a p o r a t i o n  

p r o p o r t i o n a l  i t y  

ET = C  E ( 2 - 4 2 )  
P  P  Pan 

s  t h e  pan c o e f f i c i e n t .  The pan c o e f f i c i e n t  depends 
upon such f a c t o r s  as  s i z e  o f  pan, i t s  l o c a t i o n  w i t h  r e s p e c t  t o  
b u i l d i n g s  and o t h e r  o b s t r u c t i o n s ,  and t h e  m i c r o - c l i m a t e  o f  t h e  
pan. I t  has been sugges ted  t h a t  g r e a t  c a r e  i s  r e q u i r e d  t o  
o b t a i n  a c c u r a t e  e s t i m a t e s  o f  p o t e n t i a l  e v a p o t r a n s p i r a t i o n  f rom 
pan e v a p o r a t i o n .  Doorenbas and P r u i t t  (1974)  sugges t  t h e  pan 
c o e f f i c i e n t s  p r e s e n t e d  i n  t h e  f o l l o w i n g  t a b l e .  The c o e f f i c -  
i e n t s  i n  T a b l e  2 -3  a p p l y  t o  e v a p o r a t i o n  f r o m  a  U n i t e d  S t a t e s  
Weather Bureau, C l a s s  A  pan. 

The methods f o r  e s t i m a t i n g  ETD p r e s e n t e d  a r e  b u t  two o f  

s e v e r a l  methods t h a t  e x i s t .  The ~ e i s e n - ~ a i s e  and t h e  pan evap-  
o r a t i o n  method were s e l e c t e d  f o r  p r e s e n t a t i o n  h e r e i n  because o f  
t h e i r  s i m p l  i c i t y  and t h e  r e l a t i v e l y  s m a l l  d a t a  r e q u i r e m e n t s .  
The Jensen-Haise method i s  r e g a r d e d  as  one o f  t h e  b e s t  methods 
i n  a r i d  and s e m i - a r i d  r e g i o n s  (Jensen,  1973)  b u t  o t h e r  p r o c e -  
d u r e s  a r e  s u p e r i o r  i n  humid c l i m a t e s .  A l s o  w i d e l y  used i s  t h e  
Penman method (Penman, 1948)  and m o d i f i c a t i o n s  t h e r e o f .  C a l -  
c u l a t i o n  o f  p o t e n t i a l  e v a p o t r a n s p i r a t i o n  f r o m  pan e v a p o r a t i o n  
i s  n o t  r e g a r d e d  as  a  s u p e r i o r  method, b u t  t h e  m i n i m a l  d a t a  
r e q u i r e m e n t s ,  i t s  s i m p l  i c i  t y  and l o n g  h i s t o r y  o f  use among 
h y d r o l o g i s t s ,  seem t o  j u s t i f y  i t s  i n c l u s i o n .  

The a c t u a l  e v a p o t r a n s p i r a t i o n  b y  p l a n t s  i s  l e s s  t h a n  o r  
equa l  t o  t h e  p o t e n t i a l  e v a p o t r a n s p i r a t i o n ,  even when t h e  c r o p  
i s  adequate1 y  wa te red .  The a c t u a l  e v a p o t r a n s p i r a t i o n  i s  



T a b l e  2-3. Suggested Pan C o e f f i c i e n t s  f o r  R e l a t i n g  Pan 
E v a p o r a t i o n  t o  E v a p o t r a n s p i r a t i o n  o f  Wel l -Watered,  Grass 

T u r f  
- 

Upwind C o e f f i c i e n t  C 

f e t c h  o f  R e l a t i v e  humid i  t y - %  
Wind, kmlday g r e e n  crop-m 20-40 40-70 >70 

L i g h t  0  0.55 0.65 0.75 
> I 7 0  kmld  10  0.65 0.75 0 .85  

100 0.70 0.80 0 .85  
1000 0.75 0.85 0.85 

Moderate 0  0 .50  0 .60  0.65 
170-425 km/d 10  0.60 0 .70  0 .75  

100 0 .65  0 .75  0.80 
1000 0 .70  0 .80  0.80 

S t r o n g  0  0.45 0.50 0 .60  
425-700 km/d 1 0  0 .55  0 .60  0 .65  

100 0 .60  0 .65  0 .70  
0 0 0  0.65 0.70 0 .75  

Very  s t r o n g  0  0 .40  0.45 0.50 
>700 kmld  1 0  0 .45  0.55 0 .60  

100 0 .50  0 .60  0 .65  
1000 0.55 0.60 0 .65  

i s  computed f r o m  t h e  p o t e n t i a l  by  

where 
Kc 

i s  a  c o e f f i c i e n t  t h a t  depends upon t h e  t y p e  o f  c r o p  

t h e  degree  t o  w h i c h  t h e  c r o p  c o v e r s  t h e  s o i l  ( i . e . ,  t h e  g r o w t h  
s t a g e )  and t h e  a v a i l a b i l i t y  o f  w a t e r .  When w a t e r  i s  n o t  l i m i t  
i n g ,  K = K  where Kco i s  t h e  c r o p  c o e f f i c i e n t  under  w e l l -  

c  C O  
w a t e r e d  c o n d i t i o n s .  Va lues  f o r  Kco have been d e t e r m i n e d  

e x p e r i m e n t a l l y  f o r  many c r o p s .  T a b l e  2 -4  c o n t a i n s  e s t i m a t e d  
v a l u e s  o f  Kco f o r  s e v e r a l  t y p e s  o f  n a t u r a l  v e g e t a t i o n  common 

- - 
i n  t h e  Western U n i t e d  S t a t e s .  Wymore (1974)  r e g a r d s  t h e  c o e f -  
f i c i e n t s  i n  T a b l e  2-4 as f i r s t  e s t i m a t e s ,  s u b j e c t  t o  r e f i n e m e n  

P l a n t s  use w a t e r  f r o m  ava iZab1e  w a t e r ,  AW , s t o r e d  i n  t h e  
r o o t  zone. Water  e x i s t i n g  i n  t h e  r o o t  zone a t  v o l u m e t r i c  wa te  
c o n t e n t s  g r e a t e r  t h a n  t h e  s p e c i f i c  r e t e n t i o n ,  S  , i s  n o t  usu-  

a l l y  c o n s i d e r e d  a v a i l a b l e  f o r  p l a n t  use because t h i s  w a t e r  
d r a i n s  by  g r a v i t y  f r o m  t h e  r o o t  zone i n  a  m a t t e r  o f  a  few days 
o r  l e s s ,  p r o v i d e d  t h e  w a t e r  t a b l e  i s  s u f f i c i e n t l y  f a r  be low t h  
r o o t  zone. On t h e  o t h e r  hand, p l a n t s  c a n n o t  use w a t e r  t h a t  



T a b l e  2-4. E s t i m a t e d  P lan t -Wate r -Use  C o e f f i c i e n t s  Kco 
f o r  N a t i v e  V e g e t a t i o n  (From Wymore, 1974)  

^o 
V e g e t a t i o n  Nov.-March A p r i l  May June J u l y  

Sagebrush-g rass  0.50 0.60 0 .80  0 .80  0.80 
P i  nyon-Jun i  p e r  0.65 0.70 0.80 0 .80  0.80 
Mixed  M o u n t a i n  s h r u b  0.60 0.67 0.81 0.85 0.82 
C o n i f e r o u s  f o r e s t  0 .70 0.71 0 .80  0 .80  0.80 
Aspen f o r e s t  0 .60  0.67 0.85 0 .90  0.86 
Rock land  & M i s c .  0.50 0.60 0 .65  0.65 0 .65  
P h r e a t o p h y t e s  1 .00  1 .00  1 . 0 0  1 .00  1 .00  

Aug. Sep t .  O c t .  

Sagebrush-g rass  0 .71  0 .53  0.50 
P i n y o n - J u n i  p e r  0 .80  0 .69  0 .65  
Mi xed M o u n t a i n  s h r u b  0.74 0 .65  0 .60  
C o n i f e r o u s  f o r e s t  0.79 0.75 0.71 
Aspen f o r e s t  0.75 0.65 0.60 
Rock land  & M i s c .  0 .60  0.50 0.50 
P h r e a t o p h y t e s  1 . 0 0  1 .00  1 .00  

e x i s t s  a t  a p p a r e n t  s u c t i o n s  g r e a t e r  t h a n  a b o u t  15 atmospheres.  
The v o l u m e t r i c - w a t e r  c o n t e n t  be low w h i c h  p l a n t s  c a n n o t  use  
w a t e r  i s  t h e  permanent u'z-Zting w a t e r  c o n t e n t ,  9 . The maximum 

WP 
a v a i l a b l e  w a t e r ,  A M  , i s  t h e r e f o r e  g i v e n  by  

where D i s  t h e  r o o t i n g  d e p t h  o f  t h e  p l a n t .  No te  t h a t  ANm 

i s  a volume p e r  u n i t  a r e a .  The a v a i l a b l e  w a t e r  AM can v a r y  
between AMm and z e r o ,  t h e  l a t t e r  c o n d i t i o n  o c c u r r i n g  when 

t h e  v o l u m e t r i c  w a t e r  c o n t e n t  i s  8 everywhere  i n  t h e  r o o t  
w P 

zone 

Water w h i c h  e n t e r s  t h e  r o o t  zone i s  assumed t o  add t o  t h e  
e x i s t i n g  a v a i l a b l e  w a t e r  u n t i l  ANm i s  reached .  Any w a t e r  i n  

a d d i t i o n  t o  t h a t  r e q u i r e d  t o  b r i n g  t h e  a v a i l a b l e  w a t e r  t o  i t s  
maximum v a l u e  and n o t  used as  ET i s  assumed t o  l e a v e  t h e  r o o t  
zone as  deep p e r c o l a t i o n  W i n  a m a t t e r  o f  a  few days.  P l a n t s  
a r e  b e l i e v e d  t o  t r a n s p i r e  a t  a  r a t e  w h i c h  decreases  as  AW 
decreases .  Jensen e t  a1. ( 1  970)  s u g g e s t s  t h a t  



can be used t o  c a l c u l a t e  t h e  water  use c o e f f i c i e n t  under c i r -  
cumstances of l e s s  than a f u l l y  adequate water supply in  t h e  
r o o t  zone. 

EXAMPLE 2-8 

Estimate t h e  evapo t ransp i ra t ion  f o r  June from a small 
watershed using t h e  fo l lowing d a t a .  

Mean s o l a r  r a d i a t i o n  f o r  June = 611 ly /d  
Mean maximum a i r  temperature  = 27OC 
Mean minimum a i r  temperature  = 9OC 
Mean a i r  temperature = 18OC 
Percent  of watershed in  sagebrush-grass  = 65 
Percent of watershed in  aspen f o r e s t  = 20 
Percent  of  watershed i n  phreatophytes  = 15 

S o l u t i o n :  
From Eq. 2-41 , 

Sagebrush-grass,  ET = (0 .80)  (0 .55)  = 0.44 cm/d 
Aspen f o r e s t ,  ET = (0 .90)  (0 .55)  = 0.50 cm/d 
Phreatophyte ,  ET = ( 1 . 0 0 ) ( 0 . 5 5 )  = 0.55 cm/d 
Watershed ET = ( 0 . 6 5 ) ( 0 . 4 4 )  t ( 0 . 2 0 ) ( 0 . 5 0 )  t 

( 0 . 1 5 ) ( 0 . 5 5 )  = 0.47 cmlday 
Total  evapo t ransp i ra t ion  f o r  June = ( 0 . 4 7 ) ( 3 0 )  

= 14.2 cm . 

The Ground-Water Budget 

Previous s e c t i o n s  of t h i s  chap te r  have d e a l t  with methods 
by which deep pe rco la t ion  W and t h e  phreatophyte t r a n s p i r -  
a t i o n  components of t h e  ground-water budget can be e s t ima ted .  
Usually a cons ide ra t ion  of ma te r i a l  balance in  t h e  s u r f a c e  
and s o i l - w a t e r  subsystems i s  r equ i red .  Also presented i n  t h i s  
chap te r  a r e  procedures whereby observed changes of water l eve l  
in  we l l s  and piezometers can be v a r i o u s l y  i n t e r p r e t e d  in  terms 
of  ground-water s t o r a g e  changes o r  a s  t h e  r e s u l t  of ex te rna l  
f a c t o r s  such a s  barometric p res su re  f l u c t u a t i o n s .  Components 
of  t h e  ground-water budget remaining t o  be d iscussed include 
pumping, a r t i f i c i a l  d ra inage ,  a r t i f i c i a l  r echa rge ,  and d i s -  
charge t o  o r  recharge  from streams and o t h e r  surface-water  
bodies.  Leakage t o  and from a q u i f e r s  through ad jacen t  aqu i -  
t a r d s  must a l s o  be considered.  Ground-water hydrau l i c s  pro- 
v ides  t h e  b a s i s  f o r  an understanding of t h e s e  components a s  
well a s  methods by which they can be e s t ima ted .  The remainder 
of t h i s  book i s  devoted t o  a s p e c t s  of ground-water hydrau l i c s .  



EXAMPLE 2-9 

A  s m a l l  Car ibbean  i s l a n d  w i t h  a  s u r f a c e  a r e a  o f  5400 kmL, 
r e c e i v e s  a  l o n g  t e r m  mean p r e c i p i t a t i o n  o f  135 cm a n n u a l l y .  
The i s l a n d  i s  e s s e n t i a l l y  f l a t  and i s  composed o f  a  h i g h l y  
permeable l i m e s t o n e .  The r e g o l i t h  has a  h i g h  i n f i l t r a t i o n  
c a p a c i t y  t h a t  p r e v e n t s  a p p r e c i a b l e  r u n o f f .  The u n d e r l y i n g  
w a t e r - t a b l e  a q u i f e r  d i s c h a r g e s  f r e s h  w a t e r  t o  t h e  sea on t h e  
p e r i m e t e r  o f  t h e  i s l a n d .  The i s l a n d  i s  undeve loped  and no 
s i g n i f i c a n t  q u a n t i t i e s  o f  w a t e r  a r e  used by  man f o r  any purpose .  
The i s l a n d  i s  c o v e r e d  w i t h  a m i x t u r e  o f  marsh l a n d ,  p h r e a t o -  
p h y t e s ,  g r a s s ,  and s h r u b s .  The marsh l a n d  and p h r e a t o p h y t e s  
c o m p r i s e  a p p r o x i m a t e l y  35 p e r c e n t  o f  t h e  l a n d  c o v e r ,  t h e  r e m a i n -  
d e r  b e i n g  g r a s s  and shrubs .  The w a t e r - u s e  c o e f f i c i e n t  f o r  t h e  
g r a s s  and s h r u b s  i s  e s t i m a t e d  t o  be 0.60 on an annua l  b a s i s .  
The e v a p o r a t i o n  f r o m  a  USWB, C l a s s  A pan, l o c a t e d  downwind o f  
an a p p r o x i m a t e l y  1 0  m  f e t c h  o f  g r e e n  v e g e t a t i o n ,  i s  190.5 cm. 
The w i n d  i s  modera te ,  and t h e  r e l a t i v e  h u m i d i t y  averages  a b o u t  
78 p e r c e n t .  E s t i m a t e  t h e  average  annua l  g round-wate r  d i s c h a r g e  
t o  t h e  sea. 

S o l u t i o n :  
Because t h e  i n f i l t r a t i o n  c a p a c i t y  o f  t h e  l i m e s t o n e  i s  

h i g h ,  i t  i s  assumed t h a t  p r e c i p i t a t i o n  i s  removed f r o m  t h e  
g round  s u r f a c e  i m m e d i a t e l y ,  t h u s  p r o v i d i n g  no o p p o r t u n i t y  f o r  
d e p r e s s i o n  s t o r a g e  and subsequent  e v a p o r a t i o n .  E v a p o r a t i o n  
f r o m  f r e e - w a t e r  s u r f a c e s  i s  assumed t o  o c c u r  a t  t h e  p o t e n t i a l  
r a t e  and i s  i n c l u d e d  as  a  c o n t r i b u t i o n  i n  t h e  p h r e a t o p h y t e  
e v a p o t r a n s p i r a t i o n .  Under t h e  above c i r c u m s t a n c e s ,  t h e  s u r f a c e -  
w a t e r  budge t  y i e l d s  p r e c i p i t a t i o n  equa l  t o  i n f i l t r a t i o n .  

The s o l u t i o n  sough t  i s  f o r  t h e  l o n g  te rm,  average  annua l  
c o n d i t i o n .  I t  i s ,  t h e r e f o r e ,  r e a s o n a b l e  t o  assume t h a t  t h e  
n e t  change i n  s o i l - w a t e r  s t o r a g e  o v e r  t h e  average  y e a r  i s  z e r o .  
The s o i l - w a t e r  budge t  becomes 

w h e r e i n  a11 q u a n t i t i e s  a r e  average  annua l  v a l u e s .  From t h e  
s u r f a c e - w a t e r  budge t ,  1=135 c m l y r  . The s o i l  w a t e r  l o s t  by  
e v a p o t r a n s p i r a t i o n  r e s u l t s  f r o m  t h e  g r a s s  and shrubs .  The 
p o t e n t i a l  e v a p o t r a n s p i r a t i o n  i s  ( 0 . 7 5 )  (190 .5 )=142 .9  cm . The 
pan c o e f f i c i e n t  o f  0.75 i s  o b t a i n e d  f r o m  T a b l e  2-3.  A c t u a l  
e v a p o t r a n s p i r a t i o n  i s  e s t i m a t e d  t o  be ( 0 . 6 0 ) ( 1 4 2 . 9 ) ( 0 . 6 5 )  = 
55.7 cm , w h e r e i n  0.65 r e p r e s e n t s  t h e  f r a c t i o n  o f  t h e  l a n d  
c o v e r e d  b y  t h e  g r a s s  and s h r u b s  and 0.60 i s  t h e  w a t e r - u s e  
c o e f f i c i e n t .  The s o i  1  - w a t e r  budge t  y i e l d s  

Aga in  because average  annua l  c o n d i t i o n s  a r e  u n d e r  c o n s i d e r -  
a t i o n ,  i t  i s  p e r m i s s i b l e  t o  assume no annua l  change i n  g round  



water s to rage .  Thus, 

wherein ET i s  t h e  evapo t ransp i ra t ion  by phreatophytes  and 
from t h e  marsh land and q i s  t h e  d i scha rge  of ground water 
t o  t h e  sea .  ET=(1.00)(142.9)(0.35)=50.0 cm , i n  which 0 .35 
i s  t h e  f r a c t i o n  of t h e  land a rea  covered by phreatophytes  and 
marsh land.  From t h e  ground-water budget 

The t o t a l  d i scha rge  t o  t h e  sea i s  t h e  d i scha rge  per u n i t  
a rea  m u l t i p l i e d  by t h e  a r e a :  

In one sense ,  t h e  above annual d i scha rge  t o  t h e  sea i s  wasted 
water .  However, t h e  very e x i s t e n c e  of t h e  f r e sh -wa te r  a q u i f e r  
beneath t h e  i s l a n d  depends upon a maintenance of some flow t o  
t h e  ocean,  a f a c t  t h a t  w i l l  become c l e a r  when t h e  hydrau l i c s  
of f r e s h  water f l o a t i n g  on more dense s a l t  water a r e  s tud ied  
i n  Chapter IV. 
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PROBLEMSAND STUDY QUESTIONS 

The c r o s s - s e c t i o n a l  a r e a  and l e n g t h  o f  a  c y l i n d r i c a l  sam- 
2  p i e  o f  sands tone  a r e  7 . 8 9  cm and 6 . 1 0  cm, r e s p e c t i v e l y .  

The sample i s  d r i e d  i n  a  vacuum oven s e v e r a l  h o u r s  a t  
4 105OC and t h e n  weighed.  The w e i g h t  i s  9 . 2 4 ~ 1 0  dynes.  

The sample i s  t h e n  vacuum s a t u r a t e d  by  f i r s t  p l a c i n g  i t  
i n  a  d r y  vacuum t a n k  and s u b j e c t i n g  i t  t o  a  vacuum f o r  
a b o u t  30 m i n u t e s .  W i t h  t h e  vacuum pump r e m a i n i n g  i n  o p e r -  

3 a t i o n ,  o i l  w i t h  a  d e n s i t y  o f  0.755 g/cm i s  a l l o w e d  t o  e n t e r  
t h e  t a n k  u n t i l  t h e  sample i s  c o m p l e t e l y  submerged. The 
t a n k  i s  t h e n  r e t u r n e d  t o  a t m o s p h e r i c  p r e s s u r e .  The sample 
i s  removed, t h e  excess o i l  c a r e f u l l y  w i p e d  away, and t h e  

5  sample w e i g h t  measured and f o u n d  t o  be 1 . 0 1 ~ 1 0  dynes. 
C a l c u l a t e  t h e  p o r o s i t y  and d i s c u s s  p o s s i b l e  sources  o f  
e r r o r .  Answer: A = 0 .24 .  

D e r i v e  a  f o r m u l a  f r o m  w h i c h  t h e  p o r o s i t y  o f  a  m a t e r i a l  
can be c a l c u l a t e d  f r o m  t h e  d r y  b u l k  d e n s i t y  pb and t n e  p a r -  

t i c l e  d e n s i t y  p .  C a l c u l a t e  t h e  p o r o s i t y  o f  a  m a t e r i a l  
3  3  f o r  w h i c h  p b  = 1.42 g/cm and p s  = 2 . 6 8  g/cm . Answer: 

4) = 1  - p b I p  , if) = 0 .47 .  

U s i n g  t h e  c a p i l l a r y  p r e s s u r e - w a t e r  c o n t e n t  d a t a  o f  Example 
2-3, p l o t  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  o f  w a t e r  c o n t e n t  
above a  w a t e r  t a b l e  l o c a t e d  70 cm be low t h e  s o i l  s u r f a c e .  
Suppose t h e  w a t e r  t a b l e  s h o u l d  f a l l  t o  8 0  cm be low t h e  
s u r f a c e  and rema in  s t a t i o n a r y  u n t i l  e q u i l i b r i u m  c o n d i t i o n s  
a g a i n  p r e v a i l .  C a l c u l a t e  t h e  volume o f  w a t e r  removed 
p e r  u n i t  a r e a  b y  g r a p h i c a l l y  i n t e g r a t i n g  t h e  a r e a  between 
t h e  two e q u i l i b r i u m  d i s t r i b u t i o n s  o f  w a t e r  c o n t e n t .  Ca l -  
c u l a t e  t h e  average  a p p a r e n t  s p e c i f i c  y i e l d  and compare 

'3 0 

w i t h  t h e  s p e c i f i c  y i e l d .  Answer: 1 . 2 8  cmJ/cm' , average  
= 0.128 , S = 0.19. 

Y  

E x p l a i n ,  u s i n g  t h e  r e s u l t s  o f  p r o b l e m  3  as a  b a s i s ,  why 
t h e  a p p a r e n t  s p e c i f i c  y i e l d  approaches z e r o  when t h e  w a t e r  
t a b l e  i s  n e a r  t h e  s u r f a c e ,  r e g a r d l e s s  o f  t h e  a q u i f e r  
m a t e r i  a1 . 
Show e x p l i c i t l y  t h a t  t h e  volume o f  w a t e r  removed 

i s  ( @  - S r ) ( z n  - zl ) and, t h e r e  a r e a  i n  F i g .  2-9 

= 'y. 

C o n s i d e r  a  s t r a t  
o v e r l y i n g  a  f i n e  
t h e  g round  w a t e r  

p e r  u n i t  
f o r e ,  

i f i e d  a q u i f e r  w i t h  a  t h i c k  g r a v e l  l a y e r  
t e x t u r e d  sand. P r i o r  t o  development  o f  
, t h e  w a t e r  t a b l e  was l o c a t e d  a  s h o r t  



d i s t a n c e  above t h e  g r a v e l - s a n d  i n t e r f a c e .  Use o f  t h e  
w a t e r  s u p p l y  caused t h e  w a t e r  t a b l e  t o  f a l l  t o  a  l e v e l  a  
few c e n t i m e t e r s  b e l o w  t h e  g r a v e l - s a n d  i n t e r f a c e .  I t  was 
observed  t h a t  t h e  a p p a r e n t  s p e c i f i c  y i e l d  was s i g n i f i c a n t l y  
s m a l l e r  w i t h  t h e  w a t e r  t a b l e  i n  t h e  l a t t e r  p o s i t i o n  t h a n  
f o r  t h e  i n i t i a l  l e v e l .  F u r t h e r  development  caused t h e  
w a t e r  t a b l e  t o  f a l l  s e v e r a l  m e t e r s  be low t h e  g r a v e l - s a n d  
i n t e r f a c e ,  a t  w h i c h  t i m e  i t  was o b s e r v e d  t h a t  Sva was 

l a r g e r  t h a n  a t  any p r e v i o u s  w a t e r  t a b l e  l e v e l .  P r o v i d e  
a  p o s s i b l e  e x p l a n a t i o n  f o r  t h e s e  o b s e r v a t i o n s .  

D i s c u s s  t h e  r o l e  o f  i n t e r f a c i a l  t e n s i o n  a t  w a t e r - a i r  i n t e r -  
f a c e s  i n  t h e  r e t e n t i o n  o f  w a t e r  above t h e  w a t e r  t a b l e .  

E x p l a i n  why t h e  h e i g h t  o f  t h e  c a p i l l a r y  f r i n g e  i s  g r e a t e r  
i n  f i n e  t e x t u r e d  t h a n  i n  c o a r s e  g r a i n e d  m a t e r i a l s .  

E x p l a i n  why t h e  c o e f f i c i e n t  o f  s p e c i f i c  s t o r a g e  i s  u s u a l l y  
much s m a l l e r  t h a n  t h e  a p p a r e n t  s p e c i f i c  y i e l d .  

The b u l k  v e r t i c a l  c o m p r e s s i b i l i t y  i s  d e f i n e d  b y  

Show t h a t  ub = ( f i u  under  t h e  assumpt ion  t h a t  t h e  s o l i d  

g r a i n s  i n  t h e  a q u i f e r  a r e  i n c o m p r e s s i b l e .  

Water  was t r e a t e d  a s  a  c o m p r e s s i b l e  f l u i d  f o r  t h e  d e r i v a -  
t i o n  o f  Eq. 2-19.  On t h e  o t h e r  hand, t h e  r e l a t i o n  
dp = p g d h  , w h i c h  i m p l i e s  t h e  w a t e r  i s  i n c o m p r e s s i b l e ,  

was a1 so used.  D e r i v e  a  more e x a c t  r e l a t i o n  between dp 
and dhp i n  t e r m s  o f  w a t e r  compress i  b i l  i t y  p and p .  R a t i o n -  
a1 i z e  t h e  t r e a t m e n t  o f  w a t e r  as i n c o m p r e s s i b l e  f l u i d  when 
a  change i n  p r e s s u r e  i s  c o n v e r t e d  t o  a  change i n  p r e s s u r e  
head. Answer: pgdh 

dp = 
1  -Bpgh,, 

C a l c u l a t e  t h e  b a r o m e t r i c  e f f i c i e n c y  o f  an a q u i f e r  f o r  w h i c h  

(fi = 0 .3  and  S  = 2 x 1 0 -  p e r  m e t e r .  Assume t h a t  t h e  a q u i f e r  

i s  c o n f i n e d  by  s o f t ,  p l i a b l e  s t r a t a  t h a t  a r e  i n c a p a b l e  o f  
s u p p o r t i n g  an a p p l i e d  l o a d  b y  a  b r i d g i n g  o r  a r c h i n g  a c t i o n .  
Repeat t h e  c o m p u t a t i o n  f o r  t h e  same a q u i f e r  m a t e r i a l  con-  
f i n e d  by  f a i r l y  r i g i d  s t r a t a  t h a t  t r a n s m i t  o n l y  30 p e r c e n t  

o f  t h e  a d d i t i o n a l  l o a d  dppO. Answer: BE=0.07, BE=0.72. 



13.  Compute t h e  a n t i c i p a t e d  change o f  w a t e r  l e v e l  i n  w e l l s  
p e n e t r a t i n g  t h e  two a q u i f e r s  o f  p r o b l e m  12 if t h e  b a r o -  
m e t r i c  p r e s s u r e  i n c r e a s e s  b y  1 8 . 4  mm o f  mercury .  
Answer: dh = - 1 . 8  cm, -18  cm. 

P 
14.  D e r i v e  Eq. 2-26 f r o m  Eqs. 2-24 and 2-25.  

15 .  D i s c u s s ,  qua1 i t a t i v e l y ,  t h e  e f f e c t s  o f  a p p a r e n t  s p e c i f i c  
y i e l d  and h y d r a u l i c  c o n d u c t i v i t y  upon t h e  observed  magni -  
t u d e  o f  d i u r n a l  f l u c t u a t i o n s  o f  t h e  w a t e r  t a b l e  i n  response  
t o  t r a n s p i r a t i o n  by  p h r e a t o p h y t e s .  

16 .  Show e x p l i c i t l y  t h a t  t h e  a b s o l u t e  p r e s s u r e  o f  t h e  a i r  i n  a  
b u b b l e  e n t r a p p e d  a t  d e p t h  h-z be low t h e  w a t e r  t a b l e  i s  
Pa + p g ( h - z )  + PC . 

17.  E x p l a i n  why a  r e s t r i c t i o n  i n  t h e  d e p t h  t o  t h e  w a t e r  t a b l e  
i s  r e q u i r e d  i f  t h e  c a p i l l a r y  p r e s s u r e  c o n t r i b u t i o n  p  t o  

t h e  p r e s s u r e  o f  t h e  e n t r a p p e d  a i r  i s  t o  be n e g l e c t e d .  

18.  C a r r y  o u t  t h e  m a t h e m a t i c a l  s t e p s  r e q u i r e d  t o  o b t a i n  Eq. 2- 
35 f r o m  Eq. 2-34. 

19. An u n d i s t u r b e d  sample o f  a q u i f e r  i s  t a k e n  i m m e d i a t e l y  
be low t h e  w a t e r  t a b l e  and i t  i s  d e t e r m i n e d  t h a t  t h e  e n t r a p -  

3  3  ped gas volume i s  0.05 cm /cm . The b a r o m e t r i c  p r e s s u r e  
head a t  t h e  t i m e  o f  t h e  s a m p l i n g  i s  920 cm o f  w a t e r .  The 
t o t a l  d e p t h  o f  g e o l o g i c  m a t e r i a l  between t h e  impermeable 
f l o o r  o f  t h e  a q u i f e r  and t h e  s o i l  s u r f a c e  i s  31 m. The 
w a t e r  t a b l e  i s  l o c a t e d  1 .85  m  be low t h e  s o i l  s u r f a c e ,  and 
t h e  a p p a r e n t  s p e c i f i c  y i e l d  i s  0 .28.  C a l c u l a t e  t h e  appar -  
e n t  b a r o m e t r i c  e f f i c i e n c y .  Answer: 0.15. 

20. E x p l a i n  i n  d e t a i l  why r e s t r i c t e d  f l o w  o f  a i r  between t h e  
atmosphere and a  w a t e r - t a b l e  a q u i f e r  can cause t h e  w a t e r  
l e v e l  i n  a  p i e z o m e t e r  t o  r e s p o n d  t o  changes i n  b a r o m e t r i c  
p r e s s u r e .  

21. The f o l l o w i n g  d a t a  were o b t a i n e d  f o r  a  w a t e r s h e d  i n  t h e  
e a s t e r n  U n i t e d  S t a t e s .  Compute t h e  mean m o n t h l y  ground-  
w a t e r  d i s c h a r g e s  t o  t h e  s t reams f o r  each month, and p r e p a r e  
a  mean s tage-g round-wate r  d i s c h a r g e  c u r v e .  

W a t e r - t a b l e  s t a g e s  measured f r o m  mean-sea- leve l .  
sya = 0.11 

Mean s t a g e s  r e p r e s e n t  average  o f  25 o b s e r v a t i o n  w e l l s  " 
Watershed a r e a  = 50.6 kmL 



Date  Mean Water  T a b l e  W Ground-Water 
s t a g e  - rn crn/rno. E T 

B e g i n n i n g  End cm/rno. 

1950 A p r i  1 
May 
June 
J u l y  
Aug . 
Sept  . 
O c t .  
Nov. 
Dec . 

1951 Jan .  
Feb. 
March 
A p r i  1 
May 
June 
J u l y  
Aug . 
Sept .  
O c t .  
Nov. 
Dec. 

1952 Jan.  
Feb. 
March 



Chapter Ill 
DARCY'S LAW AND BASIC DIFFERENTIAL EQUATIONS 

3.1 DARCY'S EMPIRICAL EQUATION 

The c o n c e p t s  o f  p r e s s u r e ,  d e n s i t y ,  and p i e z o m e t r i c  head 
a r e  f a m i l i a r  t o  s t u d e n t s  o f  f l u i d  mechanics and h y d r a u l i c s .  
I n  hydrodynamics ,  t h e s e  c o n c e p t s  a p p l y  t o  f l u i d  e l  ements w h i c h  
a r e  l a r g e  r e l a t i v e  t o  m o l e c u l a r  d i m e n s i o n s  b u t  s u f f i c i e n t l y  
s m a l l  t o  be c o n s i d e r e d  " p o i n t s "  r e l a t i v e  t o  t h e  d imens ions  o f  
t h e  f l o w  p r o b l e m  under  c o n s i d e r a t i o n .  The N a v i e r - S t o k e s  equa- 
t i o n s  a r e  t h e  d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  m o t i o n  o f  
f l u i d  e lements .  

F low t h r o u g h  t h e  v o i d  spaces i n  a q u i f e r s  i s  a l s o  d e s c r i b e d  
b y  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  R i g o r o u s  i n t e g r a t i o n  o f  t h e s e  
e q u a t i o n s  i s  v i r t u a l l y  i m p o s s i b l e ,  however, o w i n g  t o  t h e  t remen- 
dous c o m p l e x i t y  o f  t h e  geomet ry  o f  t h e  f l o w  c h a n n e l s .  F u r t h e r -  
more, t h e  b e h a v i o r  o f  f l u i d  e lements  i n  t h e  v o i d s  o f  a  porous  
s o l  i d  c a n n o t  be measured b y  any  p r a c t i c a l  means. These d i f f i -  
c u l t i e s  a r e  c i r c u m v e n t e d  b y  c o n s i d e r i n g  average  v a l u e s  o f  
h y d r a u l i c  v a r i a b l e s  and media p r o p e r t i e s ,  a p p l i c a b l e  t o  r e p r e -  
s e n t a t i v e  volume e l e m e n t s  as d e f i n e d  i n  C h a p t e r  11. 

A  m a t h e m a t i c a l  p o i n t ,  p, i s  a s s o c i a t e d  w i t h  each r e p r e s e n t -  
a t i v e  volume e l e m e n t .  Average v a l u e s  o f  medium p r o p e r t i e s  and 
h y d r a u l  i c  v a r i a b l e s ,  d e t e r m i n e d  i n  t h e  volume e lement ,  a r e  
r e g a r d e d  as v a l u e s  e x i s t i n g  a t  p o i n t  p .  Inasmuch as t h e  l o c a -  
t i o n  o f  p  (and o f  t h e  r e p r e s e n t a t i v e  volume e l e m e n t )  i s  a  con-  
t i n u o u s  f u n c t i o n  o f  t h e  space c o o r d i n a t e s ,  t h e  average  v a l u e s  
o f  a l l  pa ramete rs  and v a r i a b l e s  a r e  a l s o  c o n t i n u o u s  f u n c t i o n s  
o f  t h e  space c o o r d i n a t e s .  Thus, t h e  a c t u a l  geomet ry  and hydro -  
dynamics,  t h a t  a r e  so d i f f i c u l t  t o  c h a r a c t e r i z e  on t h e  " m i c r o "  
s c a l e ,  a r e  r e p l a c e d  b y  a  c o n c e p t u a l  c o n t i n u u m  o f  averages  t h a t  
can be measured and observed  on a  "macro" s c a l e .  

P r e s s u r e  and d e n s i t y ,  as  a p p l i e d  t o  f l u i d s  i n  a r e p r e s e n t -  
a t i v e  volume e lement ,  m a i n t a i n  t h e i r  t r a d i t i o n a l  meanings.  The 
c o n c e p t  o f  g round-wate r  v e l o c i t y ,  however, i s  s u b s t a n t i a l l y  
d i f f e r e n t  f r o m  t h e  normal  meaning o f  v e l o c i t y ;  t h a t  b e i n g  t h e  
t i m e  r a t e  o f  d i s p l a c e m e n t  o f  a  f l u i d  e l e m e n t .  Ground-water  
v e l o c i t y ,  o r  Darcy  v e l o c i t y ,  i s  a  volume f l u x  d e f i n e d  as t h e  
volume o f  d i s c h a r g e  p e r  u n i t  o f  b u l k  a r e a  ( i n c l u d i n g  b o t h  p o r e  
space and s o l i d s )  p e r  u n i t  o f  t i m e .  The Darcy  v e l o c i t y  i s  a  
macroscop ic  f 1  ux ,  d e f i n e d  on a  r e p r e s e n t a t i v e  e lement  o f  b u l  k 
a r e a  and, i n  no case,  i s  i t  equa l  t o  t h e  d i s p l a c e m e n t  p e r  u n i t  
t i m e  o f  f l u i d  e lements .  The Darcy  v e l o c i t y  can be v i s u a l i z e d  
b y  r e f e r e n c e  t o  F i g .  3-1 i n  w h i c h  w a t e r  i s  shown f l o w i n g  t h r o u g h  
a  c y l i n d r i c a l  p i p e  packed w i t h  sand. The volume o f  w a t e r  c o l -  
l e c t e d  p e r  u n i t  t i m e  i s  t h e  d i s c h a r g e  r a t e ,  Q, and t h e  Darcy  



I n f l o w  

Cross-sectional 
Area, A 

L-J 
F i g u r e  3-1.  F low i n  a  p i p e  packed w  i t h  sand. 

v e l  o c i  t y  i s  

A n o t h e r  v e l o c i t y ,  c a l l e d  t h e  seepage v e l o c i t y ,  v ,  i s  
d e f i n e d  as t h e  d i s c h a r g e  r a t e  p e r  u n i t  o f  p o r e  a r e a  i n  t h e  
r e p r e s e n t a t i v e  e lement  o f  b u l k  a r e a .  

The seepage v e l o c i t y  i s  t h e  average  v e l o c i t y  o f  f l u i d  e lements  
t h r o u g h  t h e  v o i d s .  F o r  example, suppose t h a t  t h e  w a t e r  b e i n g  
i n t r o d u c e d  i n t o  t h e  sand co lumn of F i g .  3-1 i s  a b r u p t l y  changed 
t o  a  w a t e r  c o n t a i n i n g  a  c o n c e n t r a t i o n  C  of r a d i o a c t i v e  e lements  

t h a t  move, u n r e t a r d e d  and unchanged, w i t h  t h e  i n d i v i d u a l  w a t e r  
e l e m e n t s .  T h i s  i s  known as  a  conservative t racer .  F l u i d  
e lements  w i t h  t h e  g r e a t e r  v e l o c i t i e s  t r a n s p o r t  t h e  t r a c e r  
f a r t h e r  i n t o  t h e  column d u r i n g  any t i m e  p e r i o d  t h a n  do t h e  
s l o w e r  f l u i d  e lements  so t h a t  a  d i s t r i b u t i o n  o f  t r a c e r  concen-  
t r a t i o n  C a l o n g  t h e  co lumn r e s u l t s .  The p l a n e  (norma l  t o  t h e  
a x i s  o f  t h e  co lumn)  on w h i c h  C / C  = 0.5 moves t h r o u g h  t h e  c o l -  

umn w i t h  a  speed equa l  t o  v  (Bear ,  1 9 7 2 ) ,  



Forces on Fluids In Porous Solids 

Ground w a t e r  i n  a  r e p r e s e n t a t i v e  volume e lement  i s  s u b j e c t -  
ed t o  a  s u r f a c e  f o r c e  due t o  p r e s s u r e  and a  body f o r c e  due t o  
g r a v i t y .  These two f o r c e s  a r e  c a l l e d  driving f o r c e s  because 
t h e y  a r e  r e s p o n s i b l e  f o r  t h e  m o t i o n  o f  g round  w a t e r .  Ground 
w a t e r  a l s o  e x p e r i e n c e s  f o r c e s  t h a t  r e s i s t  t h e  m o t i o n  o f  t h e  
f l u i d .  R e s i s t a n c e  f o r c e s ,  F, a c t  o n l y  when t h e  w a t e r  i s  i n  
m o t i o n .  

A  b a l a n c e  o f  f o r c e  components i n  t h e  d i r e c t i o n  i on t h e  
w a t e r  f l o w i n g  a t  a  c o n s t a n t  r a t e  t h r o u g h  t h e  volume e lement  
shown i n  F i g . - 3 - 2  l e a d s  t o  ( C o l l i n s ,  1961)  

w h i c h  simp1 i f i e s  t o  

upon r e c o g n i z i n g  t h a t  s i n  6 = d z I d 1  . The f i r s t  t e r m  on t h e  
r i g h t  i s  t h e  component, i n  t h e  ^ . - d i r e c t i o n ,  o f  t h e  d r i v i n g  
f o r c e  p e r  u n i t  volume o f  f l u i d  due t o  p r e s s u r e  d i f f e r e n c e  and 
t h e  second i s  t h e  1 - d i r e c t i o n  component o f  t h e  f o r c e  p e r  u n i t  
volume o f  f l u i d  due t o  g r a v i t y .  

F i g u r e  3-2. Forces  on w a t e r  f l o w i n g  i n  a  volume e lement  o f  a 
po rous  s o l  i d .  (Adap ted  f r o m  H u b b e r t ,  1940)  

The l e f t  s i d e  o f  Eq .  3 -4  i s  t h e  r e s i s t a n c e  f o r c e  p e r  u n i t  
volume o f  w a t e r .  I n  t h e  s i m p l e s t  case, F i s  domina ted  b y  t h e  
s u r f a c e  f o r c e  due t o  shear  r e s u l t i n g  f r o m  t h e  d r a g  o f  t h e  s o l i d  
p a r t i c l e s  on t h e  v i s c o u s  f l u i d  (Rumer, 1969) .  The f o r c e  F i s  
d i r e c t l y  p r o p o r t i o n a l  t o  t h e  Darcy  v e l o c i t y  when t h e  r e s i s t a n c e  
i s  domina ted  b y  v i s c o u s  shear .  L a r g e  q r e s u l t s  i n  r e s i s t a n c e  
f o r c e s  t h a t  a r e  i n  a d d i t i o n  t o  t h e  shear  f o r c e s .  The a d d i t i o n a l  



r e s i s t a n c e  r e s u l t s  f r o m  convect ive  acce lera t ion  o f  f l u i d  e l e -  
ments.  C o n v e c t i v e  a c c e l e r a t i o n  i s  caused b y  t h e  change o f  
magn i tude  a n d / o r  d i r e c t i o n  o f  t h e  v e l o c i t y  o f  f l u i d  e lements  
as t h e y  pass t h r o u g h  t h e  v o i d  space o f  t h e  porous  s o l i d .  On 
a  m a c r o s c o p i c  b a s i s ,  c o n v e c t i v e  a c c e l e r a t i o n  i s  z e r o  f o r  u n i -  
f o r m  r e c t i l i n e a r  f l o w ,  b u t  on a  m i c r o s c o p i c  b a s i s ,  c o n v e c t i v e  
a c c e l e r a t i o n  d i s t o r t s  and crowds t h e  f l o w  p a t h  o f  f l u i d  e lements  
t h e r e b y  c h a n g i n g  t h e  r a t e  o f  s h e a r  ( H u b b e r t ,  1940) .  I n e r t i a l  
f o r c e s  become i m p o r t a n t  a t  v a l u e s  o f  q  w e l l  be low t h a t  r e q u i r e d  
f o r  t h e  o n s e t  o f  t u r b u l e n c e .  

I n s i g h t  c o n c e r n i n g  t h e  f a c t o r s  a f f e c t i n g  t h e  r e s i s t a n c e  
t o  f l o w  when shear  f o r c e s  p r e d o m i n a t e  ( i  .e .  s m a l l  q )  can be 
g a i n e d  by  e x a m i n i n g  e x a c t  s o l u t i o n s  o f  t h e  N a v i e r - S t o k e s  equa- 
t i o n s  f o r  t h r e e  s i m p l e  cases o f  v i s c o u s  f l o w .  The r e l a t i o n s h i p  
between t h e  d r i v i n g  f o r c e s  and a v e r a g e  v e l o c i t y  v  i n  a  c y l i n -  
d r i c a l  t u b e  o f  s m a l l  r a d i u s  R i s  

where p i s  t h e  dynamic v i s c o s i t y  o f  t h e  f l o w i n g  f l u i d  and i 
i s  t h e  c o o r d i n a t e  measured a l o n g  t h e  l e n g t h  o f  t h e  t u b e .  The 
c o r r e s p o n d i n g  e q u a t i o n s  f o r  f l o w  i n  a  t h i n  f i l m  o f  t h i c k n e s s  
d  and between two f l a t  p l a t e s  spaced a  d i s t a n c e  b  a p a r t  a r e ,  
r e s p e c t i v e l y ,  

and 

The l e f t  s i d e s  o f  Eqs. 3-5 t h r o u g h  3-7 r e p r e s e n t  t h e  r e s i s -  
t a n c e  f o r c e s  p e r  u n i t  volume f o r  each case.  Comparison o f  t h e s e  
v i s c o u s  f l o w  e q u a t i o n s  w i t h  Eq. 3 - 4  s u g g e s t s  t h a t  

where C i s  a  d i m e n s i o n l e s s  number t h a t  depends upon t h e  shape 

o f  t h e  f l o w  c h a n n e l s  and d2  i s  a  c h a r a c t e r i s t i c  d i m e n s i o n  o f  
t h e  f l o w  space. Note,  however, t h a t  i i n  Eqs. 3-5 t h r o u g h  3-7 
i s  a  c o o r d i n a t e  l e n g t h  measured i n  t h e  a c t u a l  d i r e c t i o n  o f  
m o t i o n  o f  f l u i d  e lements  w h i l e  L i n  Eq. 3 - 4  i s  a  m a c r o s c o p i c  
c o o r d i n a t e  d i s t a n c e  measured i n  t h e  m a c r o s c o p i c  d i r e c t i o n  of 
f l o w .  F l u i d  e lements  i n  a  porous  medium f o l l o w  a  t o r t u o u s  p a t h  
and t r a v e l  a  d i s t a n c e  s u b s t a n t i a l l y  g r e a t e r  t h a n  t h e  macroscop ic  
d i s t a n c e  between two  p o i n t s .  T h e r e f o r e ,  t h e  e f f e c t s  o f  t h e  



t o r t u o u s  p a t h  t r a v e r s e d  b y  f l u i d  e lements  i n  a  porous  medium 
a r e  i n c l u d e d  i n  t h e  paramete rs  d  and C .  

P u t t i n g  E q .  3-8 i n t o  Eq. 3-4 and s o l v i n g  f o r  t h e  Darcy  
v e l o c i t y  q  y i e l d s  

The paramete r  dZ/c  i s  g i v e n  t h e  symbol k and i s  known as  t h e  
intrinsic permeability o f  t h e  porous  s o l i d .  N o t e  t h a t  k  has 

2  d i m e n s i o n s  o f  L . Eq. 3-9 becomes 

w h i c h  i s  one f o r m  o f  D a r c y ' s  Law. 

The l i n e a r  r e l a t i o n s h i p  between t h e  Darcy  v e l o c i t y  and 
t h e  sum o f  t h e  d r i v i n g  f o r c e s  does n o t  p e r s i s t  as  c o n v e c t i v e  
a c c e l e r a t i o n  on t h e  m i c r o s c a l e  become s i g n i - f i c a n t .  I n s t e a d  o f  
E q .  3-8, one can w r i t e  t h e  Forchhe imer  e q u a t i o n  as (Sunada, 
1965)  

w h e r e i n  t h e  t e r m  i n  q 2  r e p r e s e n t s  t h e  i n e r t i a l  f o r c e s .  D i v i d -  
i n g  by  i n e r t i a l  f o r c e s  y i e l d s  

The f i r s t  t e r m  on t h e  r i g h t  s i d e  o f  Eq.  3-12 i s  t h e  r a t i o  o f  
v i s c o u s  f o r c e s  t o  i n e r t i a l  f o r c e s  w h i c h  i s  t h e  i n v e r s e  o f  t h e  
R e y n o l d s '  number, Re, 

D e f i n i n g  t h e  l e f t  s i d e  o f  E q .  3-12 as  t h e  f r i c t i o n  f a c t o r  f 
and u s i n g  Eq. 3-13, Eq.  3-12 becomes 

A t  s m a l l  Re, f 1 / R  and t h e  d r i v i n g  f o r c e s  a r e  l i n e a r  

r e l a t e d  t o  q  i n  accordance  w i t h  Eq. 3-10. As Re i n c r e a s e s ,  

t h e  i n e r t i a l  e f f e c t s  become i n c r e a s i n g l y  i m p o r t a n t  and Darcy  

i l y  

' s  



Law (Eq. 3 -10)  i s  no l o n g e r  v a l i d .  Eq. 3-14 i s  i n  e x c e l l e n t  
agreement  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n  as  shown i n  F i g .  3-3. 

Re , Reynolds Number (Dimens~onless) 

F i g u r e  3-3. G r a p h i c a l  c o r r e l a t i o n  o f  f r i c t i o n  f a c t o r  v e r s u s  
Reynolds number (Ahmed and Sunada, 1969) .  

E v i d e n t l y  D a r c y ' s  Law i s  e x t r e m e l y  a c c u r a t e  up t o  R = 0.02 and 
- 

i s  p r o b a b l y  a c c e p t a b l e  up t o  Re = 0 . 1 .  The r e a d e r  i s  c a u t i o n e d  

t h a t  R  f o r  f l o w  i n  porous  media can and has been d e f i n e d  i n  

w h i c h  t h e  c h a r a c t e r i s t i c  l e n g t h  paramete r  i s  d i f f e r e n t  f r o m  
t h a t  used h e r e i n .  The r a n g e  o f  R  o v e r  w h i c h  D a r c y ' s  Law i s  e  
q u o t e d  as b e i n g  v a l i d  depends, o f  course ,  upon t h e  d e f i n i t i o n  
o f  t h e  c h a r a c t e r i s t i c  1  e n g t h  p a r a m e t e r .  F o r  example, average  
g r a i n  d i a m e t e r  i s  o f t e n  used i n  l i e u  of d as d e f i n e d  above i n  
w h i c h  case D a r c y ' s  Law i s  v a l i d  f o r  Re up t o  a p p r o x i m a t e l y  1 . 0  
(Todd, 1959; Rose, 1 9 4 5 ) .  

A d i s a d v a n t a g e  o f  d e f i n i n g  t h e  c h a r a c t e r i s t i c  l e n g t h  d as  
AC i s  t h a t  b o t h  k and C must  be known t o  d e t e r m i n e  t h e  Reynold 
number f o r  a  p a r t i c u l a r  f l o w  c o n d i t i o n .  W h i l e  i t  i s  p o s s i b l e  
t o  measure k  f r o m  a  s i n g l e  e x p e r i m e n t  by  measur ing  q  and t h e  
d r i v i n g  f o r c e s  i n  Eq. 3-10, an e n t i r e  s e t  o f  e x p e r i m e n t s  i n  
w h i c h  q  i s  measured as a  f u n c t i o n  o f  t h e  sum o f  t h e  d r i v i n g  
f o r c e s  ( i  . e .  dp/dÂ + pg d z / d L )  i s  r e q u i r e d  t o  d e t e r m i n e  C (Exan 
p i e  3 - 2 ) .  However, e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e s  o f  C range 
f r o m  0 .05  t o  2.0, w i t h  t h e  m a j o r i t y  o f  t h e  d a t a  i n  t h e  range  o f  



0.5 t o  0 .6  (Ward, 1964) .  Consequen t l y ,  an e s t i m a t e  o f  d can 
be made b y  measur ing  k and u s i n g  a  v a l u e  o f  0.6 f o r  C. 

E q u a t i o n  3-10, D a r c y ' s  Law, was o b t a i n e d  i n  t h e  above 
paragraphs  t h r o u g h  a  h e u r i s t i c  l i n e  o f  r e a s o n i n g .  The p reced-  
i n g  developments do n o t  c o n s t i t u t e  a  d e r i v a t i o n  o f  D a r c y ' s  Law, 
however. More r i g o r o u s  developments can be f o u n d  i n  H u b b e r t  
(1956)  and Dewies t  ( 1 9 6 5 ) .  The purpose  o f  t h e  p r e s e n t a t i o n  
was t o  p r o v i d e  some i n s i g h t  i n t o  t h e  p h y s i c a l  meaning o f  t h e  
Darcy  e q u a t i o n .  It s h o u l d  be remembered t h a t  Eq. 3-10 i s  
b a s i c a l l y  an e m p i r i c a l  f o r m u l a  i n  w h i c h  t h e  i n t r i n s i c  perme- 
a b i l i t y  mus t  be measured, e i t h e r  d i r e c t l y  b y  d e t e r m i n i n g  a l l  
o t h e r  f a c t o r s  i n  Eq. 3-10 o r  i n d i r e c t l y  f r o m  e q u a t i o n s  d e r i v e d  
t h e r e f r o m .  

EXAMPLE 3-1 

Suppose 6 ,  i n  F i g .  3-2, i s  30' and d p / d l  i s  -294 dynes/cm% 
C a l c u l a t e  t h e  d i r e c t i o n  and magn i tude  o f  t h e  r e s i s t a n c e  f o r c e  
p e r  u n i t  volume o f  w a t e r .  I n  w h i c h  d i r e c t i o n  i s  f l o w  o c c u r r i n g ?  

S o l u t i o n :  
From Eq. 3-4, 

Force  p e r  u n i t  volume o f  w a t e r  = - ( -294  + 980 s i n  6 )  
3  

= - 196 dynes/cm . 3  Thus, t h e  magn i tude  o f  t h e  r e s i s t a n c e  f o r c e  i s  196 dynes/cm . 
and t h e  r e s i s t a n c e  f o r c e  a c t s  i n  t h e  d i r e c t i o n  o f  i n c r e a s i n g  t. 
The f l o w  i s  downward i n  t h e  d i r e c t i o n  o f  d e c r e a s i n g  L .  

EXAMPLE 3-2 

The f o l l o w i n g  d a t a  r e l a t i n g  t h e  sum o f  t h e  d r i v i n g  f o r c e s  
t o  t h e  Darcy  v e l o c i t y  were measured f o r  a  sample o f  po rous  
medium. De te rmine  k ,  C  and d  f o r  t h e  sample and compute t h e  
v a l u e  o f  q  and Re a t  w h i c h  a  10% d e p a r t u r e  f r o m  D a r c y ' s  Law can 

n 

be expec ted .  The p r o p e r t i e s  o f  w a t e r  a r e  p = 0.016 dyne-sec/cmL 

and p = 1 . 0  g l c m  
3 

1 d  z  1  dz 

d i m e n s i o n l e s s  & d i m e n s i o n l e s s  cm/ s  



d i m e n s i o n l e s s  m 
26.1 6.20 
38 .4  8.05 
52.7 9.89 
70 .1  11.8 

103 .0  15 .0  

S o l u t i o n :  
No te  t h a t  Eq .  3-11 can be w r i t t e n  as  

where 

and 

The p r o b l e m  r e d u c e s  t o  d e t e r m i n i n g  t h e  c o e f f i c i e n t s  A and 
B  by f i t t i n g  t h e  e q u a t i o n  t o  t h e  d a t a  p r o v i d e d  by  t h e  s t a t i s t i c  
a1 t e c h n i q u e  used i n  p r o b l e m  6.  The c o e f f i c i e n t s  a r e  f o u n d  t o  

2  
be A = 2 . 3  s/cm and B = 0.31 ( s l c m )  f r o m  w h i c h  

and 2  2  
C = ~~~~k  = (0.31 ) ( 9 8 0 )  ( 7 . 1 ~ 1 0 ' ~ )  = 0.66 . 

U s i n g  t h e  d e f i n i t i o n  o f  i n t r i n s i c  permeabi 1  i t y ,  t h e  c h a r a c t e r -  
i s t i c  l e n g t h  paramete r  i s  

A 10% d e p a r t u r e  f r o m  D a r c y ' s  Law i m p l i e s  t h a t  

The c o r r e s p o n d i n g  v a l u e  o f  Re i s  f r o m  Eq. 3-13: 



EXAMPLE 3-3 

The e x t e r n a l  r a d i u s  (measured f r o m  t h e  a x i s  o f  t h e  w e l l  
b o r e )  o f  t h e  g r a v e l  pack a round  a  w a t e r  we1 1  i s  35 cm (see  F i g .  
1 - 5 ) .  The l e n g t h  o f  w e l l  s c r e e n  i s  25 m  and t h e  w e l l  d i s c h a r g e  

3  i s  0.15 m  / s .  The i n t r i n s i c  p e r m e a b i l i t y  o f  t h e  g r a v e l  i s  

4 x 1 0 " ~  cm2. Assess t h e  v a l i d i t y  o f  D a r c y ' s  Law f o r  t h i s  f l o w .  

S o l u t i o n :  
To a  c l o s e  a p p r o x i m a t i o n ,  t h e  e n t i r e  d i s c h a r g e  r a t e  

3 

Q = 0.15 mJ/s mus t  pass t h r o u g h  t h e  l a t e r a l  s u r f a c e  a r e a  o f  t h e  
c y l i n d e r  formed b y  t h e  e x t e r n a l  s u r f a c e  o f  t h e  g r a v e l  pack.  
T h i s  c y l i n d e r  i s  o f  r a d i u s  35 cm and h e i g h t  25 m. T h e r e f o r e ,  

3 I t  i s  assumed t h a t  p = 1  g l c m  and p = 0.01 p o i s e  (0.01 
g lcm-s )  f o r  w a t e r  and C = 0.6. From Eq. 3-13, 

T h i s  l a r g e  v a l u e  o f  Re i n d i c a t e s  t h a t  i n e r t i a l  f o r c e s  a r e  i n -  

f l u e n c i n g  t h e  f l o w  i n t o  t h e  g r a v e l  pack and D a r c y ' s  Law i s  n o t ,  
s t r i c t l y  speak ing ,  a p p l i c a b l e  f o r  t h i s  f l o w .  

No te  t h a t  t h e  Darcy  v e l o c i t y  i n  t h i s  example i s  0.273 cm/s. 
T h i s  v e l o c i t y  w o u l d  be c o n s i d e r e d ,  o r d i n a r i l y ,  q u i t e  s m a l l  i n  
h y d r a u l i c s ,  b u t  i s  a  v e r y  l a r g e  v e l o c i t y  i n  g round-wate r  
h y d r a u l i c s .  

Force Potential, Velocity Potential, and Darcy's Law 

Eq. 3-10 i s  a  r a t h e r  g e n e r a l  f o r m  o f  D a r c y ' s  Law w h i c h  
a p p l i e s  f o r  f l u i d s  w i t h  e i t h e r  c o n s t a n t  o r  v a r i a b l e ,  d e n s i t y  
c o n t a i n e d  i n  porous  s o l i d s  whose i n t r i n s i c  p e r m e a b i l i t y  may 
depend upon b o t h  d i r e c t i o n  and l o c a t i o n .  F o r  many a p p l i c a t i o n s  
i n  g round-wate r  h y d r o l o g y ,  i t  i s  u n n e c e s s a r i l y  g e n e r a l  and 
a l t e r n a t e  fo rms  p r o v e  more c o n v e n i e n t .  I t  i s  o f t e n  c o n v e n i e n t  
t o  w r i t e  t h e  d r i v i n g  f o r c e  as t h e  g r a d i e n t  o f  a  s c a l a r  f o rce  
potential, when such a  p o t e n t i a l  e x i s t s  ( H u b b e r t ,  1940, 1953) .  
L e t  t h e  d e n s i t y  i n  Eq.  3-10 be c o n s t a n t .  Then 

w h e r e i n  t h e  q u a n t i t y  i n  p a r e n t h e s e s  i s  t h e  p ie zome t r i c  head,  



hi and i s  

a  v a r i a b l e  t h a t  i s  f a m i l i a r  t o  s t u d e n t s  
h y d r a u l i c s .  The ~ i e z o m e t r i c  head i s  an 

o f  f l u i d  mechanics and 
e s p e c i a l  1  Y u s e f u l  v a r i  - 

a b l e  i n  p r a c t i c e  because t h e  d e p t h  o f  w a t e r  i n  a  p i e z o m e t e r  i s  
p / p g  and t h e  e l e v a t i o n  ( w i t h  r e s p e c t  t o  an a r b i t r a r y  datum) 
o f  t h e  t e r m i n a l  p o i n t  o f  t h e  p i e z o m e t e r  i s  z .  Thus, t h e  w a t e r  
l e v e l  i n  p i e z o m e t e r s  i s  a  d i r e c t  i n d i c a t o r  o f  t h e  p i e z o m e t r i c  
head. 

W r i t t e n  f o r  t h e  t h r e e - d i m e n s i o n a l  case,  

i n  w h i c h  v i s  t h e  g r a d i e n t  o p e r a t o r  

-+ -+ 
where I ,  J, and k a r e  t h e  u n i t  v e c t o r s  i n  t h e  x ,  y, and z 
c o o r d i n a t e  d i r e c t i o n s ,  r e s p e c t i v e l y .  

No te  t h a t  t h e  p i e z o m e t r i c  head i s  a  s c a l a r ,  t h e  n e g a t i v e  
g r a d i e n t  o f  w h i c h  i s  a  v e c t o r  r e p r e s e n t i n g  t h e  f o r c e  p e r  u n i t  
w e i g h t  a c t i n g  on t h e  f l u i d .  P r o v i d e d  p i s  c o n s t a n t ,  p i e z o -  
m e t r i c  head i s  a  f o r c e  p o t e n t i a l  w i t h  t h e  p h y s i c a l  s i g n i f i c a n c e  
o f  e n e r g y  p e r  u n i t  w e i g h t  o f  f l u i d .  E q u a t i o n  3-10 i s  more 
g e n e r a l  t h a n  Eq. 3-17 because t h e  l a t t e r  i s  r e s t r i c t e d  t o  
a p p l i c a t i o n s  i n  w h i c h  t h e  f l u i d  d e n s i t y  i s  c o n s t a n t .  The mos t  
common case  i n  w h i c h  t h e  g round-wate r  h y d r o l o g i s t  mus t  d e a l  
w i t h  v a r i a b l e  d e n s i t y  i s  t h a t  o f  f l o w  i n  a q u i f e r s  c o n t a i n i n g  
b o t h  s a l i n e  and f r e s h  w a t e r  ( i . e .  a  nonhomogeneous f l u i d ) .  
Even i n  t h i s  case,  however, i t  i s  o f t e n  p o s s i b l e  t o  i d e a l i z e  
t h e  p r o b l e m  t o  a  degree  and, t h e r e b y ,  r e t a i n  t h e  use o f  Eq. 3 -  
17 .  

The d e n s i t y  o f  a  homogeneous f l u i d  can o f t e n  be expressed  
as  a  f u n c t i o n  o f  p r e s s u r e  o n l y .  F o r  example, t h e  d e n s i t y  o f  
w a t e r  w i t h  c o n s t a n t  c o m p r e s s i b i l i t y  6 can be w r i t t e n  as a  
f u n c t i o n  o f  p r e s s u r e .  F l u i d s  i n  w h i c h  p = p ( p )  a r e  barotropie 
f l u i d s .  I t  i s  p o s s i b l e  t o  w r i t e  a  f o r c e  p o t e n t i a l  i n  t e r m s  
o f  e n e r g y  p e r  u n i t  mass f o r  b a r o t r o p i c  f l u i d s .  As w i l l  be 
demons t ra ted  s u b s e q u e n t l y  i n  t h i s  c h a p t e r ,  however, i t  i s  n o t  
n e c e s s a r y  t o  a c c o u n t  f o r  t h e  b a r o t r o p i c  b e h a v i o r  o f  w a t e r  
e x c e p t  w i t h  r e s p e c t  t o  changes i n  s t o r a g e ,  and t h e  use o f  t h e  
p i e z o m e t r i c  head as  a  f o r c e  p o t e n t i a l  i s  p e r m i s s i b l e .  



The c o e f f i c i e n t  mul t ip ly ing  t h e  d r i v i n g  f o r c e  in  Eq. 3-17 
i s  c a l l e d  hydrau l i c  eonductivibzj ,  K and i s ,  

The hydraul ic  conduc t iv i ty  i s  a  hydro-geologic parameter ,  with 
dimensions LIT, t h a t  combines both f l u i d  p r o p e r t i e s  and t h e  
i n t r i n s i c  pe rmeab i l i ty  k. Using Eq. 3-19 i n  Eq. 3-17, 

which i s  probably t h e  most common form of Darcy ' s  Law used i n  
t h e  p r a c t i c e  of ground-water hydrology. Factors  a f f e c t i n g  K 
and k and methods by which they can be measured i n  t h e  l abor -  
a t o r y  a r e  d iscussed i n  a  fo l lowing s e c t i o n  of t h i s  chap te r .  

Suppose K i s  c o n s t a n t .  Then i t  i s  pe rmiss ib le  t o  d e f i n e  
t h e  s c a l a r  q u a n t i t y  

from which 

The s c a l a r  0 i s  t h e  veZocitg p o t e n t i a l .  The v e l o c i t y  p o t e n t i a l  
i s  a useful  mathematical a r t i f i c e ,  but  i t  should not  be i n t e r -  
pre ted  in  terms of p o t e n t i a l  energy,  and i t s  g r a d i e n t  i s  not  a  
f o r c e  (Hubbert ,  1940) .  Furthermore, t h e  concept of t h e  v e l o c i t y  
p o t e n t i a l  i s  v a l i d  only  when K i s  c o n s t a n t ;  o therwise  Eq. 3-22 
l eads  t o  t h e  erroneous conclus ion t h a t  f low i s  promoted by 
s p a t i a l  changes of K .  

EXAMPLE 3-4 

Expand Eq. 3-20 and w r i t e  $ i n  terms of t h e  orthogonal 
components q x ,  q y y  and qz .  

So lu t ion :  
Expansion of t h e  g r a d i e n t  ope ra to r  in  Eq. 3-20 y i e l d s  

But, a h  - K-, a h  and q  = - K -  a h  . 
- K - ,  q y - -  qx - - a x a Y a z 



EXAMPLE 3-5 

The hydraul ic  conduc t iv i ty  was measured f o r  a  porous s o l i c  

and found t o  be 4 . 8 ~ 1 0 " ~  cm/s f o r  water  with a  d e n s i t y  of 1  g/c 
and a  v i s c o s i t y  of 1  c e n t i - p o i s e .  Ca lcu la t e  t h e  i n t r i n s i c  
pe rmeab i l i ty  of t h e  mater ia l  and t h e  hydrau l i c  c o n d u c t i v i t y  for  

So lu t ion :  
From Eq. 3-19, 

EXAMPLE 3-6 

Figure 3-4 shows two piezometers ,  one t e rmina t ing  i n  a  
wa te r - t ab le  a q u i f e r  and one i n  an underlying confined a q u i f e r .  
The hydraul i  c  c o n d u c t i v i t y  of  t h e  1  aye r  between t h e  two aqui - 

? 

f e r s  i s  7 . 2 ~ 1 0 '  cmls. Ca lcu la t e  t h e  d i scha rge  r a t e  Q per uni1 
a rea  through t h e  l a y e r  between t h e  a q u i f e r s .  Assume s teady 
flow. 

S o l u t i o n :  
A s i m p l i f i e d  vers ion of Eq. 3-20, a p p r o p r i a t e  f o r  t h i :  

computation, i s  obta ined by no t ing  t h a t  t h e  flow i s  one-dimen- 
s iona l  and p a r a l l e l  t o  t h e  z coord ina te .  Hence, from Example 
3-4,  

and 

Because t h e  flow i s  s t e a d y ,  q  i s  c o n s t a n t .  Furthermore,  K i s  

c o n s t a n t .  The g r a d i e n t  of p iezometr ic  head must a l s o  be con- 
s t a n t ,  t h e r e f o r e ,  and 

where b i s  t h e  th i ckness  of t h e  l a y e r  and t h e  s u b s c r i p t s  1  and 
2  denote t h e  bottom and top  of t h e  l a y e r ,  r e s p e c t i v e l y .  



F i g u r e  3 -4 .  Upward seepage f r o m  a  c o n f i n e d  a q u i f e r  t o  a  w a t e r  
t a b l e  a q u i f e r .  

The impermeable f l o o r  o f  t h e  a q u i f e r  i s  s e l e c t e d  as  t h e  
datum f o r  c a l c u l a t i n g  p i e z o m e t r i c  head. Thus, f r o m  Eq. 3-16, 

and 

The d i s c h a r g e  p e r  u n i t  a r e a  i s  t h e  Darcy  v e l o c i t y  and i s  

The f a c t  t h a t  q  i s  p o s i t i v e  means t h e  f l o w  i s  i n  t h e  d i r e c t i o n  

o f  i n c r e a s i n g  z ( i  .e .  upward) .  

The s t u d e n t  s h o u l d  n o t e  t h a t  p r e c i s e l y  t h e  same v a l u e  o f  
q  wou ld  be o b t a i n e d ,  i r r e s p e c t i v e  o f  t h e  l o c a t i o n  o f  t h e  datum 

The v a l u e s  o f  p i e z o m e t r i c  head w i l l  d i f f e r ,  depend ing  on t h e  
s e l e c t i o n  o f  t h e  datum, b u t  t h e  d i f f e r e n c e  between t h e  v a l u e s  
a t  t h e  t o p  and b o t t o m  o f  t h e  l a y e r  w i l l  be t h e  same and t h e  
Darcy  v e l o c i t y  depends o n l y  upon t h e  difference i n  p i e z o m e t r i c  
head. The f l o w  i s  a l w a y s  i n  t h e  d i r e c t i o n  o f  d e c r e a s i n g  head. 
F u r t h e r m o r e ,  i t  i s  t o  be n o t e d  t h a t  t h e  d i f f e r e n c e  i n  p i e z o -  
m e t r i c  head i s  s i m p l y  t h e  d i f f e r e n c e  i n  w a t e r - s u r f a c e  e l e v a t i o n  
i n  t h e  p i e z o m e t e r s .  T h i s  i l l u s t r a t e s  t h e  conven ience  o f  u s i n g  
t h e  p i e z o m e t r i c  head as  a  f o r c e  p o t e n t i a l .  



EXAMPLE 3-7 

Water i s  ponded t o  a  shallow depth over a  column of aqu i -  
f e r  mater ia l  (F ig .  3-5) .  The e l e v a t i o n  of t h e  terminal end of 

Discharge 

Figure 3-5. Steady downward flow in  a  v e r t i c a l  column. 

t h e  d i scha rge  tube  i s  maintained equal t o  t h e  e l e v a t i o n  of t h e  
bottom of t h e  column. Head l o s s  through t h e  d i scha rge  tube  i s  
n e g l i g i b l e .  Water i s  added a t  t h e  top  a t  t h e  same r a t e  i t  i s  
d ischarged from t h e  bottom. The hydraul ic  c o n d u c t i v i t y  of t h e  
porous ma te r i a l  i s  1 . 1 ~ 1 0 - 3  cm/s. Ca lcu la t e  the  Darcy v e l o c i t y  
i n  t h e  column. Also,  d e r i v e  a  general  formula f o r  q  in  terms 

t h e  depth of  ponded water ,  y ;  and t h e  l eng th  of column, of K ;  
L. 

Solu t  

again 
and K 

i on :  
The equat ion of Example 3-5 a p p l i e s  t o  t h i s  case  s i n c e  

, t h e  flow i s  p a r a l l e l  t o  t h e  z -coord ina te ,  and both q 
a r e  c o n s t a n t s .  The bottom of t h e  porous ma te r i a l  i n  t h e  

column i s  s e l e c t e d  a s  t h e  datum. The p ressu re  head a t  t h e  
bottom of t h e  porous s o l i d  i s  ze ro  s i n c e  t h e  d i scha rge  tube  
i s  maintained a t  t h e  same e l e v a t i o n  a s  t h e  bottom of t h e  mater-  
i a l .  Also,  z=0, a t  t h i s  l o c a t i o n ,  so h l = O .  

The p res su re  head a t  t h e  top  of t h e  porous s o l i d  i s  6  cm, 
and t h e  e l e v a t i o n  i s  2  m .  Thus, h =2.06 m .  The l eng th  of 2  
flow path i s  2 m, and 



The n e g a t i v e  s i g n  i n d i c a t e s  t h a t  q  i s  i n  t h e  d i r e c t i o n  o f  
d e c r e a s i n g  z  ( i  .e .  downward). 

I n  g e n e r a l ,  f o r  any datum 

h i = O + z  - 
and 1  - zl 

h 2 = y t z  + L .  
1  

Thus, 

No te  t h a t  y / L  -+ 0  f o r  e i t h e r  v e r y  s h a l l o w  pond d e p t h s  o r  l a r g e  
L ,  and q  1 -+ K. T h i s  i s  t h e  c o n d i t i o n  o f  a  u n i t  g r a d i e n t  o f  
p i e z o m e t r f c  head. When d h l d z  = 1,  dp/dz = 0  ( i  . e .  t h e  
p r e s s u r e  i s  c o n s t a n t )  and t h e  downward f l o w  r e s u l t s  f r o m  t h e  
g r a v i t a t i o n a l  d r i v i n g  f o r c e  o n l y .  T h i s  c o n d i t i o n  i s  sometimes 
approached b y  downward seepage f r o m  s h a l l o w  l a k e s  o r  r e c h a r g e  
ponds, be low w h i c h  t h e  w a t e r  t a b l e  d e p t h  i s  l a r g e  r e l a t i v e  t o  
t h e  pond d e p t h .  

Laboratory Determination of Hydraulic Conductivity 

The most  r e l i a b l e  method o f  d e t e r m i n i n g  t h e  h y d r a u l i c  
c o n d u c t i v i t y  and i n t r i n s i c  p e r m e a b i l  i t y  i s  f r o m  a q u i f e r  t e s t s  
conduc ted  i n  t h e  f i e l d .  These methods a r e  d i s c u s s e d  i n  Chap te r  
V .  Va lues  o f  h y d r a u l  i c c o n d u c t i  v i  t y ,  d e t e r m i n e d  by  c a r e f u l  1 y  
conduc ted  e x p e r i m e n t s  i n  t h e  l a b o r a t o r y ,  a r e  q u i t e  a c c u r a t e  
and r e p r o d u c i b l e .  By n e c e s s i t y ,  1  a b o r a t o r y  samples a r e  ex t reme-  
l y  s m a l l  compared t o  t h e  a q u i f e r  as a  whole,  however. F u r t h e r -  
more, some degree  o f  d i s t u r b a n c e  a lways  accompanies t h e  c o l -  
l e c t i o n  o f  t h e  samples. F o r  t h e s e  reasons ,  i t  i s  e x t r e m e l y  
d i f f i c u l t  t o  c h a r a c t e r i z e  t h e  h y d r a u l  i c  c o n d u c t i v i t y  o f  an 
a q u i f e r ,  o r  even a  sma l l  p o r t i o n ,  b y  means o f  l a b o r a t o r y  
measurements. 

Hydrau l  i c  c o n d u c t i v i t y  and i n t r i n s i c  permeabi  1  i t y  can be 
measured d i r e c t l y  w i t h  permemeters.  Two commonly used perme- 
amete rs  a r e  shown i n  F i g .  3 -6 .  F i g u r e  3-6a d e p i c t s  a  c o n s t a n t -  
head permeameter i n  w h i c h  s t e a d y  upward f l o w  t h r o u g h  t h e  sample 
i s  e s t a b l i s h e d .  D a r c y ' s  e q u a t i o n  can be a p p l i e d  d i r e c t l y  i n  
t h i s  case  t o  compute K, 

The t o t a l  head l o s s  t h r o u g h  t h e  permeameter i s  i n d i c a t e d  b y  
t h e  d i f f e r e n c e  i n  e l e v a t i o n  between t h e  i n f l o w  and o u t f l o w  
w a t e r  l e v e l s .  I n  a p r o p e r l y  d e s i g n e d  permeameter, t h e  head 
l o s s  t h r o u g h  t h e  r e t a i n i n g  sc reens  and t h e  i n f l o w  and o u t f l o w  



^ 
volume V in time t volume dV in time dt 

v Q=. 
( a )  ( b )  

F i g u r e  3-6.  C o n s t a n t  head ( a )  and f a l l i n g  head ( b )  perme- 
amete rs  ( A f t e r  Todd, 1959) .  

p l u m b i n g  i s  n e g l i g i b l y  s m a l l  and t h e  head l o s s  t h r o u g h  t h e  
sample i s  v e r y  n e a r l y  equa l  t o  t h e  d i f f e r e n c e  i n  t h e  i n f l o w  and  
o u t f l o w  w a t e r  l e v e l s .  Some c o n s t a n t  head permeameters a r e  
equ ipped  w i t h  p i e z o m e t e r  t a p s  l o c a t e d  i n  t h e  t e s t  s e c t i o n  and 
t h e  d i f f e r e n c e  i n  p i e z o m e t r i c  head i s  i n d i c a t e d  b y  t h e  d i f f e r -  
ence i n  w a t e r  l e v e l  i n  t h e  two p i e z o m e t e r s .  T h i s  d i f f e r e n c e  
r e f l e c t s  t h e  head l o s s  between t h e  two p i e z o m e t e r  t a p s ,  r e g a r d -  
l e s s  o f  t h e  head l o s s  i n  t h e  r e m a i n d e r  o f  t h e  system. 

The f a l l i n g  head permeameter i s  shown i n  F i g .  3-6b. The 
r a t e  o f  d i s c h a r g e  t h r o u g h  t h e  sample decreases  w i t h  t i m e  becaus 
t h e  d r i v i n g  head decreases  as  t h e  w a t e r  l e v e l  f a l l s  i n  t h e  i n -  
f l o w  s t a n d p i p e .  I t  i s  l e f t  t o  t h e  s t u d e n t  t o  show t h a t  t h e  
e q u a t i o n  f o r  h y d r a u l i c  c o n d u c t i v i t y  i s  

i n  w h i c h  ~ h  i s  t h e  i n i t i a l  head l o s s  ( a t  t = 0 )  and ~ h ( t )  i s  t h e  
head l o s s  a? t i m e  t. Aga in ,  c a r e  mus t  be t a k e n  t o  i n s u r e  t h a t  
t h e  l o s s  o f  head i n  t h e  r e t a i n i n g  sc reens  and i n f l o w - o u t f l o w  
p l u m b i n g  i s  v e r y  s m a l l  r e l a t i v e  t o  t h a t  w h i c h  o c c u r s  i n  t h e  
sampl e. 



The i n t r i n s i c  p e r m e a b i l i t y  can be e s t i m a t e d  f r o m  g r a i n -  
s i z e  d i s t r i b u t i o n  d a t a  l i k e  t h a t  shown i n  F i g .  3-7, and f r o m  
t h e  F a i r - H a t c h  (1933)  f o r m u l a .  

I n  Eq. 3 -25 ,  A i s  a  d i m e n s i o n l e s s  p a c k i n g  f a c t o r  f o u n d  t o  be 
a p p r o x i m a t e l y  5,  and B i s  a  p a r t i c l e  shape f a c t o r  equa l  t o  6  
f o r  s p h e r i c a l  p a r t i c l e s  and 7 . 7  f o r  h i g h l y  a n g u l a r  ones. The 
f a c t o r  F  i s  t h e  p e r c e n t  by  w e i g h t  o f  t h e  sample between two 
a r b i t r a r y  p a r t i c l e  s i z e s ,  and dm i s  t h e  g e o m e t r i c  mean o f  t h e  

p a r t i c l e  s i z e s  c o r r e s p o n d i n g  t o  F 

The F a i r - H a t c h  f o r m u l a  t a k e s  a c c o u n t  o f  t h e  d i s t r i b u t i o n  
i n  g r a i n  s i z e s .  O t h e r  e q u a t i o n s  r e q u i r e  o n l y  a  c h a r a c t e r i s t i c  
g r a i n  s i z e  d. F o r  example, 

y i e l d s  t h e  i n t r i n s i c  p e r m e a b i l i t y  i n  c m  as  a  f u n c t i o n  o f  a  
c h a r a c t e r i s t i c  p a r t i c l e  d i a m e t e r  i n  cm (Har leman e t  a l . ,  1963)  
E q u a t i o n  3-26 i s  mos t  n e a r l y  v a l i d  f o r  m a t e r i a l s  o f  v e r y  u n i -  
f o r m  p a r t i c l e  s i z e  and shape. The effective g r a i n  s i z e ,  dg0, 

/ ,  I I * 
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F i g u r e  3 -7 .  T y p i c a l  g r a i n - s i z e  d i s t r i b u t i o n  c u r v e .  

d e f i n e d  as  t h e  s i e v e  s i z e  on w h i c h  90 p e r c e n t  o f  t h e  sample i s  
r e t a i n e d ,  i s  o f t e n  used f o r  n o n u n i f o r m  a q u i f e r  m a t e r i a l s .  
C l e a r l y ,  Eq. 3-26 makes no a c c o u n t  o f  p a c k i n g ,  p o r o s i t y ,  o r  
p a r t i c l e  shape. 



T a b l e  3-1 c o n t a i n s  v a l u e s  o f  h y d r a u l i c  c o n d u c t i v i t y  t o  
w a t e r  f o r  s e v e r a l  d i f f e r e n t  porous  m a t e r i a l s .  I t  i s  s t r i k i n g  
t o  n o t e  t h a t  t h e  h y d r a u l i c  c o n d u c t i v i t y  o f  m a t e r i a l s  w i t h  w h i c l  
t h e  h y d r o l o g i s t  must  d e a l  r a n g e  o v e r  9  o r d e r s  o f  magn i tude .  

T a b l e  3-1. H y d r a u l i c  C o n d u c t i v i t y  o f  Porous M a t e r i a l s  
(Adap ted  f r o m  M o r r i s  & Johnson, 1967)  

M a t e r i  a1 No. o f  A r i t h m e t i c  
Ana lyses  Range Mean 

Igneous  Rocks 
Weathered g r a n i t e  7  ( 3 . 3 - 5 2 )  x 1 0 " ~  1 . 6 5 ~ 1 0 "  

Weathered gabbro 4  ( 0 . 5  - 3 . 8 )  

B a s a l t  93 (0 .2  - 4250 

Sed imenta ry  M a t e r i a l s  
Sandstone ( f i n e )  20 (0 .5  - 2270 

S i  1  t s t o n e  8  (0 .1  - 142)  

Sand ( f i n e )  159 ( 0 . 2  - 189)' 

Sand (med. ) 255 ( 0 . 9  - 567)  

Sand ( c o a r s e )  158 ( 0 . 9  - 6610 

Grave l  40 ( 0 . 3  - 31.2 

S i l t  

C l a y  

Metamorphic  Rocks 
S c h i s t  17  (0.002 - 1130)  x  1 0 ' ~  1 . 9  x  1 0 ' ~  

3.2 NON-HOMOGENEITY AND ANISOTROPY 

Non-homogeneous Aquifers 

An a q u i f e r  i s  s a i d  t o  be homogeneous w i t h  r e s p e c t  t o  
h y d r a u l i c  c o n d u c t i v i t y  i f  K  i s  n o t  a  f u n c t i o n  o f  t h e  space 
c o o r d i n a t e s .  I f  K = K(x ,y ,z )  t h e  a q u i f e r  i s  non-homogeneous. 
R a r e l y  i s  an a q u i f e r  a c t u a l l y  homogeneous, b u t  t h e  p r a c t i c a l  
and f i n a n c i a l  d i f f i c u l t i e s  o f  e s t a b l i s h i n g  t h e  f u n c t i o n  
K  = K(x ,y ,z )  i n  t h e  f i e l d  a r e  s u b s t a n t i a l .  F low n e t s ,  a  methoi 
o f  a n a l y s i s  t o  be d i s c u s s e d  i n  Chap te r  I V ,  i s  one method b y  
w h i c h  non-homogenei ty  can be deduced q u a n t i t a t i v e l y .  N e v e r t h e  
l e s s ,  t h e  n y d r o l o g i s t  i s  o f t e n  o b l i g e d  t o  a s s i g n  a  c o n s t a n t  
v a l u e  t o  K  i n  f u l l  r e a l i z a t i o n  t h a t  d o i n g  so i s  o n l y  an approx  
i m a t i o n .  

No m o d i f i c a t i o n  o f  D a r c y ' s  Law i s  r e q u i r e d  f o r  f l o w  i n  no1 
homogeneous a q u i f e r s .  B o t h  Eqs. 3-10 and 3-20 a p p l y  because 



K = K(x ,y ,z )  rema ins  a  s c a l a r ,  and t h e  v e c t o r  5 i s  c o l i n e a r  
w i t h ,  b u t  o p p o s i t e  i n  sense t o ,  t h e  g r a d i e n t  o f  p i e z o m e t r i c  
head j u s t  as  i n  t h e  case o f  c o n s t a n t  K. O c c a s i o n a l l y ,  t h e  non- 
homogen ie ty  t h a t  must  be d e a l t  w i t h  r e s u l t s  f r o m  s t r a t i f i c a t i o n  
o f  t h e  a q u i f e r .  The h y d r a u l i c  c o n d u c t i v i t y  may be c o n s t a n t  
w i t h i n  i n d i v i d u a l  s t r a t u m  b u t  d i f f e r e n t  f r o m  l a y e r  t o  l a y e r .  
Such an a q u i f e r  can be r e g a r d e d  as b e i n g  b l o c k - w i s e  homogeneous 
w i t h  d i s c o n t i n u i t i e s  i n  K a t  t h e  i n t e r f a c e s  between a d j a c e n t  
1  a y e r s .  

T rea tment  o f  b l o c k - w i s e  homogeneous a q u i f e r s  can be accom- 
p l i s h e d  by  d e f i n i n g  a  p i e z o m e t r i c  head f o r  each s u b - r e g i o n  i n  
w h i c h  K  i s  c o n s t a n t .  F o r  example, c o n s i d e r  two s u b - r e g i o n s  a  
and b  i n  w h i c h  t h e  h y d r a u l i c  c o n d u c t i v i t i e s  a r e  Ka and Kb and 

t h e  p i e z o m e t r i c  heads a r e  ha and hb. The i n t e r f a c e  between 

t h e  two r e g i o n s  i s  deno ted  by  c u r v e  C ( F i g .  3 - 8 ) .  The Darcy  

v e l o c i t y  qa a t  any p o i n t  on C i s  decomposed i n t o  a  component 

A 

subregion a 

^ i g u r e  3 -8 .  R e f r a c t i o n  o f  t h e  v e l o c i t y  v e c t o r  a t  a  boundary  
between d i f f e r e n t  homogeneous media.  

^an normal  t o  C and one t a n g e n t  t o  C .  The d i s c h a r g e  p e r  u n i t  

i e p t h  i n t o  t h e  paper  t h r o u g h  a  segment ~1 i s  ( q a n ) ~ L ,  where 1 
i s  t h e  c o o r d i n a t e  measured t a n g e n t  t o  c u r v e  C .  The v e c t o r  ?b 

:an be s i m i l a r l y  decomposed. S i n c e  t h e  f l o w  t h r o u g h  t h e  seg- 
nent  AL must  be t h e  same r e g a r d l e s s  o f  w h i c h  s u b - r e g i o n  i s  
~ s e d  t o  c a l c u l a t e  i t ,  t h e  c o n c l u s i o n  i s  t h a t  t h e  components o f  

-> ra and qb normal  t o  C must  be e q u a l .  T h e r e f o r e ,  

The f a c t  t h a t  ( p / ~ g ) ~  = ( p l ~ g ) ~  and z a  = z b  on c u r v e  c 
means t h a t  ha = hb on  C .  T h e r e f o r e ,  



on C .  Equations 3-27 and 3-28 c o n s t i t u t e  t h e  c o n d i t i o n s  t h a t  
must be s a t i s f i e d  on t h e  i n t e r f a c e s  between ad jacen t  subregions  
i n  a  blockwise homogeneous a q u i f e r .  From Eq. 3-28, 

^a  % 
- s i n  &a = - s i n  A b  
'a h 

which i s  combined with Eq. 3-27 t o  y i e l d  

Ka t a n  6 
- a  

K b  t an  A b  

Condit ions a r e  encountered in  which t h e  d i r e c t i o n  of flow 
i s  e i t h e r  p a r a l l e l  o r  normal t o  t h e  s t r a t i f i c a t i o n s .  Average 
values  of K can e a s i l y  be c a l c u l a t e d  which permit  t h e  block- 
wise homogeneous medium t o  be t r e a t e d  a s  a  s i n g l e  homogeneous 
mass wi th  an average value of hydrau l i c  conduc t iv i ty  K .  The 
d i scha rge  r a t e  through t h e  s t r a t i f i e d  a q u i f e r  per  u n i t  width 
normal t o  t h e  s e c t i o n  shown i n  Fig.  3-9 i s  

where b  = ba t bb . The t o t a l  d i scha rge  i s  a l s o  e x p r e s s i b l e  

a s  t h e  sum of t h e  d i scha rges  through each l a y e r  

Figure 3-9. Flow p a r a l l e l  t o  t h e  l a y e r s  in  a  s t r a t i f i e d  a q u i f e r .  
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E q u a t i n g  t h e  q u a n t i t i e s  on t h e  r i q h t  s i d e s  o f  Eqs. 3-31 and 
3-32 and simp1 i f i c a t i o n  y i e l d s  

T h i s  r e s u l t  can be g e n e r a l i z e d  f o r  n  l a y e r s :  

A c o r r e s p o n d i n g  f o r m u l a  f o r  f l o w  t h r o u g h  s t r a t a  
i s  o b t a i n e d  by  r e c o g n i z i n g  t h a t  t h e  Darcy  v e l o c i t y  i s  
i n  each l a y e r  ( F i g .  3 -10)  and t h e  t o t a l  d i f f e r e n c e  i n  
e t r i c  head a c r o s s  t h e  a q u i f e r  i s  t h e  sum o f  t h e  head 
a c r o s s  t h e  i n d i v i d u a l  s t r a t a .  

( 3 - 3 3 )  

( 3 - 3 4 )  

i n  s e r i e s  
t h e  same 
p i  ezom- 

l o s s e s  

F i g u r e  3-10.  F low t h r o u g h  beds i n  s e r i e s .  

R e f e r r i n g  t o  F i g .  3-10, 

where L  = La + Lb .  From E q .  3-35,  

wh ich ,  f o r  n  l a y e r s ,  becomes 



EXAMPLE 3-8 

The Darcy  v e l o c i t y  i s  i n c i d e n t  on t h e  i n t e r f a c e  between 
c o a r s e  and f i n e  t e x t u r e d  m a t e r i a l s  w i t h  h y d r a u l i c  c o n d u c t i v i t i i  

K  = 1 . 6 ~ 1 0 ' ~  cmls  and Kb = 1 . 2 ~ 1 0 " ~  c m l s .  F low o c c u r s  f r o m  - 
t h e  c o a r s e  m a t e r i a l  i n t o  t h e  f i n e  and makes an a n g l e  6 = 30' 
w i t h  t h e  normal  t o  t h e  i n t e r f a c e .  C a l c u l a t e  t h e  a n g l e  6, i n  
t h e  f i n e  t e x t u r e d  m a t e r i a l  . 
S o l u t i o n :  

From E q .  3-30 

Kb - 1  - 2x1 0  - 4  tan 300 t a n  A b  = - t a n  6a - 
'a 1  .6x1 o ' ~  

Hence 

I t  i s  observed  t h a t  t h e  f l o w  i n  t h e  f i n e  l a y e r  i s  n e a r l y  norma' 
t o  t h e  i n t e r f a c e .  

EXAMPLE 3-9 

One-d imensional  , s t e a d y  f l o w ,  between para1  l e l  c h a n n e l s  
( F i g .  3 -10) ,  o c c u r s  i n  a  homogeneous a q u i f e r  o f  t h i c k n e s s  4  m. 
W i t h  a  d i f f e r e n c e  o f  head equa l  t o  1 . 3  m, t h e  d i s c h a r g e  r a t e  

p e r  u n i t  l e n g t h  o f  channe l  i s  1 . 8 2 x 1 0 - ~  m3/m-s. The c h a n n e l s  
a r e  10  m  a p a r t .  A  l a y e r  o f  sed iment  i s  u l t i m a t e l y  d e p o s i t e d  
on t h e  i n f l o w  f a c e .  The sed iment  l a y e r  i s  4  cm t h i c k  w i t h  a  

c o n d u c t i v i t y  o f  1 . 4 ~ 1 0 -  cm/s. C a l c u l a t e  t h e  d i s c h a r g e  r a t e  
p e r  km between t h e  two c h a n n e l s  f o l l o w i n g  t h e  d e p o s i t i o n  o f  
t h e  sed iment .  

S o l u t i o n :  



The c o n d u c t i v i t y  o f  t h e  a q u i f e r  i s  

From Eq. 3-36 

The d i s c h a r g e  r a t e  p e r  km between t h e  c h a n n e l s  a f t e r  d e p o s i t i o n  
o f  t h e  sed iment  l a y e r  i s  

Anisotropic Aquifers 

The t h i c k n e s s e s  o f  t h e  s t r a t a  d i s c u s s e d  i n  t h e  p r e v i o u s  
s e c t i o n  a r e  l a r g e  r e l a t i v e  t o  t h e  c h a r a c t e r i s t i c  d i m e n s i o n  o f  
t h e  r e p r e s e n t a t i v e  vo lume e lement .  A  s t r a t i f i c a t i o n  o r  bedd ing ,  
o b s e r v a b l e  o n l y  on a  much s m a l l e r  s c a l e ,  i s  a1 so q u i t e  common. 
When t h e  t h i c k n e s s e s  o f  t h e  l a m i n a  a r e  l e s s  t h a n  t h e  c h a r a c t e r -  
i s t i c  d i m e n s i o n  o f  t h e  r e p r e s e n t a t i v e  volume e lement ,  t h e  
s t r a t i f i c a t i o n  does n o t  cause t h e  a q u i f e r  t o  be non-homogeneous 
The c h a r a c t e r i s t i c s  o f  each r e p r e s e n t a t i v e  volume e lement  a r e  
i d e n t i c a l ,  r e g a r d l e s s  o f  l o c a t i o n  i n  t h e  m a t e r i a l .  The m a t e r i a l  
must ,  t h e r e f o r e ,  be c l a s s i f i e d  as  homogeneous on t h e  macro- 
s c o p i  c  s c a l e .  

The r e s i s t a n c e  t o  f l o w  i n  d i r e c t i o n s  normal  t o  t h e  m i c r o -  
b e d d i n g  p l a n e s  i s  u s u a l l y  g r e a t e r  t h a n  f o r  f l o w  p a r a l l e l  t o  
t h e  l a m i n a .  I n  o t h e r  words, t h e  h y d r a u l i c  c o n d u c t i v i t y  t a k e s  
on a  d i r e c t i o n  p r o p e r t y ,  b e i n g  s m a l l e r  i n  d i r e c t i o n s  normal  t o  
t h e  b e d d i n g  t h a n  i n  d i r e c t i o n s  p a r a l l e l  t o  t h e  bedd ing .  T h i s  
i s  an example o f  an i so t ropy .  A q u i f e r s  i n  w h i c h  t h e  r e s i s t a n c e  
t o  f l o w  t h r o u g h  a  r e p r e s e n t a t i v e  volume e lement  depends upon 
t h e  d i r e c t i o n  o f  t h e  f l o w  t h r o u g h  t h e  e lement  a r e  s a i d  t o  be 
anisotropic; o t h e r w i s e  t h e y  a r e  isotropic. A n i s o t r o p y  can be 
t h e  r e s u l t  o f  f r a c t u r e  p a t t e r n s  o r  s o l u t i o n  c h a n n e l s  w i t h  a  
p r e f e r r e d  d i r e c t i o n  as  w e l l  as  f r o m  m i c r o - s c a l e  bedd ing .  

D e s c r i p t i o n  o f  f l o w  i n  a n i s o t r o p i c  porous  s o l  i d s  r e q u i r e s  
a  s u b s t a n t i a l  g e n e r a l i z a t i o n  o f  t h e  D a r c y  e q u a t i o n  because K 
can no  l o n g e r  be c o n s i d e r e d  a  s c a l a r .  An e f f e c t  o f  t h e  



d i r e c t i o n a l  p r o p e r t i e s  o f  K  i s  t o  cause t h e  v e l o c i t y  v e c t o r  $ 
and t h e  g r a d i e n t  v e c t o r  v h  t o  be n o n - c o l i n e a r .  T h i s  can be 
u n d e r s t o o d  by  c o n s i d e r i n g  f l o w  i n  t h e  h y p o t h e t i c a l  homogeneous 
b u t  a n i s o t r o p i c  medium d e p i c t e d  i n  F i g .  3-11.  The a n i s o t r o p y  

F i g u r e  3-11. R e p r e s e n t a t i v e  volume e lement  i n  an a n i s o t r o p i c  
a q u i f e r .  

i n  t h i s  m a t e r i a l  i s  caused b y  a  g r e a t e r  f r a c t u r e  i n t e n s i t y  i n  
h o r i z o n t a l  p l a n e s  t h a n  i n  v e r t i c a l  p l a n e s .  Thus, t h e  h y d r a u l  i c  
c o n d u c t i v i t y  i s  g r e a t e r  i n  t h e  h o r i z o n t a l  t h a n  i n  t h e  v e r t i c a l  
d i r e c t i o n .  A g r a d i e n t  o f  p i e z o m e t r i c  head, o r i e n t e d  a t  a  45" 
a n g l e  t o  t h e  h o r i z o n t a l  r e s u l t s  i n  t h e  components o f  Darcy  
v e l o c i t y  as  shown. No te  t h a t  t h e  h o r i z o n t a l  component o f  v e l -  
o c i t y  i s  g r e a t e r  i n  magn i tude  t h a n  t h e  v e r t i c a l  component, 
y i e l d i n g  a  r e s u l t a n t  v e l o c i t y  v e c t o r  f a v o r i n g  t h e  h o r i z o n t a l  
d i r e c t i o n .  

I n  t h e  g e n e r a l  case  o f  a n i s o t r o p i c  porous  s o l i d s ,  t h e  
h y d r a u l i c  c o n d u c t i v i t y  i s  r e g a r d e d  as  a  second r a n k  t e n s o r  and 
t h e  p r o d u c t  o f  K  and v h  i s  c a l c u l a t e d  u s i n g  w e l l - d e f i n e d  p r o -  
cedures .  The h y d r a u l i c  c o n d u c t i v i t y  t e n s o r  i n  t h r e e - d i m e n s i o n a l  
space has n i n e  components. I t  i s  a l w a y s  p o s s i b l e  t o  f i n d  t h r e e  
o r t h o g o n a l  c o o r d i n a t e  axes,  c a l l e d  t h e  principal directions, 
i n  w h i c h  t h e  9-component m a t r i x  r e p r e s e n t i n g  t h e  K - t e n s o r  i s  
reduced  t o  a  d i a g o n a l  m a t r i x .  

F o r t u n a t e l y ,  t h e  l a r g e  f r a c t i o n  o f  a n i s o t r o p i c  a q u i f e r s  do 
n o t  r e q u i r e  such a  g e n e r a l  t r e a t m e n t .  U s u a l l y ,  t h e  h y d r a u l i c  
c o n d u c t i v i t y  i s  a  maximum and t h e  same i n  a l l  d i r e c t i o n s  



measured i n  p l a n e s  p a r a l l e l  t o  t h e  bedd ing .  The minimum K i s  
u s u a l l y  i n  t h e  d i r e c t i o n  normal  t o  t h e  l a y e r i n g .  The p r i n c i p a l  
d i r e c t i o n s  a r e  p a r a l l e l  and normal  t o  t h e  b e d d i n g  p l a n e s ,  t h e r e -  
f o r e .  I n  t h i s  case  t h e  components o f  Darcy  v e l o c i t y  b e a r  a  
s i m p l e  r e l a t i o n s h i p  t o  t h e  components o f  vh .  E x p l i c i t l y ,  

where y  i s  t h e  c o o r d i n a t e  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  minimum 
K and x  i s  t h e  c o o r d i n a t e  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  maximum 
K. The r e s u l t a n t  v e l o c i t y  v e c t o r  i s  c o - l i n e a r  w i t h  t h e  g r a d i -  
e n t  o n l y  when t h e  g r a d i e n t  i s  p a r a l l e l  t o  one o f  t h e  p r i n c i p a l  
d i r e c t i o n s .  I f  t h e  a q u i f e r  i s  homogeneous, K and K a r e  con- 

x  Y 
s t a n t s  i n d e p e n d e n t  o f  t h e  space c o o r d i n a t e s .  o t h e r w i s e ,  t h e  
a q u i f e r  i s  b o t h  a n i s o t r o p i c  and non-homogeneous. 

Measurement o f  h y d r a u l i c  c o n d u c t i v i t y  i n  a n i s o t r o p i c  media 
p r e s e n t s  an i n t e r e s t i n g  p r o b l e m  (Marcus and Evenson, 1961 ) .  
C o n s i d e r ,  f o r  example, an a n i  s o t r o p i c  sample whose t h i c k n e s s  
i s  s m a l l  r e l a t i v e  t o  t h e  d i a m e t e r  o f  t h e  permeameter ( F i g .  3 - 1 2 ) .  
C l e a r l y ,  t h e  g r a d i e n t  i s  d i r e c t e d  v e r t i c a l l y .  Water  w i l l  t e n d  
t o  t a k e  t h e  p a t h  o f  l e a s t  r e s i s t a n c e  t h r o u g h  t h e  sample and t h e  
v e l o c i t y  v e c t o r  w i l l  n o t  be c o - l i n e a r  w i t h  vh.  A c c o r d i n g  t o  

bedding 
planes 

Q- 

/ - v h = f l + $ )  

F i g u r e  3-12.  D e f i n i t i v e  s k e t c h  f o r  measur ing  c o n d u c t i v i t y  i n  
t h e  d i r e c t i o n  o f  t h e  g r a d i e n t .  

t h e  r e s u l t s  o f  Example 3-7,  o r  Eq. 3-23, t h e  a p p a r e n t  h y d r a u l i c  
c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  i s  

I t  w i l l  be seen, however, t h a t  K depends upon b o t h  t h e  o r i e n -  
q 

t a t  
t h e  
PI e  

i o n  o f  t h e  p r i n c i p a l  d i r e c t i o n s  w i t h  r e s p e c t  t o  t h e  a x i s  o f  
column and upon t h e  t h i c k n e s s  t o  d i a m e t e r  r a t i o  o f  t h e  sam- 



From F i g .  3-12, 

and (3 -40)  
- ah = [ v h l  cos  6 . 
ax 

A l s o ,  f rom Eq. 3-38, t h e  components o f  t h e  Darcy  v e l o c i t y  i n  
t h e  p r i n c i p l e  d i r e c t i o n s  a r e  

and 

The a p p a r e n t  v e l o c i t y  i n  t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  i s  

which,  when combined w i t h  Eq. 3-41, becomes 

F i n a l l y ,  s i n c e  q  = -Kg l v h l  ( s e e  E q .  3 - 3 9 ) ,  
g  

E q u a t i o n  3-44 shows how t h e  measured h y d r a u l i c  c o n d u c t i v i t .  
depends upon t h e  o r i e n t a t i o n  of t h e  sample i n  t h e  perrneameter. 
Now suppose t h e  permeameter o f  F i g .  3-12 i s  v e r y  l o n g ,  r e l a t i v e  
t o  t h e  d i a m e t e r .  I n  t h i s  case  t h e  d i r e c t i o n  o f  f l o w  t h r o u g h  
t h e  sample i s  f o r c e d  t o  be c o - l i n e a r  w i t h  t h e  column a x i s .  I t  
i s  a p p a r e n t  t h a t  t h e  v a l u e  o f  K  computed f r o m  Eq. 3-39 f o r  

Q 
t h i s  case  wou ld  be l e s s  t h a n  f o r  t h e  s i t u a t i o n  shown i n  F i g .  
3-12, because t h e  w a t e r  wou ld  n o t  be f r e e  t o  t a k e  t h e  p a t h  o f  
l e a s t  r e s i s t a n c e  (see  p r o b l e m  20 ) .  

3.3 FLOW IN CONFINED AQUIFERS 

The d i f f e r e n t i a l  e q u a t i o n s  o f  g round  w a t e r  a r e  deve loped  
b y  c o m b i n i n g  t h e  Darcy  e q u a t i o n  w i t h  t h e  p r i n c i p l e  o f  mass b a l -  
ance. Mass b a l a n c e  i n v o l v e s  c o n s i d e r a t i o n  o f  i n f l o w ,  o u t f l o w ,  
and changes i n  g round  w a t e r  s t o r a g e .  The d i f f e r e n c e  between 
t h e  t r e a t m e n t  h e r e  and t h a t  i n  Chap te r  I 1  i s  t h a t ,  now, t h e  
b a l a n c e  i s  a p p l i e d  t o  v e r y  s m a l l  c o n t r o l  volumes and a  f l u x  r a t  
e q u a t i o n  ( D a r c y ' s  Law) i s  i n t r o d u c e d  i n t o  t h e  b a l a n c e .  F o r  



reasons  t h a t  w i l l  become a p p a r e n t  s u b s e q u e n t l y ,  t h e  d i f f e r e n -  
t i a l  e q u a t i o n s  f o r  c o n f i n e d  and u n c o n f i n e d  f l o w  a r e  d e r i v e d  
s e p a r a t e 1  y .  

A Differential Mass Balance 

The c o n t r o l  vo lume f o r  w h i c h  t h e  mass b a l a n c e  i s  t o  be 
w r i t t e n ,  can be any shape. The c o n t r o l  volume shown i n  F i g .  
3-13 simp1 i f i e s  t h e  a n a l y s i s ,  however. The mass d i s c h a r g e  
a c r o s s  any p l a n e  o f  t h e  c o n t r o l  volume i s  t h e  p r o d u c t  o f  t h e  
w a t e r  d e n s i t y  p and t h e  vo lume d i s c h a r g e  Q .  The d i f f e r e n c e  
between t h e  o u t f l o w  and i n f l o w  mass d i s c h a r g e s  a c r o s s  t h e  two 
p l a n e s  normal  t o  t h e  x - a x i s  i s  

O u t f l o w  r a t e  - I n f l o w  r a t e  = ( P Q ) ~ ~  - ( P Q ) ~ ~  . ( 3 - 4 5 )  

F i g u r e  3-13. C o n t r o l  volume f o r  mass b a l a n c e  c a l c u l a t i o n .  

A s i m i l a r  e x p r e s s i o n  can be w r i t t e n  f o r  t h e  y  and z d i r e c t i o n s .  
P r o v i d e d  t h e  d imens ions  o f  t h e  c o n t r o l  volume a r e  s m a l l ,  t h e  
d i s c h a r g e  a c r o s s  t h e  p l a n e  a t  X=AX can be r e l a t e d  t o  t h a t  
a c r o s s  t h e  p l a n e  a t  x=0 by  e x p a n s i o n  i n  a  T a y l o r  s e r i e s :  

i n  w h i c h  t h e  l a s t  t e r m  on t h e  r i g h t  r e p r e s e n t s  te rms  o f  o r d e r  
3   AX^, Ax e t c .  F o r  s m a l l  A X ,  t h e s e  te rms can be n e g l e c t e d  and 
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Eq. 3-45 becomes 

a O u t f l o w  r a t e  - I n f l o w  r a t e  = Ã ( ~ Q ) A x  . ( 3 - 4 7 )  

The volume d i s c h a r g e  Q i s  t h e  p r o d u c t  o f  t h e  Darcy  v e l o c i t y  
and t h e  a r e a  normal  t o  f l o w ,  

Qx = q ^ ~ y ~ z ,  Qy = ~ A X A Z ,  and Q = qZAxAy . (3 -48)  
z  

C o n s i d e r i n g  a l l  p l a n e s  on t h e  c o n t r o l  volume, t h e  t o t a l  o u t f l o w  
r a t e  m inus  t h e  t o t a l  i n f l o w  r a t e  i s  

a a O u t f l o w  r a t e  - I n f l o w  r a t e  = [ - ( p q )  + Ã ( p q )  
ax 

The n e t  r a t e  o f  mass o u t f l o w ,  as expressed  i n  Eq. 3-49, 
must  be equa l  t o  t h e  t i m e - r a t e  o f  change o f  mass M w i t h i n  t h e  
c o n t r o l  vo lume.  T h e r e f o r e ,  

The n e g a t i v e  s i g n  i s  i n c l u d e d  t o  make t h e  n e t  o u t f l o w  p o s i t i v e  
when mass i s  b e i n g  d e p l e t e d  f rom s t o r a g e .  

Differential Equations For Confined Flow 

The l e f t  s i d e  o f  Eq. 3-50 i s  s i m p l i f i e d  b y  expand ing  t h e  
i n d i c a t e d  d i f f e r e n t i a t i o n  o f  t h e  p r o d u c t .  F o r  example, 

Because w a t e r  i s  
on  t h e  r i g h t  can 

c o n s i d e r e d  a  b a r o t r o p i c  f l u i d ,  t h e  second t e r m  
be w r i t t e n  

t h e  second equa l  
Eq. 3-51 becomes 

i t y  f o l l o w i n g  f r o m  Eq. 2-14. The e x p a n s i o n  



The t e r m  w h i c h  i n v o l v e s  t h e  c o m p r e s s i b i l i t y  o f  w a t e r  i s  d ropped  
because i t  i s  u s u a l l y  s m a l l  compared t o  t h e  one r e t a i n e d .  The 
t e r m s  f o r  t h e  c o o r d i n a t e s  y and z  i n  Eq. 3-50 can be s i m i l a r l y  
expanded and s i m p l i f i e d ,  so t h a t  t h e  mass b a l a n c e  e q u a t i o n  i s  

The n e x t  s t e p  i s  t o  i n t r o d u c e  t h e  Darcy  e q u a t i o n  f o r  f l o w  
i n  a  non-homogeneous, a n i s o t r o p i c  a q u i f e r  i n  w h i c h  t h e  p r i n c i -  
p a l  d i r e c t i o n s  o f  h y d r a u l i c  c o n d u c t i v i t y  c o i n c i d e  w i t h  t h e  co-  
o r d i n a t e  d i r e c t i o n s  x ,  y ,  and z .  S u b s t i t u t i o n  f r o m  t h e  Darcy  
e q u a t i o n  i n t o  Eq. 3-54 and d i v i s i o n  b y  ~ A X A ~ A Z  g i v e s  

The change o f  w a t e r  mass p e r  u n i t  volume was c a l c u l a t e d  i n  
Chap te r  I 1  and i s  g i v e n  by  Eq. 2-16. T h e r e f o r e ,  t h e  mass b a l -  
ance can be w r i t t e n  as  

F i n a l l y ,  s i n c e  dp ^ pg  dh (see  Eqs. 2 -18  and 3 - 1 6 ) ,  and i n  v i e w  
o f  Eq. 2-19,  

E q u a t i o n  3-57 i s  a  1  i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  
s o l u t i o n s  o f  w h i c h  r e p r e s e n t  t i m e  and space d i s t r i b u t i o n s  o f  
p i e z o m e t r i c  head i n  non-homogeneous, a n i s o t r o p i c ,  c o n f i n e d  
a q u i f e r s .  The c o o r d i n a t e  system i s  n o t  a r b i t r a r y  i n  Eq. 3-57, 
b u t  mus t  be s e l e c t e d  so t h a t  t h e  c o o r d i n a t e  axes a r e  c o - l i n e a r  
w i t h  t h e  p r i n c i p a l  d i r e c t i o n s  o f  h y d r a u l i c  c o n d u c t i v i t y .  Less  
g e n e r a l ,  b u t  more t r a c t a b l e ,  f o r m s  a p p l y  f o r  a q u i f e r s  t h a t  meet 
a d d i t i o n a l  r e s t r i c t i o n s  w i t h  r e s p e c t  t o  h y d r a u l i c  c o n d u c t i v i t y  
and geometry .  F o r  example, 

a p p l i e s  when t h e  a q u i f e r  i s  homogeneous b u t  a n i s o t r o p i c .  F u r -  
t h e r  s i m p l i f i c a t i o n  i s  p o s s i b l e  i f  K = K  = K  =K; 

X Y Z  



a  f o r m  a p p l i c a b l e  f o r  homogeneous and i s o t r o p i c  a q u i f e r s .  I n  
t h i s  case, t h e  s e l e c t i o n  o f  t h e  o r i e n t a t i o n  o f  t h e  c o o r d i n a t e  
a x i s  i s  a r b i t r a r y .  E q u a t i o n  3-59 i s  a  l i n e a r ,  p a r a b o l i c ,  
p a r t i a l - d i f f e r e n t i a l  e q u a t i o n  t h a t  o c c u r s  i n  s e v e r a l  b ranches  
o f  t h e  p h y s i c a l  and e n g i n e e r i n g  s c i e n c e s .  L i t e r a t u r e  d e a l i n g  
w i t h  t h e  c o n d u c t i o n  o f  h e a t  i n  s o l i d s  i s  a  p a r t i c u l a r l y  p r o -  
l i f i c  s o u r c e  f o r  s o l u t i o n s  t o  Eq. 3-59.  

I n  many a p p l i c a t i o n s ,  t h e  g r o u n d - w a t e r  h y d r o l o g i s t  can 
assume t h e  a q u i f e r  t o  be o f  c o n s t a n t  t h i c k n e s s  b  and t h e  f l o w  
t o  be h o r i z o n t a l  ( i n  t h e  x - y  p l a n e ) .  R e c a l l i n g  t h a t  t h e  p r o -  
d u c t  o f  t h e  s p e c i f i c  s t o r a g e  and t h i c k n e s s  i s  t h e  s t o r a g e  
c o e f f i c i e n t  (Eq. 2 - 2 0 ) ,  t h e  d i f f e r e n t i a l  e q u a t i o n  becomes 

The p r o d u c t  bK i s  c a l l e d  transmissivity, T, and has t h e  dimen- 

s i o n s  o f  L ~ T - ' .  The p i e z o m e t r i c  head does n o t  v a r y  w i t h  e l e -  
v a t i o n  i n  f l o w s  d e s c r i b e d  b y  Eq. 3-60, and b o t h  p i e z o m e t e r s  
and o b s e r v a t i o n  we1 1 s  i n d i c a t e  t h e  e l e v a t i o n  o f  t h e  p i e z o m e t r i c  
s u r f a c e .  P iezometers  mus t  be used t o  i n d i c a t e  t h e  p i e z o m e t r i c  
head i n  f l o w s  w i t h  s i g n i f i c a n t  v e r t i c a l  components o f  v e l o c i t y ,  
and t h e r e  does n o t  e x i s t  a  s i n g l e  p i e z o m e t r i c  s u r f a c e  t h a t  i s  
i n d i c a t i v e  o f  t h e  f l o w  c o n d i t i o n s  i n  t h e  a q u i f e r  as  a  who le .  

Drawdown, s ,  i s  sometimes used  as t h e  dependent  v a r i a b l e  
i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  f o r  g round  w a t e r  f l o w .  The 
drawdown i s  

where h  i s  a  c o n v e n i e n t  r e f e r e n c e  v a l u e  o f  p i e z o m e t r i c  head, 

u s u a l l y  t a k e n  as t h e  i n i t i a l  o r  s t a t i c  v a l u e .  S i n c e  ds = -dh,  
Eq. 3-60 becomes 

Ground-water  f l o w s  sometimes e x i s t  f o r  w h i c h  t h e  r e p l e n -  
i s h m e n t  r a t e  i s  equa l  t o  t h e  o u t f l o w  r a t e ,  a t  l e a s t  a p p r o x -  
i m a t e l y .  No change i n  s t o r a g e  o c c u r s  under  t h e s e  c o n d i t i o n s  
and p i e z o m e t r i c  heads do n o t  change w i t h  t i m e .  Hence, 



known as t h e  Laplace e q u a t i o n ,  d e s c r i b e s  s t e a d y  f l o w  i n  con-  
f i n e d  a q u i f e r s .  The L a p l a c e  e q u a t i o n  has been t h e  s u b j e c t  o f  
s t u d y  by  m a t h e m a t i c i a n s  and p h y s i c a l  s c i e n t i s t s  f o r  many decades 
and p o w e r f u l ,  e l e g a n t  methods e x i s t  f o r  i t s  s o l u t i o n ,  p a r t i c u -  
l a r l y  t h e  t w o - d i m e n s i o n a l  form. 

3.4 FLOW IN WATER-TABLE AQUIFERS 

R e c a l l  f rom Chapte r  11 t h a t  w a t e r  i s  d e r i v e d  f r o m  s t o r a g e  
i n  u n c o n f i n e d  a q u i f e r s  by  d r a i n a g e  o f  t h e  p o r e s ,  by  w a t e r  
e x p a n s i o n  and by  r o c k  compac t ion ;  t h e  c o n t r i b u t i o n  f r o m  t h e  
l a t t e r  two p rocesses  u s u a l l y  b e i n g  n e g l i g i b l e  r e l a t i v e  t o  
t h e  f i r s t .  C o n s i d e r  an a q u i f e r  i n  w h i c h  t h e  w a t e r  t a b l e  i s  
i n i t i a l l y  h o r i z o n t a l  and f r o m  w h i c h  w a t e r  i s  removed b y  a  w e l l .  
The pumped w e l l  causes t h e  w a t e r  t a b l e  t o  draw down, f o r m i n g  
a  cone o f  d e p r e s s i o n  as  shown i n  F i g .  2-11.  Most  o f  t h e  w a t e r  
s u p p l i e d  t o  t h e  w e l l  i s  d e r i v e d  by  t h e  d e w a t e r i n g  o f  t h e  a q u i -  
f e r  w i t h i n  t h e  cone o f  d e p r e s s i o n  (see  Example 2 - 5 ) .  The w a t e r  
d e r i v e d  f r o m  w a t e r  and  a q u i f e r  e x p a n s i o n  i n  t h e  p o r t i o n  o f  t h e  
a q u i f e r  be low t h e  w a t e r  t a b l e  i s  n e g l i g i b l e  compared t o  t h a t  
d e r i v e d  f r o m  t h e  cone o f  d e p r e s s i o n .  Thus, t h e  change i n  a q u i -  
f e r  s t o r a g e  can be a d e q u a t e l y  a c c o u n t e d  f o r  b y  d e t e r m i n i n g  t h e  
change i n  t h e  volume o f  t h e  cone o f  d e p r e s s i o n  and  m u l t i p l y i n g  
b y  t h e  a p p a r e n t  s p e c i f i c  y i e l d .  

I n  p r i n c i p l e ,  t h e  l o c a t i o n  o f  t h e  w a t e r  t a b l e  i n  t i m e  and 
space can be computed b y  s o l v i n g  Eq. 3-57 w i t h  S  =0 w h i c h  i s  s  

T h i s  e q u a t i o n  reduces  t o  t h e  L a p l a c e  e q u a t i o n  f o r  homogeneous 
and  i s o t r o p i c  a q u i f e r s .  U n l i k e  t h e  case  f o r  c o n f i n e d  f l o w ,  
however, t h e  r i g h t  s i d e  o f  Eq. 3-64 i s  z e r o  because Ss:O and 

n o t  because t h e  f l o w  i s  s t e a d y .  F u r t h e r m o r e ,  t h e  f l o w  domain 
f o r  w h i c h  s o l u t i o n s  o f  Eq. 3-64 ( o r  t h e  L a p l a c e  e q u a t i o n )  a r e  
sough t  i s  n o t  c o n s t a n t  because t h e  w a t e r - t a b l e  p o s i t i o n  changes 
w i t h  t i m e .  I t  i s ,  i n  f a c t ,  t h e  change o f  w a t e r - t a b l e  p o s i t i o n  
w i t h  t i m e  w h i c h  a c c o u n t s  f o r  t h e  change i n  s t o r a g e  i n  t h e  a q u i -  
f e r ,  as e x p l a i n e d  above. 

A m a t h e m a t i c a l l y  r i g o r o u s  approach  t o  f l o w  i n  w a t e r - t a b l e  
a q u i f e r s  i s  t o  s o l v e  Eq. 3-64 ( o r  an a p p r o p r i a t e  l e s s  g e n e r a l  
fo rm)  f o r  f l o w  i n  t h e  s a t u r a t e d  zone. An outcome o f  t h e  s o l u -  
t i o n  i s  t h e  t i m e  and space d i s t r i b u t i o n  o f  t h e  w a t e r  t a b l e ,  
f r o m  w h i c h  t h e  change i n  a q u i f e r  s t o r a g e  can be computed b y  
t h e  p r o c e d u r e s  o f  Example 2-5.  The f a c t  t h a t  t h e  w a t e r - t a b l e  



pos i t ion  i s  an outcome of  t h e  s o l u t i o n ,  y e t  t h e  wa te r - t ab le  
p o s i t i o n  i s  r equ i red  ( a  p r i o r i  ) t o  d e f i n e  t h e  flow domain in  
which Eq. 3-64 a p p l i e s ,  makes i t  very d i f f i c u l t  t o  ob ta in  t h e  
required  s o l u t i o n s .  Even f o r  s t eady  f lows,  when t h e  water  
t a b l e  i s  f ixed  in  t ime,  c a l c u l a t i o n  of i t s  conf igura t ion  v ia  
t h e  above approach i s  not  a  simple t a s k .  

The Dupuit-Forchheimer Approximations 

The d i f f i c u l t i e s  a t t e n d i n g  t h e  s o l u t i o n  of Eq. 3-64, o r  
a p p r o p r i a t e  l e s s  general  forms, in  wa te r - t ab le  a q u i f e r s  have 
led  hydro log i s t s  t o  use a  more p r a c t i c a l ,  i f  l e s s  r i g o r o u s ,  
approach. Consider a  s lop ing  water t a b l e  above a  hor izonta l  
impermeable boundary a s  shown in  Fig. 3-14. The s lope  has been 
g r e a t l y  exaggerated f o r  c l a r i t y .  The d i scha rge ,  per  u n i t  width 
i n t o  t h e  p lane  of t h e  paper,  a c r o s s  any v e r t i c a l  plane i s  

Evaluation of t h e  i n t e g r a l  i n  Eq. 3-65 r e q u i r e s  t h a t  q x ( x , z )  
be known. However, provided t h a t  t h e  s lope  6 of t h e  water tab1 
i s  sma l l ,  qx a t  t h e  water t a b l e  does not d i f f e r  s i g n i f i c a n t l y  

from t h a t  on t h e  impermeable boundary and q  ( x , z ) = q x ( x , z f ) .  x  

Figure 3-14. Flow in a  water t a b l e  a q u i f e r .  

I n  t h i s  case  

where h i s  t h e  p iezometr ic  head a t  t h e  water  t a b l e .  By d e f i n -  
i t i o n  of a  water  t a b l e ,  t h e  p res su re  head must be zero  t h e r e ,  



so h=z and 
f 

I n  Eq. 3-67, h  r e p r e s e n t s  b o t h  t h e  t h i c k n e s s  o f  t h e  f l o w  
and t h e  p i e z o m e t r i c  head a t  t h e  w a t e r  t a b l e .  The q u a n t i t y  
d h l d x  i s  t h e  t a n g e n t  o f  t h e  a n g l e  t h e  w a t e r  t a b l e  makes w i t h  
t h e  h o r i z o n t a l .  E q u a t i o n  3-67 a c t u a l l y  i m p l i e s  t h a t  t h e  f l o w  
i s  e n t i r e l y  h o r i z o n t a l  , and t h a t  t h e  p r e s s u r e - h e a d  d i s t r i b u t i o n  
a l o n g  any v e r t i c a l  i s  h y d r o s t a t i c .  I n  o t h e r  words,  t h e  p i e z o -  
m e t r i c  head a l o n g  any v e r t i c a l  i s  c o n s t a n t .  It i s  emphasized 
t h a t  Eq .  3-67 i s  v a l i d  f o r  s i t u a t i o n s  i n  w h i c h  t h e  w a t e r - t a b l e  
s l o p e  i s  s m a l l .  More e x p l i c i t l y  

i s  t h e  c o n d i t i o n  t h a t  mus t  be s a t i s f i e d  (Bear ,  1972) .  

The Boussinesq Equation 

The D u p u i t - F o r c h h i e m e r  assumpt ion  o f  h o r i z o n t a l  f l o w  p e r -  
m i t s  t h e  use o f  a  m a t e r i a l - b a l a n c e  c o n t r o l  volume t h a t  e x t e n d s  
f r o m  t h e  h o r i z o n t a l  f l o o r  o f  t h e  a q u i f e r  t o  t h e  w a t e r  t a b l e  
( F i g .  3 - 1 5 ) .  Because changes i n  w a t e r  d e n s i t y  a r e  u n i m p o r t a n t  
i n  u n c o n f i n e d  a q u i f e r s ,  mass b a l a n c e  i s  a s s u r e d  by  a  volume 
b a l a n c e .  F o l l o w i n g  t h e  p r o c e d u r e s  o f  t h e  p r e v i o u s  s e c t i o n ,  
t h e  r a t e  o f  n e t  o u t f l o w  f r o m  t h e  c o n t r o l  volume i s  

a Q ~  Ne t  O u t f l o w  Rate  = Ax + - Ay . a Y  

From Eq. 3-67, w r i t t e n  f o r  b o t h  t h e  x  and y d i r e c t i o n s  i n  an 
i s o t r o p i c  a q u i f e r ,  

As b e f o r e ,  t h e  n e t  r a t e  o f  o u t f l o w  mus t  equa l  t h e  n e g a t i v e  
t i m e  r a t e  o f  r e d u c t i o n  o f  s t o r e d  w a t e r  vo lume.  The change i n  
w a t e r  volume a s s o c i a t e d  w i t h  a  c h a n ~ e ,  dh, o f  w a t e r - t a b l e  
l e v e l  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  a p p a r e n t  s p e c i f i c  y i e l d  
d i s c u s s e d  i n  Chap te r  11.  

Combin ing Eqs. 3-70 and 3-71 y i e l d s  



F i g u r e  3-15.  C o n t r o l  volume i n  an u n c o n f i n e d  a q u i f e r .  

and, i f  t h e  a q u i f e r  i s  homogeneous, 

E q u a t i o n  3-73 i s t h e  non-linear Boussinesq e q u a t i o n  (Bous-  
s i n e s q ,  1904) .  Because i t  i s  n o n - l i n e a r ,  Eq .  3-73 i s  d i f f i c u l t  
t o  s o l v e  b y  a n a l y t i c a l  methods, a1 though  s e v e r a l  e x a c t  and 
a p p r o x i m a t e  a n a l y t i c a l  s o l u t i o n s  have been deve loped  f o r  p a r -  
t i c u l a r  boundary  and i n i t i a l  c o n d i t i o n s  (Bouss inesq ,  1904; van 
S c h i  l f g a a r d e ,  1963; Brooks,  1961 ; McWhorter and Duke, 1976) .  
L i n e a r i z a t i o n  o f  t h e  Bouss inesq  e q u a t i o n  i s  p e r m i s s i b l e  when 
t h e  s p a t i a l  v a r i a t i o n  o f  h  rema ins  s m a l l  r e l a t i v e  t o  h .  I n  
t h i s  case  i t  i s  p o s s i b l e  t o  r e p l a c e  t h e  v a r i a b l e  s a t u r a t e d  f l o w  
d e p t h  w i t h  an average  t h i c k n e s s ,  b, and o b t a i n  

w h i c h  i s  known as  t h e  'Linearized Boussinesq e q u a t i o n .  No te  
t h a t  Eq. 3-74 i s  p r e c i s e l y  t h e  same f o r m  as Eq. 3-60. O t h e r  
p r o c e d u r e s  have been used t o  1  i n e a r i z e  Eq. 3-73. Werner (1957)  



f o r  example, p u t s  h  = v'u and w r i t e s  t h e  e q u a t i o n  w i t h  u  = h  2 
as  t h e  dependent  v a r i a b l e .  

3.5 EQUATIONS FOR FLOW WITH VERTICAL ACCRETION 

Seepage t h r o u g h  u n d e r l y i n g  o r  o v e r l y i n g  a q u i t a r d s  some- 
t i m e s  s i g n i f i c a n t l y  a f f e c t s  t h e  h y d r a u l i c s  i n  c o n f i n e d  a q u i f e r s .  
I n  w a t e r - t a b l e  a q u i f e r s ,  a c c r e t i o n  t o  o r  d e p l e t i o n  f r o m  t h e  
a q u i f e r s  o c c u r  as  t h e  r e s u l t  o f  r e c h a r g e  o r  e v a p o t r a n s p i r a t i o n ,  
f o r  example. 

F low i n  a  c o n f i n e d  homogeneous, i s o t r o p i  c  a q u i f e r  , o v e r -  
l a i n  b y  an a q u i t a r d  t h r o u g h  w h i c h  seepage o c c u r s ,  i s  c o n s i d e r e d .  
One approach  i s  t o  a p p l y  Eq. 3-59 w i t h  t h e  seepage t h r o u g h  t h e  
a q u i t a r d  t a k e n  i n t o  c o n s i d e r a t i o n  as a  boundary  c o n d i t i o n .  A 
more p r a c t i c a l  approach  i s  t o  r e g a r d  t h e  f l o w  i n  t h e  c o n f i n e d  
a q u i f e r  a s  e n t i r e l y  h o r i z o n t a l  and t o  a c c o u n t  f o r  t h e  seepage 
t h r o u g h  t h e  a q u i t a r d  d i r e c t l y  i n  t h e  m a t e r i a l  b a l a n c e  on a  
c o n t r o l  volume t h a t  e x t e n d s  f r o m  t h e  f l o o r  o f  t h e  a q u i f e r  t o  
t h e  a q u i t a r d  ( F i g .  3 - 1 6 ) .  F o l l o w i n g  t h e  p r o c e d u r e s  used  p r e v -  
i o u s l y  f o r  e s t a b l i s h i n g  t h e  m a t e r i a l  b a l a n c e ,  

F i g u r e  3-16.  F low i n  a  l e a k y ,  c o n f i n e d  a q u i f e r .  
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o r  

s i n c e  

and 

The v e r t i c a l  p e r c o l a t i o n  r a t e  W i s  a  s c a l a r  d i s c h a r g e  p e r  
u n i t  a r e a  assumed t o  be p o s i t i v e  under  c o n d i t i o n s  o f  a c c r e t i o n .  
The magn i tude  o f  W can be computed d i r e c t l y  f r o m  D a r c y ' s  Law, 
p r o v i d e d  t h a t  changes i n  s t o r a g e  i n  t h e  a q u i t a r d  a r e  n e g l e c t e d  
( s e e  Examples 3 -6  and 3 - 7 ) :  

S u b s t i t u t i o n  o f  Eq. 3-78 i n t o  Eq. 3-76 g i v e s  

A  leakage factor B, d e f i n e d  by 

i s  o f t e n  i n t r o d u c e d  i n t o  Eq. 3-79 t o  y i e l d  t h e  leaky a q u i f e r  
e q u a t i o n  

A s i m i l a r  development  f o r  a c c r e t i o n  t o  w a t e r - t a b l e  a q u i f e r s  
l e a d s  t o  

The a c c r e t i o n  r a t e  W can sometimes be e s t i m a t e d  by  t h e  w a t e r  
budge t  p r o c e d u r e  d i s c u s s e d  i n  Chap te r  11. I n  o t h e r  cases ,  W 
f o l l o w s  f r o m  a n a l y s e s  s i m i l a r  t o  t h a t  o f  Example 3-7. An 
example o f  n e g a t i v e  W i s  w a t e r  use by  p h r e a t o p h y t e s .  
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PROBLEMSAND STUDY QUESTIONS 

and 

E x p l a i n  what  i s  meant b y  a  r e p r e s e n t a t i v e  volume e lement .  

A  c o n s e r v a t i v e  t r a c e r  i s  i n t r o d u c e d  i n t o  t h e  f l o w  e n t e r i n g  
a  column o f  sand w i t h  u n i f o r m  c r o s s - s e c t i o n  and p o r o s i t y .  
The c o n c e n t r a t i o n  o f  t h e  t r a c e r  i n  t h e  i n f l u e n t  i s  C .  

o f  t h e  co lumn i s  120 cm, t h e  c r o s s - s e c t i o n  a r e a  The l e n g t h  
2  i s  11 cm , 

a f t e r  t h e  
o f  t r a c e r  

t u d e s  o f  v  

and t h e  p o r o s i t y  i s  0 .45.  Three  hundred  seconds 
i n t r o d u c t i o n  o f  t h e  t r a c e r ,  t h e  c o n c e n t r a t i o n  
i n  t h e  e f f l u e n t  was 0.5 C .  E s t i m a t e  t h e  magni -  

, q, and Q i n  t h e  column. Answer: v=0 .4  cm/s, 

I f  t h e  magn i tude  o f  t h e  g r a d i e n t  o f  p i e z o m e t r i c  head i s  
2.6 i n  p r o b l e m  2, what  i s  t h e  h y d r a u l i c  c o n d u c t i v i t y ?  
Answer: K=0.069 cmls .  

What i s  t h e  fundamenta l  d i f f e r e n c e  between h y d r a u l i c  con-  
d u c t i v i t y  and i n t r i n s i c  p e r m e a b i l i t y ?  D i s c u s s  some s i t u -  
a t i o n s  i n  w h i c h  i t  m i g h t  be advantageous t o  use k r a t h e r  
t h a n  K. 

2  Show t h a t  t h e  d i m e n s i o n s  o f  K  a r e  L I T  and k a r e  L  . 
From t h e  f o l l o w i n g  d a t a  compute k, C, and d and t h e  magni -  
t u d e  a o f  & t h a t  r e s u l t s  i n  a  5 %  d e p a r t u r e  f r o m  D a r c y ' s  

Law. Answer: k =  2 . 4 ~ 1 0 ' ~  cm2, C=0.62, d = 3 . 8 x l 0 - ~  cm 
( H i n t :  R e f e r  t o  Example 3 -2  and compute A  and B so t h a t  
t h e  r e s i d u a l  R i s  m i n i m i z e d  i n  

R i s  m i n i m i z e d  when 



Prove  t h a t  t h e  magn i tude  o f  t h e  Darcy  v e l o c i t y  d u r i n g  
s t e a d y  downward f l o w  i s  equa l  t o  t h e  h y d r a u l i c  c o n d u c t i v -  
i t y  when t h e  p r e s s u r e  i s  c o n s t a n t  a l o n g  t h e  f l o w  p a t h .  
D i s c u s s  t h e  magn i tude  and d i r e c t i o n  o f  t h e  d r i v i n g  f o r c e s  
f o r  t h i s  case.  

A  column o f  po rous  medium i s  o r i e n t e d  a t  an a n g l e  o f  30' 
w i t h  t h e  h o r i z o n t a l  p l a n e .  The magn i tude  o f  t h e  Darcy  
v e l o c i t y  i s  0.005 c m l s .  I f  t h e  p r e s s u r e  i s  t h e  same 
everywhere  i n  t h e  column, wha t  i s  t h e  h y d r a u l i c  c o n d u c t i v -  
i t y ?  Answer: K=0.01 cmls .  

F o r  t h e  f i g u r e  shown, c a r e f u l l y  
b u t  s c h e m a t i c a l l y  p l o t  p iezome- 
t r i c  head, e l e v a t i o n  head, and  
p r e s s u r e  head as a  f u n c t i o n  o f  
z  a l o n g  t h e  a x i s .  A l s o  p l o t  
a h l a z  and a ( p / p g ) / a z .  Note t h a t  

. t h e  p r e s s u r e  head i s  z e r o  on b o t h  
ends o f  t h e  sample. 

I 



10.  A n  a q u i f e r  with K=1.0 cmls and $=0.25 i s  d i scha rg ing  i n t o  
a  stream. The flow i n  t h e  a q u i f e r  i s  p r a c t i c a l l y  horizon- 
t a l  and t h e  g r a d i e n t  of head i s  i n  a  d i r e c t i o n  t h a t  makes 
a  45' angle  with t h e  stream (p lan  view).  The magnitude 
i s  0.01.  A t r a c e r  i s  introduced i n t o  t h e  a q u i f e r  a t  a  
po in t  a  perpendicular  d i s t a n c e  of 6  m from t h e  stream. 
Supposing t h a t  d i s p e r s i o n  and d i f f u s i o n  a r e  n e g l i g i b l e ,  
e s t i m a t e  t h e  time requ i red  f o r  t h e  t r a c e r  t o  appear in  
t h e  stream. Answer: 4  2 . 1 2 ~ 1 0  seconds.  

1 1 .  Derive E q .  3-24. 

12.  Two c y l i n d r i c a l  r e s e r v o i r s  a r e  connected a t  t h e  bottom 
with a  sand f i l l e d  p ipe ,  3 cm in  diameter and 2  m long.  
The hydraul ic  c o n d u c t i v i t y  of t h e  sand in  t h e  connecting 

~ i p e  i s  9 . 1 x 1 0 - ~  cmls. The c r o s s - s e c t i o n a l  a r e a s  of t h e  
2  2  l a r g e  and small r e s e r v o i r s  a r e  1000 cm and 250 cm , 

r e s p e c t i v e l y .  I f  t h e  depth of water i n  t h e  l a r g e r  r e s e r -  
v o i r  i s  40 cm and 10 cm i n  t h e  sma l l e r  a t  t = 0 ,  a t  what 
time w i l l  t h e  water  l eve l  i n  t h e  l a r g e r  r e s e r v o i r  be 35 cm? 
Answer: 128 days.  

13. The fo1 lowing g r a i n - s i z e  d i s t r i b u t i o n s  were measured f o r  
two samples of sand with well rounded p a r t i c l e s .  The por- 
o s i t i e s  of both samples was 0.31.  Ca lcu la t e  t h e  i n t r i n s i c  
permeabi 1  i t i e s  using t h e  Fair-Hatch formula and using 
Eq. 3-26. Compare and d i s c u s s  t h e  r e s u l t s .  

- 9 2  Answer: kA=l .Ox10 cm2 , k$.6x10- '~  cm and from Eq. 3- 
-9 2  2  26 : kA=O.  65x1 0  cm , kn=l .4xl0- '  cm . 

Sample A Sample B 
P a r t i c l e  S ize  Percent  P a r t i c l e  S ize  Percent  

microns Greater  microns Greater  

8  0  0 .0  8 0  0 .0  
70 2 .5  7  0  2 . 5  
60 11 . O  60 11 . O  
50 32.0  50 32.0  
4  0  53.0 4  0  40.0 



Sample A Sample B 
P a r t i c l e  S i z e  Percent  P a r t i c l e  S i z e  Percent  

microns Grea te r  microns Grea te r  

30 69.0 30 59.0  
2  0  79.0 20 70.0 
10 90.0 10 75.0 

1  100.0 1  100.0  

14.  Two observat ion w e l l s ,  152 m a p a r t ,  p e n e t r a t e  an a r t e s i a n  
a q u i f e r .  The fo l lowing informat ion i s  ob ta ined .  

Well A Well B -- 

Ground Surface  El ev. 1579 m 1570 m 
Top of Aquifer Elev. 1497 m 1478 m 
Bottom of Aquifer Elev.  1466 m 1448 m 

The s t a t i c  water  l eve l  in  Well B i s  6.10 m below ground 
su r face  and i n  Well A t h e  water p res su re  head measured a t  
t h e  ground s u r f a c e  i s  3.05 m .  I f  t h e  hydrau l i c  conductiv- 
i t y  of t h e  a q u i f e r  i s  0.024 cm/s, c a l c u l a t e  t h e  t o t a l  f low 
i n  a  u n i t  width of a q u i f e r  p a r a l l e l  t o  a  l i n e  connecting 
t h e  two we l l s .  Answer: 8 . 6 ~ 1 0 ' ~  m3/s-m. 

15. Horizontal  flow occurs  through a  column of non-homogeneous 
porous medium in  which t h e  hydraul ic  conduc t iv i ty  v a r i e s  
cont inuously  according t o  K ( x ) = K  exp(-x/L)  where K i s  

t h e  conduc t iv i ty  a t  x=0 and L i s  t h e  l eng th  of t h e  column. 
For K=0 .019  cmls,  L=1.3 m, and a  d i f f e r e n c e  in  p res su re  

head a c r o s s  t h e  i n t e r v a l  L of 3  m, c a l c u l a t e  t h e  magnitude 
of t h e  Darcy v e l o c i t y .  P l o t  t h e  d i s t r i b u t i o n  of p res su re  
head along t h e  column. Answer: $ 1  =2.55x1 o cm/s. 

16. Discuss t h e  r e l a t i o n s h i p  between t h e  dimensions of t h e  
r e p r e s e n t a t i v e  volume element and t h e  concepts  of homo- 
gen ie ty  and i s o t r o p y  i n  media wi th  l a r g e  s c a l e  s t r a t i f i c a -  
t i o n  and i n  media wi th  small s c a l e  s t r a t i f i c a t i o n .  

17.  Show t h a t  Eq. 3-22 l e a d s  t o  p h y s i c a l l y  absurd r e s u l t s  f o r  
media i n  which K=K(x,y,z) and exp la in  why -v$ i s  not  a  
f o r c e .  

18. An a q u i f e r  i s  homogeneous, but  a n i s o t r o p i c  with Kz=O.OO1 

cm/s and K = K  =0.01 cm/s where x ,  y ,  and z  a r e  t h e  p r in -  x v 
c i p l e  d i r e c t i o n s .  The component of v h  i n  t h e  z - d i r e c t i o n  
i s  -0 .92,  i n  t h e  x - d i r e c t i o n  i s  0 .17,  and ze ro  i n  t h e  y- 
d i r e c t i o n .  Ca lcu la t e  and p l o t  ( to s c a l e )  t h e  vec to r s  v h  
and 4 .  What i s  t h e  magnitude of q? What i s  t h e  d i r e c t i o n  



and magn i tude  o f  4 i f  t h e  porous  s o l  i d  i s  i s o t r o p i c  w i t h  
-3  -? K=o'ol cmls? Answer'  A n i s o t r o ~ i c  case; Jx]O + 

. , 

9 . 2 ~ 1 0 ' ~  < , \!\=I . 9 2 x 1 0 " ~  cm/s : i s o t r o p i c  case; 
-̂  
q = - l  . 7 x 1 0 - ~  7 + 9 . 2 ~ 1 0 " ~  , 1 $ 1 = 9 . 4 x l 0 - ~  cmls .  

19.  Downward seepage o c c u r s  f rom a  s h a l l o w  pond ( 3 0  cm d e p t h )  
t o  a  w a t e r  t a b l e  30 m  be low t h e  b o t t o m  o f  t h e  pond as 
shown be low.  A  c o n s e r v a t i v e  t r a c e r  i s  i n t r o d u c e d  i n t o  
t h e  f l o w  a t  p o i n t  A. C a l c u l a t e  t h e  l o c a t i o n  o f  t r a c e r  
appearance a t  t h e  w a t e r  t a b l e ,  assuming no d i s p e r s i o n  o r  
d i f f u s i o n  and t h a t  b o t h  s t r a t a  rema in  f u l l y  s a t u r a t e d .  
A l s o  compute t h e  t r a v e l  t i m e  o f  t h e  t r a c e r  between p o i n t  
A  and t h e  w a t e r  t a b l e .  D i s c u s s  t h e  v a r i a t i o n  o f  p r e s s u r e  
head w i t h  e l e v a t i o n  and t h e  assumpt ion  o f  f u l l y  s a t u r a t e d  
f l o w .  Answer: T r a c e r  appears  a t  t h e  w a t e r  t a b l e  a t  x=18 m  
a f t e r  a  t r a v e l  t i m e  o f  2.9 days .  Assume f l o w  l i n e s  a r e  
s t r a i g h t  1  i n e s .  

20. The h y d r a u l i c  c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  
i s  g i v e n  b y  Eq. 3-44 f o r  a  permeameter w i t h  a  l a r g e  d iam- 
e t e r  t o  l e n g t h  r a t i o .  Show t h a t  t h e  h y d r a u l i c  c o n d u c t i v -  
i t y  i n  t h e  d i r e c t i o n  o f  q  i s  g i v e n  by  

where I? i s  t h e  a n g l e  between t h e  x - c o o r d i n a t e  d i r e c t i o n  
and t h e  v e c t o r  q  f o r  a  permeameter  w i t h  a  s m a l l  d i a m e t e r  
t o  l e n g t h  r a t i o  ( i  . e . ,  q  i s  p a r a l l e l  t o  t h e  a x i s  o f  t h e  
permeameter) .  

21. By l e t t i n g  x = r c o s @  , y = r s i n g  , where r = <  i n  t h e  r e s u l t  
f r o m  p r o b l e m  20, d e r i v e  t h e  e l l i p s e  



f o r  h y d r a u l i c  c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  o f  f l o w .  

Repeat  p r o b l e m  21 u s i n g  Eq. 3-44 t o  d e r i v e  t h e  e l  1  i p s e  
f o r  h y d r a u l i c  c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  o f  t h e  g r a d i -  
e n t :  

2  2  
Kg = K x ( x / r )  + K  Y  ( y / r )  where r = l v h l  . 

What a r e  t h e  v a l u e s  o f  K  and K  f o r  t h e  a n i s o t r o p i c  s i t u -  
q  g  

a t i o n  i n  p r o b l e m  1 8 .  Answer: K  = 3 . 3 x 1 0 '  cmls,  K =1.3x 
q  g  

l o m 3  C ~ / S .  

By r e f e r e n c e  t o  a  t e x t  on h e a t  c o n d u c t i o n  i n  s o l i d s ,  
i d e n t i f y  t h e  p a r a m e t e r s  and v a r i a b l e s  i n  h e a t  c o n d u c t i o n  
t h a t  c o r r e s p o n d  t o  K, S ,  h, and q  i n  g round-wate r  f l o w .  

I d e n t i f y  t h r e e  b ranches  o f  p h y s i c a l  s c i e n c e  i n  w h i c h  t h e  
L a p l a c e  e q u a t i o n  a r i s e s .  D i s c u s s  t h e  c o n d i t i o n s  u n d e r  
w h i c h  t h e  L a p a l c e  e q u a t i o n  a r i s e s  i n  r e l a t i o n  t o  t h o s e  i n  
w h i c h  i t  a r i s e s  i n  a  g round-wate r  h y d r o l o g y .  

Show t h a t  W i n  Eq. 3-78 approaches  Ka f o r  v e r y  t h i c k  
a q u i t a r d s .  

D e r i v e  Eq. 3-82 f r o m  f i r s t  p r i n c i p l e s .  

Show t h a t  t h e  d i s c h a r g e  t h r o u g h  t h e  l a t e r a l  s u r f a c e  o f  a  
c y l i n d e r  o f  r a d i u s  r and h e i g h t  h  i s  

f o r  r a d i a l l y  symmet r i c  u n c o n f i n e d  f l o w .  

U s i n g  t h e  c o n t r o l  vo lume shown be low,  d e v e l o p  

f o r  r a d i a l l y  symmet r i c  f l o w  i n  a  c o n f i n e d  a q u i f e r .  



30. Repeat  p r o b l e m  29 f o r  r a d i a l l y  symmet r i c  f l o w  i n  an uncon- 
f i n e d  a q u i f e r .  

31. The d a t a  p r e s e n t e d  i n  p r o b l e m  6  was o b t a i n e d  f o r  a  u n i f o r m  
s i z e d  sand o f  d i a m e t e r  equa l  t o  0.254 cm and p o r o s i t y  
equa l  t o  0.41. Compute t h e  permeabi 1  i t y  b y  Eqs. 3-25 and 
3-26 and compare y o u r  r e s u l t s  w i t h  t h e  measured p e r m e a b i l -  
i t y  g i v e n  i n  p r o b l e m  6 .  



Chapter IV 
STEADY GROUND-WATER HYDRAULICS 

A f i n i t e  flow domain i s  associated with every ground-water 
flow problem in the  f i e l d .  Steady flow r e s u l t s  in t he  domain 
of i n t e r e s t  only when the t o t a l  outflow equals the t o t a l  inflow, 
a l l  segments of the domain boundary being taken in to  consider- 
a t ion .  In the s t r i c t e s t  sense, steady flow i s  a  r a r e  occurrence 
in  the  f i e l d .  I t  i s  sometimes possible ,  however, t o  der ive a  
great  deal of useful information by treatment of f i e l d  problems 
as  steady s t a t e .  In any case,  a11 analyses of ground-water 
flow a r e  approximate, whether they be based on analyt ical  devel- 
opments, sophist icated simulation models, laboratory information 
o r  f i e l d  observations because of the limited de t a i l  with which 
the  geologic and hydrologic parameters can be character ized.  
The p rac t i ca l i t y  of s teady-state  ana lys i s  in f i e l d  problems 
depends t o  a  s i gn i f i c an t  degree upon the  mathematical s k i l l  and 
physical ins igh t  possessed by the  hydrologist.  

The presentation of the  material in t h i s  chapter begins 
with a  discussion of the methods by which solut ions t o  the two- 
dimensional Laplace equation a r e  displayed in terms of equi- 
potent ial  and streamlines. The student i s  encouraged t o  prac- 
t i c e  visual izing and displaying the  solut ions f o r  the  subsequent 
elementary flows in  terms of the appropriate network of equi- 
potent ial  and stream l i ne s .  The experience gained by so doing 
will  subs tan t ia l ly  enhance the  a b i l i t y  t o  obtain approximate 
solut ions f o r  more complex problems by sketching flow ne ts ;  a  
method t ha t  i s  introduced in sect ion 4.4.  The remainder of the 
chapter i s  devoted t o  a  discussion of confined and unconfined 
flow s i t ua t i ons  which, in pr inc ip le ,  a r e  described by solut ions 
of the  Laplace equation b u t  a r e  more conveniently t rea ted  by 
writing approximate d i f f e r en t i a l  equations. 

4.1 EQUIPOTENTIAL CONTOURS AND STREAMLINES 

The material balance equations in  Chapter I11 become the 
Laplace equation f o r  steady flow in homogeneous, i so t rop ic  
aquifers .  Three-dimensional flow problems a re  beyond the scope 
of t h i s  t e x t  and a t ten t ion  i s  l imited t o  two-dimensional flows 
in the subsequent discussions.  The two-dimensional Laplace 
equation, wri t ten in terms of the ve loc i ty  potent ial  (c~>zKh) i s  

Recall t ha t  the  use of ve loc i ty  potent ial  i s  permissible f o r  
flow in homogeneous aqui fe rs  only. Functions o(x ,y)  t ha t  s a t i  s -  
fy  Eq. 4-1 a r e  ca l led  harmonic functions (Churchi l l ,  1960). 



Curves in the  x-y plane f o r  which ' i (x ,y)  = constant a re  ca l led  
equipotential or  equi head contours.  An equipotenti  a1 contour 
i s  the locus of points  a t  which the  piezometric head i s  a  
par t icu la r  constant value. Equi potent ial  contours a r e  analo- 
gous t o  curves connecting points  of equal e levat ion on a  topo- 
graphic map. Equipotential contours in  the horizontal plane 
f o r  water t ab l e  aqui fe rs  ac tua l ly  represent  the topographic 
configuration of the water-tab1 e  surface j u s t  as  a  topographic 
map depicts  the configuration of the  ground surface.  Equi- 
potent ial  contours in the  horizontal plane f o r  confined aquifers  
represent the configuration of the piezometric surface. Equa- 
t ion  4-1 can be a l so  wri t ten f o r  ver t ica l  (x-z o r  y-z) planes, 
in which case the  equipotent ial  contours a r e  traced in ver t ica l  
planes. The component of Darcy veloci ty in a  homogeneous and 
i so t rop ic  aquifer  in any d i rec t ion  R can be computed by d i f -  
f e r en t i a t i ng  'i in the d i rec t ion  R :  

Suppose the d i rec t ion  i. i s  or iented para l le l  t o  an equipotent ial  
contour a t  a  par t icu la r  point ,  P.  By de f in i t i on ,  the function 
@(x ,y )  i s  a  constant on t h e  contour. Thus, i t  must be concluded 
t ha t  the Darcy veloci ty q a t  P has no component in d i rec t ions  
tangent to the equipotential contour. The f a c t  t h a t  the  Darcy 
veloci ty q i s  normal t o  the  equipotent ial  l i ne s  has great  u t i l -  
i t y  in visual izing flow pa t te rns  and in the  solution of problems 
by flow nets .  

I t  i s  often convenient t o  describe flow pat terns by a  fam- 
i l y  of curves that a r e  everywhere tangent ( r a the r  than normal) 
t o  the  veloci ty q. Functions $ ( x , y )  t h a t  a r e  everywhere tan- 
gent t o  q a r e  ca l led  stream functions. The locus of points  f o r  
which $(x ,y)  = constant i s  ca l led  a  streamline; d i f f e r en t  con- 
s t a n t s  representing d i f f e r en t  streamlines. The re la t ionsh ip  
between the  stream function and the  ve loc i ty  components can be 
deduced by considering the  streamline shown in Fig. 4-1. The 
veloci ty tj a t  point P has components qx and q as  shown. The 

Y 
slope of the  streamline i s  (dyldx) which i s  equal t o  q /q 
Thus, $ Y x .  

For '( ' (x,y) = q1 , where i s  the constant representing the 

pa r t i cu l a r  streamline through P, we have 



Figure 4-1. Relationship between veloci ty vector and stream 
l i n e .  

The coef f ic ien ts  of dx and dy in Eqs. 4-3 and 4-4 must be equa' 
since dx and dy are  the same in both equations. Therefore, 

and 

I t  can now be ea s i l y  proven tha t  streamlines and equi- 
potential l ines  i n t e r sec t  a t  r i gh t  angles. A t  point P on an 
equipotential l i n e  i>(x,y) = 

so tha t  

where ( d y l d x )  i s  the slope of the equipotential l i ne .  Notice 

t ha t  Eqs. 4-3 and 4-8 show tha t  the slopes of the streamline 
and the equipotential l i n e  are negative reciprocals  of each 
other .  This i s  the condition f o r  orthogonality. I t  i s  l e f t  
t o  the student t o  show tha t  streamlines and contours of equal 
piezometric head are  orthogonal a t  points of in te rsec t ion  in 
nonhomogeneous aquifers .  The anisotropic case i s  discussed in 
Section 4.4. 

I t  i s  not d i f f i c u l t  t o  show, using Eqs. 4-5 and 4-6 and 
t h e i r  counterparts in  terms of 0, t ha t  the I) functions a re  alsi  



harmonic and, therefore ,  flow problems can be solved d i r e c t l y  
f o r  the  stream function. I t  i s  important t o  note t h a t  the 

2 3 functions \b have the dimensions of L /T o r  L /LT;  the numerical 
difference between any two adjacent streamlines A$ = $2 - I$, 

being equal t o  the discharge Q between îr, and $-, per un i t  of 

length normal t o  the  x-y plane. Because flow does not cross  
s t reamlines,  the discharge Q between adjacent streamlines i s  
a constant throughout the  flow domain. 

Equipotentialand Stream Surfaces In Relation To Physical Boundaries 

The piezometric head on the  wetted surface beneath bodies 
of s t a t i c  surface water i s  constant .  Such surfaces a r e  known 
a s  equi potent ial  (constant  head) boundary segments and corres-  
pond t o  mathematical surfaces of constant @. If the water 
l eve l s  in the surface water bodies change with time, the piezo- 
metric head on segments of aquifer-surface water in te rsec t ion  
i s  regarded as  being everywhere the  same a t  each i n s t an t  b u t  
changing with time. In prac t ice ,  aqui fe r  surfaces exposed 
beneath the water surface in streams and canals of constant 
s tage a r e  often t rea ted  as  equipotent ial  surfaces by regarding 
the s l i g h t l y  sloping water surface as  being horizontal .  The 
surface of an aquifer  exposed in a well bore below the water 
level i s  another example of an equipotent ial  boundary segment. 
The head loss  along the ax is  of a pumped well i s  usually so 
small t h a t  the piezometric head below the water level in the 
well i s  p r ac t i c a l l y  constant .  

Shales,  c lays ,  basement rock, and many man-made s t ruc tures  
with impervious surfaces (concrete abuttrnents, sheet pi 1 i  n g  , 
grouted a r ea s ,  e t c .  ) often form boundary segments of aqui fe rs .  
These boundary segments a r e  regarded as  stream surfaces s ince 
the only ve loc i ty  component of s i gn i f i c an t  magnitude must be 
directed tangent t o  the  surface.  The t r ace s  of the in te rsec t ion  
of impermeable surfaces with the  plane in  which the flow i s  
depicted a r e  s t reamlines.  

EXAMPLE 4-1 

Plot several stream1 ines and equipotent ial  1 ines in the 
upper r i gh t  quadrant f o r  a flow whose stream function i s  $=xy. 

Solut ion:  
The streamlines a r e  calculated from xy=qi where the 5 

represent individual s t reamlines.  From qi=O, i t  i s  seen t ha t  

the e n t i r e  x and y axes a r e  s t reamlines.  Putting q ~ ~ = l = x y  y ie lds  
the  curve labeled with +=l in Fig. 4-2, and so on f o r  other  
values of \bi . 



Figure 4-2. Streamlines and equipotent ial  l i ne s  f o r  the  flow 
with ii;=xy. 

The equipotent ial  function i s  derived from the  $-function 
by noting t ha t  

and, therefore ,  from Eqs. 4-5 and 4-6 

Integrat ion gives 

Di f fe ren t ia t ing  the above with respect  t o  y r e s u l t s  in 

Therefore, f = -yL/2 + constant and 

1 2 2  
Q = - ( x  -y ) + constant 2  

i s  the  equation f o r  the ve loc i ty  po ten t ia l .  The constant i s  
a r b i t r a r y  and can be s e t  equal t o  zero. Curves representing 
d i f f e r en t  values of 0 a re  plot ted in Fig. 4-2. I t  i s  read i ly  
ver i f ied  t h a t  both $ and Q s a t i s f y  the  Laplace equation. 



4.2 ELEMENTARY SOLUTIONS FOR CONFINED FLOW 

One-Dimensional Flow 

The Lap lace equa t i on  f o r  one-dimensional f l o w  i n  t h e  x -  
d i r e c t i o n  i s  

I n t e g r a t i o n  y i e l d s  

- - d@ - cons tan t  d  x  

f rom t h e  d e f i n i t o n  o f  v e l o c i t y  p o t e n t i a l .  
r e s u l t s  i n  

@ = -q x  + cons tan t  
x  

(4-1 1  ) 

A second i n t e g r a t i o n  

(4-12) 

Equat ion 4-12 i s  t h e  v e l o c i t y - p o t e n t i a l  f u n c t i o n  f o r  one-dimen- 
s i o n a l  u n i f o r m  f l o w .  The f l o w  i s  shown schemat i ca l l y  i n  F ig .  
4-3. 

( x - z  plane) 

streamlines 
(x-z plane) 

Y 

F igu re  4-3. One-dimensional , u n i f o r m  f l o w  i n  a  con f i ned  a q u i f e r  



I t  i s  obvious t h a t  the streamlines a r e  a family of hori-  
zontal l i ne s  in  the  x-z plane. This may be proven, however, 
by in tegra t ing  Eqs. 4-5 and 4-6 with y replaced by z 

where f and g a r e  funct ions t h a t  must be determined. Since i t  
i s  known t h a t  q i s  zero,  then 

^ = g ( z )  (4-14) 

from Eq. 4-13. Therefore, f ( x )  i s  no more than a constant t ha t  
can be selected a s  zero and 

The streamlines corresponding t o  $=qi a r e  horizontal l i n e s ,  

para l le l  t o  the  x-axis. I t  i s  c l ea r  t h a t  the  streamline ^=0 
i s  the  lower boundary of the aqui fe r ,  and any other  value, ^ii 

a t  zi  , represents  the  negative discharge r a t e  between the 

streamlines \[i=$ and =̂0, per un i t  of aquifer  width measured 
along y. 

I t  i s  equally per t inen t  t o  wri te  Eqs. 4-13 through 4-15 
f o r  the  x-y plane instead of t he  x-z plane. In t h i s  case the  
streamlines a r e  again para l le l  t o  the  x-axis,  but in the x-y 
plane. The difference between any two values of the stream 
function i s  the discharge r a t e  per un i t  of aquifer  thickness 
measured along the  z-axis .  

Radial Flow 

A common s i t ua t i on  in which radial  flow i s  encountered i s  
flow toward a pumped well.  Water usually en te rs  a well through 
a perforated sect ion of pipe o r  through a well screen (Ground 
Water and Wells, 1 9 7 2 ) ,  although wells a r e  sometimes l e f t  u n -  
cased and unscreened when there  i s  no danger of the aqui fe r  
collapsing or  caving i n to  the  well bore. When the well screen, 
perforated pipe, o r  open well bore extends over the  e n t i r e  
thickness b of the aqui fe r ,  the well i s  said t o  futty penetrate 
the  aquifer  (Fig.  4-4) .  A zone of l a rge  hydraulic conduct ivi ty ,  
immediately adjacent t o  the  ex t e r i o r  of the well screen, i s  
sometimes provided by a gravel pack o r  by removal of the f ines  
from the  natural aqui fe r .  In such cases the ex t e r i o r  radius 
of t h i s  zone of l a rge  permeability i s  taken as  the  e f f ec t i ve  
well radius.  Loss of piezometric head through the gravel pack 
and the openings in the  well screen a r e  designated as  wet2 
tosses. I n  a properly constructed well ,  the well losses  a r e  
small,  and in the following treatment they a r e  assumed t o  be 



F igu re  4-4. Rad ia l  f l o w  toward a  pumped w e l l .  

zero  so t h a t  h  i s  t h e  p iezomet r i c  head a t  r = r .  

Flow toward a  f u l l y  p e n e t r a t i n g  w e l l  i n  a  homogeneous 
and i s o t r o p i c  a q u i f e r  i s  r a d i a l l y  symmetric. I n  o t h e r  words, 
t h e  d i s t r i b u t i o n s  o f  'r on every  v e r t i c a l  p lane  pass ing th rough 
t h e  w e l l  a x i s  a r e  i d e n t i c a l .  The Laplace equa t i on  i n  t h e  
r a d i a l  coo rd ina te  r i s  

P u t t i n g  

and s u b s t i t u t i n g  i n t o  Eq. 4-16 g i ves  

which i s  i n t e g r a t e d  t o  o b t a i n  

r-ti' = C = cons tan t  1 

Re in t roduc ing  t h e  d e f i n i t i o n  o f  -ti1 and i n t e g r a t i n g  a  second 
t ime  y i e l d s  

@ = C 1 Â £ n r + C  . (4-20) 
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Equat ion  4-20 shows t h a t  t h e  v e l o c i t y  p o t e n t i a l  (and t h e r e f o r e  
p iezomet r i c  head) i s  d i s t r i b u t e d  l o g a r i t h m i c a l l y  w i t h  r. Equi-  
p o t e n t i a l  con tou rs  are ,  e v i d e n t l y ,  c i r c l e s  w i t h  cen te rs  a t  r=0 .  
Note t h a t  use o f  Eq. 4-20 must be r e s t r i c t e d  t o  t h e  r e g i o n  
r > r > O .  

From Darcy ' s  Law and t h e  d e f i n i t i o n  o f  v e l o c i t y  p o t e n t i a l ,  
t h e  f o l l o w i n g  r e l a t i o n s h i p  must h o l d  a t  any r: 

Comparison o f  Eqs. 4-21 and 4-19 shows t h a t  Q i s  a  cons tan t  
( independent o f  r )  because 

and Eq. 4-20 becomes 

I n  t h e  p o l a r  coo rd ina tes  r and 6, t h e  v e l o c i t y  p o t e n t i a  
and t h e  stream f u n c t i o n  a r e  r e l a t e d  by 

and 

f rom which 

+ = 1 r -T- d6 + cons tan t  , d r  

f o r  t h e  case a t  hand i n  which depends o n l y  on r. S u b s t i t u t -  
i n g  i n t o  Eq. 4-25 f rom Eq. 4-22 y i e l d s  

$ = 6 + cons tan t  (4-26) 

f o r  t h e  stream f u n c t i o n .  The s t reaml ines  a r e  r a d i a l  l i n e s  
emanating f rom r=0.  P u t t i n g  $=O when 6 i s  zero  makes t h e  a r b i -  
t r a r y  cons tan t  zero .  N o t i c e  t h a t  when 6=27r, q ~ ~ - $ ~ = Q / b ,  t h e  

d ischarge pe r  u n i t  t h i ckness  o f  a q u i f e r .  



Writing Eq. 4-23 in terms of piezometric head r e s u l t s  in 

Q h = - i n  r  + constant . 27~T (4-27) 

The constant of in tegra t ion  can be evaluated from the f a c t  t h a t  
h = h  a t  r = r  t o  obtain w 

Equation 4-28 pred ic t s  t h a t  the  piezometric head increases  with- 
out bound as  r becomes very la rge ,  a condition t h a t  i s  unaccept- 
able  on physical grounds. S t r i c t l y  speaking, Eq. 4-28 i s  val id  
only fo r  steady flow in  an aqui fe r  with the geometry of a cy l in-  
der of height b and f i n i t e  radius r e ;  a condition t h a t  i s  essen- 
t i a l l y  non-existent in the  f i e l d .  However, when an i so la ted  
well i s  pumped f o r  a su f f i c i en t l y  long period of time in a 
la rge  aqui fe r ,  a psuedo-steady s t a t e  condition i s  developed in  
a v i c in i t y  of the  well and Eq. 4-28 y ie lds  r e l i a b l e  r e su l t s .  
Exterior t o  the region of psuedo-steady s t a t e ,  the piezometric 
head increases  l e s s  rapidly than predicted by Eq. 4-28 as  shown 
in  Fig. 2-11. Actually, the  most p rac t ica l  use of the  fore-  
going theory i s  made when heads h i  and h 2  a r e  measured a t  r l  

and r2  in the region of psuedo-steady s t a t e  and Eq. 4-28 i s  put 

in the form 

The region around a pumped well in which a psuedo-steady s t a t e  
i s  developed expands with time and the region in which Eqs. 
4-28 and 4-29 apply becomes increasingly la rger .  A de ta i led  
accounting of the  time and space r e s t r i c t i o n s  imposed on the 
use of the foregoing theory in a la rge  aqui fe r  with no recharge 
i s  given in  Chapter V when t r ans i en t  flow toward a pumped well 
i s  discussed. 

A few concluding remarks concerning the material in t h i s  
subsection a r e  in order .  Radial flow was presented in  the  con- 
t e x t  of flow toward a pumped well because of the importance of 
the pumped well in ground-water hydrology and because of the 
r e l a t i v e  ease with which radial  flow can be visual ized f o r  t h i s  
case. In a more theore t ica l  context ,  the  ve loc i ty  potent ial  
and stream function f o r  radial  flow in a plane could have been 
presented a s  solut ions t o  the Laplace equation f o r  the case of 
a mathematical sink (or  source) a s  i s  often done in hydrodynam- 
i c s  (Shames, 1962; Vallentine, l959) ,  the  quant i ty  Q/b being 
the  sink (source)  s t rength.  In pa r t i cu l a r ,  the  reader should 
note t h a t  by wri t ing -Q in place of Q the analyses of t h i s  sub- 
sect ion apply f o r  a recharge we22 through which water i s  added 



t o  t h e  a q u i f e r  a t  r a t e  Q. The r e s u l t s  o f  t h i s  subsect ion  a l s o  
app l y  w i t h o u t  m o d i f i c a t i o n  f o r  f l o w  i n  an i n f i n i t e  v e r t i c a l  
p lane  toward a  d r a i n  tube w i t h  h o r i z o n t a l  a x i s  o r i e n t e d  normal 
t o  t h e  v e r t i c a l  p lane.  

EXAMPLE 4-2 

The da ta  o f  Example 2-5 were c o l l e c t e d  f o r  a  water  t a b l e  
a q u i f e r .  Assume, however, t h a t  t h e  drawdown i s  everywhere 
smal l  r e l a t i v e  t o  t h e  i n i t i a l  s a t u r a t e d  th i ckness ,  making i t  
p e r m i s s i b l e  t o  use t h e  equat ions  f o r  con f i ned  f l o w  t o  ana lyze 
t h e  f l o w  i n  t h i s  water  t a b l e  a q u i f e r .  Using t h e  water  l e v e l  
and d i scha rge  da ta  f o r  Example 2-5, c a l c u l a t e  t h e  t r a n s m i s s i v -  
i t y  T. Assume a  psuedo-steady s t a t e .  

S o l u t i o n :  
A  p l o t  o f  t h e  water  l e v e l  ( r e l a t i v e  t o  an a r b i t r a r y  

datum) i n  t h e  obse rva t i on  w e l l s  as a  f u n c t i o n  o f  r a d i a l  d i s -  
tance f rom t h e  w e l l  i s  shown i n  F i g .  2-11. Indeed, t h e  p iezo -  
m e t r i c  head a p p a r e n t l y  increases l i n e a r l y  w i t h  l o g  r as p re -  
d i c t e d  by t h e  above t h e o r y  f o r  r<20  m. Using t h e  da ta  f o r  
obse rva t i on  w e l l s  HF1 and HF2 i n  Eq. 4-29, t h e  t r a n s m i s s i v i t y  
i s  

Average T can be computed d i r e c t l y  f r om t h e  s lope of  t h e  
s t r a i g h t  l i n e  th rough t h e  data  i n  F ig .  2-11 as f o l l o w s .  N o t i c e  
t h a t  t h e  r a t i o  

l a  r2/r1 = 2.303 l o g  r /r 
= ^T = cons tan t  . 

h2-h1 h2-h1 Q 

Thus, 

where Ah i s  t h e  d i f f e r e n c e  i n  p iezomet r i c  head pe r  l o g  cyc le .  
From F i g .  2-11 , 

~ h  = 1.22 m/ log c y c l e  

and 



4.3 SUPERPOSITION OF ELEMENTARY SOLUTIONS 

Superposition i s  t h e  method i n  which l i n e a r  combinat ions 
o f  e lementary s o l u t i o n s  a r e  formed t o  p r o v i d e  a d d i t i o n a l  so lu -  
t i o n s .  The method i s  v a l i d  f o r  l i n e a r ,  homogeneous, p a r t i a l  
d i f f e r e n t i a l  equat ions  and g r e a t l y  expands t h e  range o f  problems 
f o r  which a n a l y t i c a l  s o l u t i o n s  can be obta ined.  Supe rpos i t i on  
o f  s o l u t i o n s  i n  t h e  t i m e  domain i s  d iscussed i n  Chapter V .  
Here, s u p e r p o s i t i o n  i n  space i s  used t o  o b t a i n  s o l u t i o n s  f o r  
severa l  problems o f  i n t e r e s t  i n  ground-water hydro logy .  

Drawdown In A Confined Aquifer Due To A Well Field 

Ground water  i s  commonly e x t r a c t e d  f rom a  group of w e l l s  
l o c a t e d  i n  a  r e l a t i v e l y  smal l  area.  The drawdown a t  any p a r -  
t i c u l a r  p o i n t  i n  t h e  w e l l  f i e l d  i s  i n f l u e n c e d  by  a l l  o f  t he  
pumping w e l l s  i n  t h e  f i e l d  and can be c a l c u l a t e d  by adding t h e  
drawdowns produced by each i n d i v i d u a l  pumped w e l l .  The draw- 
down a t  any p o i n t  due t o  t h e  i t h  w e l l  i s  

where si i s  t h e  drawdown a t  t h e  p o i n t  o f  i n t e r e s t ,  re i s  t h e  

d i s t a n c e  f rom t h e  i t h  w e l l  t o  a  p o i n t  where t h e  drawdown can be 
cons idered n e g l i g i b l e  f o r  t h e  p a r t i c u l a r  problem under cons ide r -  
a t i o n ,  and ri i s  t he  d i s t a n c e  from t h e  i t h  w e l l  t o  t h e  p o i n t  of 

i n t e r e s t .  The t o t a l  drawdown a t  t he  p o i n t  o f  i n t e r e s t  produced 
by n  we1 1  s  i s  g i ven  by 

which i s  s imp ly  t h e  sum of t h e  drawdowns f rom each of t h e  
w e l l s .  

When a  w e l l  f i e l d  c o n s i s t s  o f  a  l a r g e  number o f  w e l l s ,  
computat ion o f  t h e  drawdown by Eq. 4-31 becomes ted ious .  If 
t h e  drawdown i n  t h e  v i c i n i t y  o f  i n d i v i d u a l  w e l l s  i s  n o t  i m p o r t -  
an t ,  i t  may be s u f f i c i e n t l y  accu ra te  t o  c o n c e p t u a l l y  r e p l a c e  
t h e  n  i n d i v i d u a l  w i thdrawal  p o i n t s  by a  u n i f o r m l y  d i s t r i b u t e d  
w i thdrawal  r a t e  W ( d i scha rge  pe r  u n i t  a rea )  which a p p l i e s  t o  
t h e  area o f  t h e  w e l l  f i e l d .  The u n i f o r m  wi thdrawal  r a t e  i s  
computed f rom 



where A i s  the  area of the well f i e l d  ideal ized as  a c i r c l e  of 
radius R .  Thus, the n d i s c r e t e  withdrawal points  a r e  replaced 
by a c i r cu l a r  area over which the t o t a l  withdrawal Â¥nr2 i s  
equal t o  the t o t a l  pumping r a t e  from the well f i e l d .  A plan 
view and a sect ion view through the  center  of the well f i e l d  
i s  shown in Fig. 4-5. 

The d i f f e r en t i a l  drawdown 
a t  the center  (r=O) of the we1 1 
f i e l d  produced by withdrawal a t  
r a t e  W over the annular d i f f e r -  
en t i a l  s t r i p  of area 2irrdr i s  

2Â¥"Â¥d tn r / r  dso= 

- -  - rdrw tn r l r  . (4-33) 
T 

Equation 4-33 follows from Eq. 
4-30 in which Qi has been re-  

placed by dQ=2irrdrW, and si 

has become dso-  The drawdown so Plan View 

a t  the center  of the  well f i e l d  
i s  the sum of the d i f f e r en t i a l  q---____- 
drawdowns: So i/ - 

(4-34) Figure 4-5. Ideal izat ion of a 
well f i e l d  a s  a c i r cu l a r  area of 

The integrat ion performed in uniform withdrawal. 
Equation 4-34 i s  analogous t o  
the d i s c r e t e  summation indicated in Eq. 4-31. I t  i s  l e f t  t o  
the student t o  show t h a t  Eq. 4-34 c lose ly  pred ic t s  the  drawdown 
a t  a s ing le  i so la ted  well when R becomes very small r e l a t i v e  
t o  re .  

EXAMPLE 4-3 

Collector we1 1 s cons is t  of horizontal ,  perforated pipe 
driven r ad i a l l y  from a common shaf t  (Fig.  4-6).  Rigorous 
mathematical descr ipt ion of the hydraulic performance of co l -  
l e c to r  wells i s  very d i f f i c u l t  t o  accomplish. To some degree 
the performance of a co l lec tor  well i s  approximated by a hypo- 
t h e t i c a l ,  ordinary well with a very large radius (Mikels and 



0 I , ,Ground Surface 

Collector 

Figure 4-6. Schematic of a  co l l ec to r  well - ( a )  ver t ica l  sec- 
t i on ,  ( b )  plan view. 

Klaer, 1956). Provided t h a t  the radius of the hypothetical 
equivalent well can be determined, the  hypothetical well can be 
used t o  est imate the performance of the co l l ec to r  we1 1 .  Use 
Eq. 4-34 t o  make a  f i r s t  estimate of the radius of the equival- 
en t  well f o r  a  co l l ec to r  well with a  la rge  number of co l l ec to r s  
of average length R ,  measured from the  center  of the ver t ica l  
sha f t .  

Solution: 
As a  f i r s t  es t imation,  the  withdrawal of water by the  

co l l ec to r  well i s  assumed t o  approximate a  uniform withdrawal 
a t  r a t e  W over the c i r cu l a r  area of radius R .  Thus, the  d i s -  
charge of the  co l l ec to r  we1 1 i s  Q = r R 2 w ,  and Eq. 4-34 becomes 

The drawdown in a  well of radius r  and discharge Q i s  



from Eq. 4-28. Equating the  drawdowns in the  co l l ec to r  and the 
ordinary we1 1 ,  y ie lds  

from which 

The above calculat ion suggests t h a t  the  co l l ec to r  well can 
be represented by a  hypothetical ordinary well with a  radius 
of 0.61R. The approximation does not account accurately f o r  
the actual flow pat tern in to  the co l l ec to r s ,  of course. Experi- 
mental data (Mikels and Klaer, 1956) ind ica te  t ha t  the co l l ec to r  
well i s  somewhat more e f f i c i e n t  than predicted by the analysis  
of t h i s  example, r  being about 75-85 percent of the average 

length of the l a t e r a l s .  

Pumping Near Hydro-Geologic Bounaries 

Consider a  completely penetrating well pumping near a  
f u l l y  penetrating stream which i n t e r s ec t s  the  confined aquifer  
along a  s t r a i g h t  l i n e  a s  shown in Fig. 4-7. The water level in  
the  stream i s  assumed constant so t ha t  the aquifer  face exposed 
in t he  stream i s  an equipotent ial  boundary. In a  s t r i c t  sense, 
the following ana lys i s  appl ies  f o r  a  well and stream t h a t  both 
completely penetrate a  confined aqui fe r .  The r e s u l t s ,  however, 
apply approximately t o  the  more common s i t ua t i on  in which a  
stream p a r t i a l l y  penetrates  a  water-table aqui fe r .  Implici t  in 
the analysis  i s  the assumption t ha t  water supplied t o  the  aqui- 
f e r  from the stream i s  not subs t an t i a l l y  retarded by a  layer  of 
sediment t h a t  sometimes e x i s t s  on the  wetted surface of the 
streambed. Should a  layer  of sediment (with hydraulic conduc- 
t i v i t y  much l e s s  than t h a t  of the aqu i f e r )  be deposited on the 
bed of a  p a r t i a l l y  penetrating stream, flow can be retarded t o  
the extent  t h a t  seepage from the stream i s  not su f f i c i en t  t o  
meet the demands of the  pumped well. In such a  case,  the steady 
s t a t e  assumed in t h i s  ana lys i s  will  not develop. 

Flow t o  the well i s  not r ad i a l l y  symmetric because the 
source of the pumped water i s  the  stream, ideal ized a s  an in f in-  
i  t e l y  long s t r a i g h t  l i n e  on which t he  piezometric head i s  con- 
s t an t .  The solut ion i s  obtained by replacing the semi - in f in i  t e  
aquifer  t o  the l e f t  of the  stream in Fig. 4-7 and the constant 
head boundary by the  mathematically equivalent system composed 
of an i n f i n i t e  aquifer  with a  pumped well (discharge r a t e  Q )  
located a t  x=a, y=0 and with a  recharge we1 1 (recharge r a t e  - Q )  
located a t  x=-a, y=0. The drawdown anywhere in the  semi-inf ini te  
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Figure 4-7. A pumped well near a stream with constant water 
1 eve1 . 

plane x20 i s  computed by adding the drawdown due t o  the  real 
pumped well t o  the buildup due t o  the  image recharge well.  The 
r e s u l t  i s  

where r and r i  a r e  the  dis tances from the pumped well and the 

recharge well ,  respect ively,  t o  the  point a t  which the  drawdown 
i s  S .  The superposition i s  i l l u s t r a t e d  in sect ion view in  Fig. 
4-8. Notice t h a t  Eq. 4-35 y i e ld s  s=0 a t  a l l  points on the l i n e  
x=0 and, therefore ,  properly simulates the  constant potent ial  
( i . e . ,  h = h )  boundary formed by the stream. To a s s i s t  in under- 

standing t h i s ,  the  reader can imagine the  recharge well supply- 
ing water t o  the  ver t ica l  surface represented by the l i n e  x=0 
a t  the same r a t e  a t  which the  pumped well removes water from 
the surface.  The drawdown in the pumped well i s  obtained by 
put t ing r = r  and r i = 2 a - r  in Eq. 4-35 t o  y ie ld  



Figure 4-8. Section view of superposition of the drawdown from 
a pumped we1 1 and the bui 1 dup from a recharge we1 1 
(Adapted from Fer r i s  e t  a1. , 1962). 

The above procedure i s  an example of the method of images. 
The recharge we1 1 i  s cal led an image we1 1 . Simulation of an 
i n f i n i t e l y  1 ong impermeable boundary located a perpendicular 
dis tance a from a pumped well i s  accomplished by replacing the 
semi-infini t e  aquifer  with an i n f i n i t e  aquifer  and by locat ing 
an image pumping well a t  x=-a, y=0. 

The reason a pumping image well i s  required f o r  imperme- 
able  boundaries can be understood by imagining t h a t  water 
located on the  plane represented by x=0 does not flow because 
i t  has equal tendencies t o  move toward the  real and image wells.  
Mathematically, the  x-direction component of the gradient of 
piezometric head (o r  drawdown) i s  zero a t  a l l  points on the 
l i n e  x=0 t h a t  perpendicularly besects t he  l i n e  joining the 
cen te rs  of the two wells pumping a t  the  same r a t e .  The student 
should ver i fy  t h i s  statement t o  h i s  own sa t i s f ac t i on .  

Other, more complicated pa t te rns  of image wells can be used 
t o  simulate flow in aqui fe rs  with a var ie ty  of d i f f e r en t  geom- 
e t r i e s  imposed by impermeable and constant potent ial  boundaries 
(Fe r r i s  e t  a1 ., 1962). For example, the pat tern of image we1 1 s 
required t o  simulate the flow toward a pumped well located be- 
tween an impermeable and a constant-potent ial  boundary i s  shown 
in Fig. 4-9. The indicated pat tern repeats  t o  i n f i n i t y  and the  
summation of drawdowns i s  an i n f i n i t e  s e r i e s .  The e f f e c t s  of 
additional image we1 1 s rapid1 y decreases, however, as  t h e i r  
locat ion becomes more remote from the real well.  The pat tern 
shown in Fig. 4-9 i s  useful f o r  analyzing flow t o  a well located 
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F igu re  4-9. P a t t e r n  o f  images used t o  rep lace  t h e  impermeable 
and cons tan t  p o t e n t i a l  boundar ies i n  an i n f i n i t e  
s t r i p  a q u i f e r  (Adapted f rom F e r r i s  e t  a l . ,  1962).  

i n  an a l l u v i u m  f i l l e d  v a l l e y  between t h e  stream and t h e  edge 
o f  t h e  v a l l e y ,  b u t  t h e  a n a l y s i s  i s  n o t  l i m i t e d  t o  such an 
a p p l i c a t i o n .  For  example, cons ide r  f l o w  i n  a  v e r t i c a l  p lane  
toward a  h o r i z o n t a l  d r a i n  l o c a t e d  a  d i s t a n c e  D below t h e  s o i l  
su r face  on which water  i s  ponded as shown i n  F i g .  4-10. A 
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F igu re  4-10. A  h o r i z o n t a l  d r a i n  below a  cons tan t  head bound- 
a ry .  

h o r i z o n t a l ,  impermeable subst ra tum i s  l o c a t e d  a t  d i s t a n c e  d  
below t h e  d r a i n .  The p a t t e r n  o f  image d r a i n s ,  bo th  d i s c h a r g i n g  
and recharg ing,  i s  t h a t  shown i n  F i g .  4-9 f o r  t h e  w e l l s .  
Should t h e  impermeable subst ra tum be a t  a  l a r g e  d i s t a n c e  below 
t h e  d r a i n ,  Eqs. 4-35 and 4-36 a p p l y  d i r e c t l y  w i t h  a  rep laced  
by D, r by  t h e  r a d i u s  o f  t h e  d r a i n ,  x  by z, and b  i s  t h e  

l e n g t h  of t h e  d r a i n  measured a long t h e  a x i s  o f  t h e  d r a i n  



EXAMPLE 4-4 

Derive an equation f o r  the  family of equipotent ial  l i ne s  
fo r  a  pumped we1 1 located a  perpendicular dis tance a  from an 
i n f i n i t e l y  long, f u l l y  penetrating stream with constant and 
horizontal water surface. 

Solution: 
From Eq. 4-35, the veloci ty potent ial  function i s  

2 2 ' + constant . 

Putting the a r b i t r a r y  constant equal t o  zero, noting t ha t  O = Q i  

on an equipotent ial  contour, and exponentiating y ie lds  

where ci  i s  a  constant corresponding t o  0.. Rearrang 

completing the square r e s u l t s  in 

ing and 

a 

which represents  a  family of c i r c l e s  in  the dimensionless coord- 
ina tes  (x /a ,  y /a )  with the centers  a t  x/a = ( l+c i  ) / ( I - c i  ) ,  

2 y=0 and rad i i  { ( l + c i )  / ( I - c i )  2 - 
I t  i s  l e f t  f o r  the  student t o  show t h a t  the streamlines 

a r e  a l so  c i r c l e s .  The network of equipotent ial  and streamlines 
i s  shown in Fig. 4-11. 

EXAMPLE 4-5 

Verify t h a t  the t o t a l  discharge from the stream t o  the 
aquifer  i s  equal t o  the well discharge f o r  the steady flow 
depicted in Figs. 4-7 and 4-8. 

Solution: 
The discharge d Q  from the stream in to  the aquifer  on 

a  reach of length dy follows from Darcy's law: 

as dQ = q bdy = T - dy a s  x 3x1 x=o  



F igu re  4-11. The f l o w  n e t  f o r  a  w e l l  pumping near a  stream. 

The drawdown i s  

which f o l l o w s  f rom E q .  4-35 and t h e  c o o r d i n a t e  system i n d i c a t e d  
i n  F ig .  4-7. C a l c u l a t i o n  o f  t h e  p a r t i a l  d e r i v a t i v e  of  a w i t h  
r e s p e c t  t o  x  y i e l d s  

2  2  2  2  
2s - Q (a -x )  +y 2 { ( a - x )  t y  l ( x t a )  t 2 { ( ~ t a ) ~ + y ~ } ( a - x )  - 
s x  4~ rT  2  2  2  2 2  I .  

(x+a) +Y ( a - x )  +Y 1 

A t  x=OY t h e  r e s u l t  i s  

and t h e  d i f f e r e n t i a l  d i scha rge  f rom reach dy  becomes 



The discharge from the stream t o  the aquifer  i s  obtained by 
in tegra t ing  over the  reach of stream extending from - m  t o  a: 

from which Q = Q  as  required. 

EXAMPLE 4-6 

The center  of a long, approximately horizontal ,  drain with 
a radius of cross-sect ion equal t o  15 cm i s  2 m below the ground 
surface on which water i s  ponded t o  a depth of 20 cm. The depth 
t o  the  impermeable f l oo r  of the aquifer  i s  very great  and the 

hydraulic conductivity of the aquifer  i s  4 x 1 0 ~ ~  cmls. Assume 
t h a t  the  drain runs f u l l  and t h a t  the water pressure a t  the top 
of the drain i s  equal t o  zero. Calculate the  discharge of the 
drain per meter of drain tube. 

Solution: 
Eq. 4-36 i s  rearranged t o  give 

where b=l m ,  a=D=2 m ,  and r - 0 . 1 5  m .  The drawdown i s  the d i f -  

ference in piezometric head on the ground surface and on the 
surface of the drain tube. The piezometric head on the ground 
surface i s  h=P/pg  + z = 0.20 + 2 = 2.2 m s ince the ground sur-  - 
face i s  2 m above the datum ( i  . e . ,  the center  of the  drain tube)  
and the  pressure head i s  equal t o  the depth of water ponded on 
the surface. On the surface of the  drain tube the piezometric 
head i s  constant and can be computed a t  any point a t  which the 
pressure head i s  known. Thus, the piezometric head a t  the 
drain i s  hdZP/pg + z = 0 + 0.15 = 0.15 m s ince the pressure 

head i s  zero a t  the top of the  dra in .  The drain discharge per 
meter of drain length i s  



A Pumped Well In Uniform Flow 

Superposition can be used t o  determine the flow pat tern 
f o r  a well placed in  an aquifer  in which one-dimensional uni- 
form flow occurs. The equations f o r  the  streamlines a r e  obtain- 
ed by adding the + functions f o r  uniform and radial  flow. The 
stream function fo r  one-dimensional, uniform flow in the x-di- 
rect ion i s  

q, = -q y + constant = Kiy + constant , (4-37) x 

where i=dh/dx has been introduced f o r  s impl ic i ty  in  notation. 
Note t h a t  i  may be posi t ive o r  negative depending upon the 
coordinate system selected.  Adding q, from Eq. 4-37 and 4-26 
y ie lds  

+ = Kiy + Ã‘J 6 + constant 2irb (4-38) 

which i s  the stream function f o r  a well in uniform flow. The 
flow pat tern in the upper-half plane i s  shown in Fig. 4-12. 
The flow i s  symmetrical about the x-axis. 

I Ground Woter 

Plan View 

I Piezometnc Surface for 

Section View 

Figure 4-12. A pumped well in  uniform flow. 



Reca l l  t h a t  t h e  numer ica l  d i f f e r e n c e  between any two 
va lues  o f  cons tan t  $ i s  equal  t o  t h e  d i scha rge  pe r  u n i t  o f  aqu i -  
f e r  t h i ckness  between t h e  two s t reaml ines .  S e l e c t i n g  t h e  a r b i -  
t r a r y  cons tan t  i n  Eq. 4-38 equal t o  zero,  i t  i s  e v i d e n t  t h a t  $ 
i s  Q/2b when y=0 and 6=v. Thus, t he  e n t i r e  nega t i ve  x -ax i s  i s  
a  s t reaml ine  f o r  which $=Q/2b. I t  f o l l o w s  t h a t  one -ha l f  o f  t h e  
w e l l  d ischarge must f l o w  between t h e  s t reaml ines  $=Q/2b and $=0. 
Furthermore, t h e  s t reaml ine  f o r  wh ich  $=0 must separa te  f l o w  
t h a t  e v e n t u a l l y  c o n t r i b u t e s  t o  w e l l  d i scha rge  f rom f l o w  t h a t  
bypasses t h e  w e l l .  The s t reaml ine  $=0 i s  c a l l e d  t h e  ground- 
water  d i v i d e  (F ig .  4-12). The r e l a t i o n s h i p  between t h e  x  and 
y coo rd ina tes  o f  a l l  p o i n t s  on t h e  ground-water d i v i d e  i s  

K i y  = - 

where & = t a n 1  ( y / x )  f o r  x ~ 0  and 6 = v - t a n -  l y / x l  f o r  x20. For t h e  
coo rd ina te  system shown i n  F ig .  4-12, t h e  s lope i o f  t h e  p iezo -  
m e t r i c  su r face  i n  u n i f o r m  f l o w  i s  nega t i ve .  

The p o i n t  a t  which t h e  ground-water d i v i d e  s t reaml ine  
crosses t h e  x - a x i s  downstream o f  t h e  w e l l  i s  c a l l e d  a  stagna- 
t i o n  p o i n t  because t h e  Darcy v e l o c i t y  i s  zero  t h e r e .  Water on 
t h e  x - a x i s  upstream o f  t h e  s tagna t i on  p o i n t  moves toward t h e  
w e l l ,  w h i l e  water  on t h e  x - a x i s  downstream o f  t h e  s tagna t i on  
p o i n t  moves away f rom t h e  w e l l .  The c o o r d i n a t e  x  of t h e  

s tagna t i on  p o i n t  i s  ob ta ined  f rom 

Far upstream o f  t h e  we1 1, (as x+ - "- and 6 + Â ± v  Eq. 4-39 y i e l d s  

Q y = Â ±  
2T i  (4-41 ) 

which i s  t h e  h a l f - w i d t h  o f  t h a t  p o r t i o n  o f  t h e  a q u i f e r  i n  which 
f l o w  c o n t r i b u t e s  t o  t h e  w e l l  d ischarge.  

The d i s t r i b u t i o n  o f  p iezomet r i c  head i s  c a l c u l a t e d  by 
add ing t h e  heads f o r  r a d i a l  and u n i f o r m  f l o w .  From Eqs. 4-12 
and 4-23 

= q x  + & tn r + cons tan t  (4-42) 

o r  
2  2  h  = i x  t l i v i ( x + y  ) + c o n s t a n t  . 4vT (4-43) 



EXAMPLE 4-7 

Contaminated water  f rom severa l  waste-ho ld ing  ponds seeps 
i n t o  an a q u i f e r  i n  which u n i f o r m  f l o w  e x i s t s .  A  w e l l  i s  t o  be 
cons t ruc ted  300 m down g r a d i e n t  f rom t h e  ponds i n  an a t temp t  
t o  i n t e r c e p t  t h e  contaminated ground water .  The s lope o f  t h e  
p iezomet r i c  su r face  i s  -0.022 and t h e  t r a n s m i s s i v i t y  i s  

/"i 

0.013 mL/s. The w i d t h  o f  contaminant source area i s  200 m, 
measured pe rpend icu la r  t o  t h e  d i r e c t i o n  o f  ground water  f l o w  
( F i g .  4-13).  Compute t h e  w e l l  d ischarge r e q u i r e d  t o  i n t e r c e p t  
t h e  contaminated ground water,  assuming no d i s p e r s i o n .  Assume 
f u r t h e r ,  t h a t  t h e  d i scha rge  o f  contaminated water  i n t o  t h e  
a q u i f e r  i s  smal l  compared t o  t h e  d i scha rge  th rough t h e  a q u i f e r .  

D i r e c t i o n  
of Flow 

F igu re  4-13. An i n t e r c e p t o r  w e l l  downstream o f  a  source o f  
ground-water contaminat ion .  

S o l u t i o n :  
The s i g n i f i c a n c e  o f  t h e  second assumption i n  t h e  prob- 

lem i s  t h a t  t h e  d ischarge o f  contaminated water  i s  t o o  smal l  
t o  s i g n i f i c a n t l y  i n f l u e n c e  t h e  p a t t e r n  o f  f l o w  and t h a t  t he  
q u a n t i t y  o f  contaminated water  added does n o t  a p p r e c i a b l y  a l t e r  
t h e  d i scha rge  pe r  u n i t  area i n  t h e  a q u i f e r .  Prov ided l a t e r a l  
d i s p e r s i o n  i s  n e g l i g i b l e ,  t h e  contaminated water  w i  11 be i n t e r -  
cepted i f  t h e  $=0 s t reaml ine  passes th rough t h e  ex t reme t ies  o f  
t h e  l i n e  o f  waste ponds. The coo rd ina tes  o f  one end of t h e  
l i n e  on which contaminat ion  occurs  a r e  (-300,100). From Eq. 
4-39, 

wherein 6 i s  t h e  ang le  i n d i c a t e d  i n  F i g .  4-13. Hence, 

-1 100 
6 = i r - tan ( - ) 300 

= 2.82 rad ians .  
The r e q u i r e d  d ischarge i s  



Partially Penetrating Wells 

The formulas f o r  flow toward a  well t h a t  have been d is -  
cussed t o  t h i s  point apply fo r  f u l l y  penetrating wells.  In 
prac t ice ,  we1 1 s  a r e  sometimes constructed so t h a t  water en te rs  
the well bore over a  length which i s  l e s s  than the  aquifer  
thickness. Flow toward a  p a r t i a l l y  penetrating we1 1 experiences 
convergence t h a t  i s  in addi t ion t o  the  convergence in flow 
toward a  f u l l y  penetrating we1 1. Par t ia l  penetration causes 
the flow t o  have a  ver t ica l  component in the v i c in i t y  of the 
well as  shown in Fig. 4-14. The water level in piezometers 
depends not only upon r  but a l so  upon the  ver t ica l  coordinate 
z  of the terminal point of the piezometer. Thus, two piezom- 
e t e r s  located a t  equal r  will  exhib i t  d i f f e r en t  water l eve l s  
i f  they terminate a t  d i f f e r en t  e levat ions in the aqui fe r .  I t  

1 1 Original Piezometnc Surface 

Sw 
Full Penetration 

I 
/ Portiol Penetration 

Figure 4-14. Flow toward a  p a r t i a l l y  penetrating well.  

follows t h a t  there  does not e x i s t  a  s ing le  drawdown vs. r  curve 
or  a  s ingle  cone of depression t ha t  e n t i r e l y  character izes  the 
flow in the  aqui fe r .  Observation wells ,  screened in the same 
interval  as  the  production well ,  y ie ld  the average drawdown 
curve shown in Fig. 4-14. 

The ver t ica l  components of flow a r e  negl igible  f o r  d i s -  
tances from the well t h a t  exceed about 1 .5 b .  All of the fore-  
going equations f o r  purely radial  flow apply f o r  the p a r t i a l l y  
penetrating case,  provided t h a t  r21.5 b, therefore.  The addi- 
t ional  convergence of the  flow f o r  ~ 1 . 5  b causes the discharge 
per un i t  of drawdown t o  be smaller than i f  the well i s  f u l l y  
penetrat ing.  Muskat (1 946) used a  continuous superposition of 
sinks t o  represent the  p a r t i a l l y  penetrating well t o  derive an 
approximate re la t ionsh ip  between the  discharge of a  p a r t i a l l y  
penetrating well and t h a t  f o r  a  f u l l y  penetrating well.  The 
d e t a i l s  of Muskat's solut ion a r e  beyond the scope of t h i s  basic 
t e x t ,  but the useful r e s u l t  i s  



where a i s  t h e  l e n g t h  of  w e l l  bore over  which water  e n t e r s  
t h e  w e l l  and t h e  s u b s c r i p t  p  denotes t h e  p a r t i a l l y  p e n e t r a t i n g  
case. Equat ion 4-44 was d e r i v e d  f o r  t h e  case i n  which t h e  
screened i n t e r v a l  i s  l o c a t e d  a t  t h e  t o p  o f  t h e  aqu i fe r .  I n  
p r a c t i c e  i t  i s  used t o  es t ima te  t h e  e f f e c t s  o f  p a r t i a l  penet ra-  
t i o n  rega rd less  of where the  open i n t e r v a l  ( i n t e r v a l s )  i s  
l o c a t e d  (Wal ton ,  1970). 

The d ischarge pe r  u n i t  drawdown t h a t  appears i n  Eq. 4-44 
i s  c a l l e d  speci f ic  eapae i t y  and i s  w i d e l y  used t o  c h a r a c t e r i z e  
t h e  d i scha rge  c a p a c i t y  o f  pumped w e l l s .  For s teady s t a t e ,  t he  
s p e c i f i c  c a p a c i t y  o f  a  w e l l  i s  a  cons tan t  t h a t  depends upon 
w e l l  r a d i u s ,  degree of p e n e t r a t i o n ,  and a q u i f e r  t r a n s m i s s i v i t y .  
I n  nonsteady f l o w ,  t h e  s p e c i f i c  c a p a c i t y  i s  a l s o  a  f u n c t i o n  o f  
t ime. 

EXAMPLE 4-8 

A w e l l  w i t h  an e f f e c t i v e  w e l l  r a d i u s  o f  0.2 m e x h i b i t s  a  
3  s p e c i f i c  c a p a c i t y  o f  0.021 rn 1s -m i n  an a q u i f e r  f o r  which b  i s  

42 m. The l e n g t h  o f  screened w e l l  bore  i s  10 m. I f  t h e  l e n g t h  
of w e l l  screen i s  i nc reased  t o  20 m, es t ima te  t h e  i nc rease  i n  
s p e c i f i c  c a p a c i t y .  

S o l u t i o n :  
From Eq. 4-44 t h e  s p e c i f i c  c a p a c i t y  f o r  f u l l  penet ra-  

t i o n  i s  

Qlsw = 
0.021 2  

10 0 2  !Â¥ 1  OIT 
= O . O 5 3 m / s  . 

= { I t 7  ( +  cos  ( g ^  

The s p e c i f i c  c a p a c i t y  w i t h  &=20 m i s  

2  0  0  2  20lT 2  (Q/swlp = (0.053)[  - 4  2  {1+7 ( jj-- )' cos - 84 I ]  = 0.034 m I s  . 

I n c r e a s i n g  the  l e n g t h  o f  w e l l  screen t o  20 m w i l l  change 
rt 

t h e  s p e c i f i c  c a p a c i t y  f rom 0.021 t o  0.034 mL/s, an i nc rease  o f  
62%. Th i s  c a l c u l a t i o n  assumes a  homogeneous a q u i f e r ,  o f  course,  
and would have 1  i t t l e  v a l i d i t y  i n  a  h o r i z o n t a l l y  s t r a t i f i e d  
a q u i f e r .  



Concluding Remarks On Superposition of Solutions 

The reader  should, by  now, recogn ize  t h a t  s u p e r p o s i t i o n  o f  
s o l u t i o n s  i s  a  v e r y  u s e f u l  techn ique f o r  ex tend ing a n a l y t i c a l  
t o o l  s  t o  p r o g r e s s i v e l y  more complex problems. The few examples 
d iscussed i n  t h e  preced ing pages a r e  n o t  exhaust ive  by  any mean 
I n  p a r t i c u l a r ,  occasions a r i s e  when an es t ima te  must be made 
o f  t h e  f l ow  p a t t e r n  i n  an a q u i f e r  subsequent t o  some man-made 
change such as c o n s t r u c t i o n  o f  a  w e l l  o r  d r a i n .  I t  i s  n o t  
necessary i n  such cases t o  express t h e  p r e - c o n s t r u c t i o n  f l o w  
p a t t e r n  ma themat i ca l l y  i n  o rde r  t o  use s u p e r p o s i t i o n  t o  deduce 
t h e  p o s t - c o n s t r u c t i o n  f l o w  p a t t e r n .  A l l  t h a t  i s  r e q u i r e d  i s  
t h a t  t h e  p r e - c o n s t r u c t i o n  f l o w  p a t t e r n  be known and d i sp layed  
as a  map o f  e q u i p o t e n t i a l s  o r  s t reaml ines .  Such knowledge i s  
o f t e n  deduced f rom water  l e v e l s  measured i n  a  network o f  obser-  
v a t i o n  w e l l s  o r  p iezometers.  

When t h e  p r e - c o n s t r u c t i o n  f l o w  p a t t e r n  i s  d i s p l a y e d  i n  t h e  
fo rm o f  a  p iezomet r i c  map, t h e  procedure i s  t o  c a l c u l a t e  o r  
o the rw ise  es t ima te  t h e  e q u i p o t e n t i a l s  t h a t  p e r t a i n  t o  t h e  p ro -  
posed c o n s t r u c t i o n  and t o  superimpose these e q u i p o t e n t i a l  l i n e s  
on t h e  map o f  p r e - c o n s t r u c t i o n  e q u i p o t e n t i a l  l i n e s .  The pos t -  
c o n s t r u c t i o n  d i s t r i b u t i o n  o f  p iezomet r i c  head i s  deduced by 
adding t h e  va lues  o f  head f rom bo th  se ts  o f  e q u i p o t e n t i a l  l i n e s  
a t  a l l  p o i n t s  o f  i n t e r s e c t i o n .  The r e s u l t  i s  an a r r a y  o f  p o i n t  
a t  wh ich  t h e  p o s t - c o n s t r u c t i o n  p iezomet r i c  head i s  known (up t o  
an a d d i t i v e  c o n s t a n t ) .  F i n a l  1 y  p o i n t s  o f  equal p iezomet r i c  
head a r e  connected, y i e l d i n g  t h e  d e s i r e d  e q u i p o t e n t i a l  contours  
f rom which streaml i n e s  can be drawn i f  requ i red .  

4.4 FLOW NETS 

Thus f a r ,  a n a l y t i c  methods f o r  o b t a i n i n g  s o l u t i o n s  t o  t h e  
Laplace equa t i on  have been presented.  I t  i s  apparent  f rom t h e  
p rev ious  d i scuss ions  t h a t  boundary c o n d i t i o n s  must be r e l a t i v e -  
l y  s imple  i n  o rde r  t o  o b t a i n  a n a l y t i c  s o l u t i o n s  even us ing  
supe rpos i t i on .  Another s o l u t i o n  techn ique which may be used 
i s  a  g raph i ca l  method known as t h e  f low n e t .  

Flow Nets In Homogeneous Aquifers 

A  f l o w  n e t  c o n s i s t s  o f  a  network o f  e q u i p o t e n t i a l  l i n e s  
and t h e  cor respond ing or thogona l  st reaml i n e s  ( F i g .  4-1 1  ) .  From 
a  p r o p e r l y  cons t ruc ted  f l o w  n e t  one may o b t a i n  d i s t r i b u t i o n  of 
heads, d ischarges,  areas o f  h i g h  ( o r  l ow)  v e l o c i t i e s ,  and t h e  
general  f l o w  p a t t e r n .  I n  a d d i t i o n ,  f l o w  n e t s  o f f e r  an exce l -  
l e n t  means o f  g a i n i n g  i n s i g h t  i n t o  t h e  general  c h a r a c t e r i s t i c s  
o f  ground water  f l o w .  

R e f e r r i n g  t o  F i g .  4-15, t h e  f l o w  channel between ad jacen t  
s t reaml ines  i s  c a l l e d  a  streamtube. The d i scha rge  i n  t h e  







































































































the water t ab le  becomes important r e l a t i v e  t o  the  r a t e  of change 
of storage characterized by water expansion and aquifer  compac- 
t i on .  Thus, the  r a t e  a t  which drawdown increases  slows sub- 
s t a n t i a l l y .  The s i tua t ion  i s  not unlike t ha t  of ver t ica l  
leakage in to  a  confined aqui fe r .  Final ly ,  during time interval  
C in Fig. 5-3, ver t ica l  components of the  gradient of piezo- 
metric head become small and the drawdown-time re la t ionsh ip  
becomes t h a t  which i s  characterized by the  apparent spec i f ic  
y ie ld  and the Theis solut ion with a = T I S  should apply. Even 

though ver t ica l  components of flow a r e  su f f i c i en t l y  small dur- 
ing time period C t o  make the horizontal flow approximation 
va l i d ,  the  small ver t ica l  flow may s t i l l  subs tan t ia l ly  reduce 
the apparent spec i f ic  y ie ld  from the value t ha t  would be obtain-  
ed a f t e r  a  very long pumping period. 

All of the above described phenomena can be expected t o  
be l e s s  pronounced a t  l a rge  r  because the piezometric head i s  
not reduced so grea t ly  nor so rapidly a s  a t  small r .  Indeed, 
the data fo r  r  = 20 m in Fig. 5-3 do not show the  above descri  b- 
ed behavior. 

The above descript ion of the drawdown response t o  a  pumped 
well in unconfined aquifers  i s  e s sen t i a l l y  t h a t  of Walton (1960). 
The phenomena described have been col l e c t i ve l  y  cal led delayed 
y i e l d  from storage (Boul ton,  1954). Approximate analyt ical  
solut ions tha t  a r e  capable of simulating drawdown-time curves 
f o r  unconfined aqui fe rs  have been developed (Boul ton,  1954; 
Boul ton and Ponti n ,  1971 ; Neuman, 1972; S t re l  tsova, 1972). 
S t re l  tsova (1972) wri tes  a  mass conservation equation using the  
procedures discussed in Chapter I 1  t h a t  accounts f o r  changes 
in storage by water expansion and aqui fe r  compaction and desat-  
uration o r  drainage of the pores. Strel  t sova ' s  d i f f e r en t i a l  
equation i s  

where T i s  an average transmissivi t y ,  s i s  the drawdown as  
indicated by the  difference in the i n i t i a l ,  s t a t i c  water-table 
level and the water level in a  f u l l y  penetrating observation 
well t h a t  r e f l e c t s  the average piezometric head over the s a tu r -  

ated thickness. The variable  so i s  the drawdown of the  water 
t ab l e .  The approximate average value of the Darcy veloci ty in 
the  ver t ica l  direct ion i s ,  from Darcy's Law, 

where ba i s  the ver t ica l  dis tance between the  water t ab l e  and 



t h e  p o i n t  a t  w h i c h  t h e  average  drawdown s o c c u r s .  The v a l u e  
o f  b  can be t a k e n  as 113 o f  t h e  i n i t i a l  s a t u r a t e d  t h i c k n e s s  b  

as  a  f i r s t  a p p r o x i m a t i o n .  A l s o ,  c o n s i d e r a t i o n  o f  t h e  v e l o c i t y  
o f  t h e  d e c l i n i n g  w a t e r  t a b l e  r e q u i r e s  

Combin ing Eqs. 5-18 t h r o u g h  5-20 y i e l d s  

where 

2  
a s  1 9 s  S a s  0  + s - s  
a r 2 rar  T a t  B2 

The s t u d e n t  s h o u l d  n o t e  t h e  s i m i l a r i t y  between Eq. 5-21 
and Eq. 3-81 d e r i v e d  f o r  a  l e a k y  a q u i f e r  i n  Chap te r  111. I t  

must  be unders tood ,  however, t h a t  so i s  a  f u n c t i o n  o f  b o t h  t i m e  
and r a d i a l  d i s t a n c e  i n  Eq. 5-21, w h i l e  h  i n  Eq. 3-81 i s  a  

c o n s t a n t .  S t r e l t s o v a  (1972)  g i v e s  t h e  s o l u t i o n  t o  Eq. 5-21 as 

f o r  t h e  case  i n  w h i c h  S = 0  and  s u b j e c t  t o  t h e  i n i t i a l  and 
boundary  c o n d i t i o n s  g i v e n  by  Eqs. 5-2.  The f u n c t i o n  J  i s  t h e  

Bessel  f u n c t i o n  o f  t h e  f i r s t  k i n d  and o r d e r  z e r o ,  u  i s  t h e  same 
as  d e f i n e d  i n  Eq. 5-3, and x  i s  a  dummy v a r i a b l e  o f  i n t e g r a t i o n .  
The same r e s u l t  was o b t a i n e d  b y  B o u l t o n  (1963) .  Because S was 
s e t  equa l  t o  z e r o  i n  t h e  d e r i v a t i o n  o f  Eq. 5-23, t h e  drawdown 
t i m e  r e l a t i o n s h i p  f o r  s m a l l  t i m e  i s  n o t  s i m u l a t e d  b y  t h e  r e s u l t .  

T h i s  i s  e v i d e n t  on  t h e  compar ison  o f  t h e  c u r v e s  i n  F i g .  5-4 w i t h  
t h e  measured drawdown a t  r = 4 . 6  m as  shown i n  F i g .  5-3.  I t  i s  
c l e a r  f r o m  F i g .  5 - 4  t h a t  t h e  drawdown-t ime r e l a t i o n s h i p  p r e d i c -  
t e d  b y  Eq. 5-23 reduces  t o  t h e  T h e i s  s o l u t i o n  f o r  s u f f i c i e n t l y  
s m a l l  u .  The f a m i l y  o f  c u r v e s  shown i n  F i g .  5-4 does n o t  c o v e r  
t h e  e n t i r e  r a n g e  o f  c o n d i t i o n s  e n c o u n t e r e d  i n  p r a c t i c e .  T a b l e  
5-2 c o n t a i n s  d a t a  f r o m  w h i c h  t h e  r e a d e r  can p r e p a r e  c u r v e s  s im- 
i l a r  t o  t h o s e  shown i n  F i g .  5-4 f o r  a  w i d e r  r a n g e  o f  r / B  v a l u e s .  

Radial Flow In a Leaky Aquifer 

The d i f f e r e n t i a l  e q u a t i o n  f o r  f l o w  i n  a  c o n f i n e d  a q u i f e r  
w i t h  v e r t i c a l  a c c r e t i o n  was d e r i v e d  i n  Chap te r  I 1 1  and i s  g i v e n  



Figure 5-4. Graphical p resen ta t ion  of Eq. 5-23. 

i n  po la r  coord ina tes  and i n  terms of drawdown by 

2 s as i x t l & - L = - -  
3 r 2 r a r  B2 T a t  

The s o l u t i o n  of E q .  5-24 s u b j e c t  t o  cond i t ions  given by Eq. 5-2 
i s  (Hantush and Jacob, 1955) :  

The r i g h t  s i d e  of Eq. 5-26 i s  given t h e  symbol W(u,r/B) and i s  
c a l l e d  t h e  well funct ion f o r  an i n f i n i t e  leaky a q u i f e r  with no 
change i n  s to rage  i n  t h e  a q u i t a r d .  Values of W(u,r/B) a r e  given 
i n  Table 5-3. 



Table 5-2. Drawdown-Time Relationship For an Unconfined 
Aquifer (Adapted from Boul ton, 1963). 

A t  large time, the integral  in Eq. 5-26 approaches zero and 

This corresponds t o  the  case in which the replenishment t o  the 
aquifer  via leakage through the aquitard equals the pumping r a t e  
and the flow i s  steady. Equation 5-27 i s  the r e s u l t  obtained 
in Chapter IV when steady flow was assumed a t  the ou tse t .  

Drawdown With Variable Pumping Rates 

The Theis solut ion pred ic t s  the drawdown in response t o  a  
s tep  change in pumping r a t e  from zero t o  Q a t  t=0 ;  the discharge 



Table 5-3. Values of W(u,r/B) For a Leaky Confined Aquifer 
(Adapted from Hantush, 1956).  

W(u ,r/B) 
r/B= 

u 0.01 0.05 0.2 0.5 1 . 0  1 . 5  2.0 2.5 

5x101; 9.441 
I X ~ O - ~  9.418 
5 ~ 1 0 - ~  8.883 
1 x 1 0 4  8.398 6.228 
5 x 1 0 ,  6.975 6.082 
l x 1 0 3  6.307 5.796 3.505 
5 x 1 0 2  4.721 4.608 3.457 
I X ~ O - ~  4.036 3.980 3.288 1.849 
5x1Ol  2.468 2.458 2.311 1.493 0.841 
1 ~ 1 0 ~ ~  1.823 1.818 1.753 1.442 0.819 0.427 0.228 
5x1OO 0.560 0.559 0.553 0.521 0.421 0.301 0.194 0.117 
1x1O0 0.219 0.219 0.218 0.210 0.186 0.151 0.114 0.080 
5x10 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 

remaining cons tan t  t h e r e a f t e r .  The Theis s o l u t i o n  i s  not r e -  
s t r i c t e d  t o  a s t e p  change a t  t = 0 ,  however. For example, 

i s  t h e  drawdown in  response t o  a s t e p  change AQ. i n  d ischarge 

a t  t= t i .  Furthermore, s i n c e  Eq. 5-1 i s  l i n e a r ,  t h e  drawdown 

given by Eq. 5-28 can be added t o  t h e  drawdown t h a t  would have 
e x i s t e d ,  had thechange AQ. no t  occurred,  t o  ob ta in  t h e  t o t a l  

drawdown. In o t h e r  words, t h e  incremental response t o  a change 
i n  pumping r a t e  i s  independent of t h e  previous h i s t o r y  of d i s -  
charge.  The drawdown a t  any time t ~ t  i n  response t o  n s t e p  

changes i n  pumping r a t e  i s ,  t h e r e f o r e ,  

Appl icat ion of Eq. 5-29 t o  a case  i n  which t h e  pumping 
r a t e  i s  changed from zero t o  Q=Ql  a t  t , = 0  and then from Ql t o  

Q2 a t  t2 i s  i l l u s t r a t e d  i n  Fig. 5-5. The ind ica ted  drawdown 

i s  computed from 



I 
Pumping Schedule 
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Figure 5-5. Superposition of drawdowns t o  obtain drawdown 
a f t e r  a  s tep  change in discharge. 

and 

The above computation i s  equivalent t o  ca lcu la t ing  the drawdown 
due t o  pumping a t  r a t e  Ql beginning a t  t = t , = O  from one well 

and adding t o  i t  the drawdown due t o  the  pumping a t  r a t e  Q2-Ql 

beginning a t  t=t2 from a second, imaginary well a t  the same 

locat ion as  the real well.  The computation i s  equally val id  
fo r  a  reduction in  discharge r a t e  a t  t=t2. 

An important use of Eq. 5-29 i s  t o  compute the response 
t o  in te rmi t ten t  operation of wells.  The special case given by 
Eq. 5-31 can be used t o  ca lcu la te  the recovery of water l eve ls  
in observation wells following the shut-down, a t  time t 2 ,  of a  
pumped well.  Following the shut-down of the  well ,  Q2=0 and 
Eq. 5-31 becomes 



2  I n  t h i s  case, t2 i s  t h e  pumping i n t e r v a l .  Prov ided r / 4 a ( t - t 2 )  

i s  l e s s  than 0.01, Eq. 5-32 can be w r i t t e n  i n  t h e  p a r t i c u l a r l y  
s imple  fo rm:  

Equat ion  5-33 i m p l i e s  t he  drawdown i s  p r a c t i c a l l y  t h e  same ( i .  
e., a  h o r i z o n t a l  p iezomet r i c  sur face)  i n  t h e  r e g i o n  f o r  which 

1-1 

r % a ( t - t n )  5 0.01 d u r i n g  t h e  recove ry  p e r i o d .  The r e g i o n  i n  

which t h e  p iezomet r i c  su r face  i s  p r a c t i c a l l y  h o r i z o n t a l  en la rges  
w i t h  i n c r e a s i n g  t i m e  a f t e r  shutdown u n t i l ,  e v e n t u a l l y ,  t h e  
i n i t i a l  s t a t i c  c o n d i t i o n  i s  reached i f  t h e  a q u i f e r  i s ,  indeed, 
ve ry  1  arge.  

Equat ion  5-29 can be used t o  compute t h e  drawdown i n  r e -  
sponse t o  a  c o n t i n u o u s l y  changing pumping r a t e  by approx imat ing  
t h e  f u n c t i o n  Q ( t )  by  a  s e r i e s  o f  s tep  changes o f  d ischarge.  It 
i s  p o s s i b l e  t o  w r i t e  a  ma themat i ca l l y  exac t  equa t i on  f o r  t h e  
drawdown i n  response t o  a  cont inuous f u n c t i o n  Q ( t )  , however. 
For example, s i nce  

Ed. 5-29 becomes 

The i n t e r p r e t a t i o n  o f  Eq. 5-35 i s  t h e  cumu la t i ve  response a t  
t ime  t t o  a  sequence o f  r a t e  changes t h a t  occur red a t  t imes ti. 

I n  t h e  l i m i t  as t he  r a t e  changes con t i nuous l y ,  

where T i s  an i n t e g r a t i o n  v a r i a b l e  t h a t  rep resen ts  t h e  t ime  a t  
which t h e  change dQ occu r red  and t i s  t h e  - t ime  a t  which t h e  

response i s  d e s i r e d .  The f u n c t i o n  w { r Z / 4 a ( t - t )  1 i s  t h e  response 
a t  t ime  t t o  a  u n i t  s tep  change i n  d i scha rge  t h a t  occu r red  a t  
t ime  T 



Integrat ion of Eq. 5-36 by par t s  y ie lds  an equivalent 
expression 

The quant i ty  (1/47r~)exp{-r^/4a(t-~)}{l/(t-~)} has the s i gn i f -  
icance of being the  aquifer  response a t  radial  dis tance r and 
a t  time t t o  an instantaneous withdrawal a t  r=O and a t  time T 

of a un i t  volume of water. This quant i ty  i s  often ca l led  the 
instantaneous sink solut ion.  On the other  hand, Eq. 5-37 i s  
the response a t  radius r and a t  time t t o  a continuous with- 
drawal a t  r a t e  Q ( T )  and i s  ca l led  the continuous-sink solut ion 
(Morel -Seytoux and Daly, 1975). 

Fer r i s  and Knowles (1963) adapted the instantaneous sink 
solut ion t o  the problem of determining the t ransmissivi ty  of 
confined aquifers  by measuring the response t o  the  in jec t ion  
of a slug of water of volume V a t  t=0 .  In t h i s  case a buildup 
of piezometric head i s  obtained upon in j ec t i on ,  followed by a 
d i ss ipa t ion  of the  buildup. The difference between the eleva- 
t ion of the piezometric surface before in jec t ion  of the slug 
and the elevat ion a t  any time a f t e r  in jec t ion  i s  

Provided r i s  su f f i c i en t l y  small,  the argument of the  exponen- 
t i a l  rapidly approaches zero in a confi ied aquifer  with a small 
storage coef f ic ien t .  Thus, 

which suggests t h a t  measured values of a can.be plot ted against  
1 / t  and the value of t ransmissivi ty  computed from the  slope 
of the resu l t ing  s t r a i g h t  l i ne .  Analysis of slug t e s t s  has 
been improved by obtaining a solut ion t h a t  does not assume an 
inf ini tesimal  diameter of the l i n e  on which the slug i s  in jec-  
ted (Cooper e t  a1 . , 1967; Papadopul os e t  a1. , 1973). 

5.2 AQUIFER TEST APPLICATIONS 

A pract ical  use of the material discussed in the previous 
section i s  made in  the determination of the hydrogeologic 
parameters of aquifers .  Aquifer propert ies  a r e  obtained from 
an aquifer  t e s t  by determining the values of storage coeff ic-  
i en t  (apparent spec i f ic  y i e l d ) ,  hydraul i c  conductivity, and 
t ransmissivi ty  which cause the  drawdowns predicted from theor- 
e t i c a l  solut ions t o  most nearly agree with drawdowns measured 
in one or  more observation we1 1 s .  The hydrogeol ogi c parameters 



may be used f o r  designing well f i e l d s ,  estimating the e f f e c t s  
of pumping on surface water, assessing ground-water supply, 
estimating inflow in to  mines, and a  host of other  purposes. 
Aquifer t e s t s  require  a  substant ial  investment in time and 
finances and, t o  some degree, the type of t e s t ,  durat ion,  
equipment, and number of observations a r e  d ic ta ted  by non- 
s c i e n t i f i c  considerations. This i s  a l l  the more reason t o  plan 
the t e s t  ca re fu l ly  so t h a t  a  maximum of information i s  derived 
from the investment. 

Preliminary Considerations In Aquifer Testing 

Because the  aquifer  propert ies  a r e  determined by matching 
measured drawdowns with those predicted by theore t ica l  equations, 
i t  i s  important t ha t  the  aquifer  geometry, boundary condit ions,  
and i n i t i a l  conditions a t  the t e s t  s i t e  match those assumed in  
the theore t ica l  equations as  c lose ly  as  possible.  These fac- 
t o r s  should be considered in the  se lec t ion  of the t e s t  s i t e  i f  
the s i t e  i s  not d ic ta ted  by other  f ac to r s .  Geologic informa- 
t ion  a s s i s t s  in the locat ion of aqui fe r  boundaries and the 
assessment of s t r a t i f i c a t i o n  in the aqui fe r ,  and the degree of 
homogeniety and isotropy t h a t  can be expected. 

The construction and locat ion of observation wells i s  an 
important consideration. Observation we1 1 s  a r e  usual1 y cased 
with perforated pipe. The diameter of observation wells i s  
usually d ic ta ted  by the method t o  be used f o r  measuring the  
water l eve l ,  b u t  a re  normally from 5-15 cm in diameter. In 
unconfined aquifers  i t  i s  des i rab le  t h a t  the observation well 
casing completely penetrate  the saturated thickness and t h a t  
the casing be perforated over the e n t i r e  portion t ha t  extends 
below the  water t ab le .  This helps t o  insure t h a t  the water 
level in the  observation well properly ind ica tes  the average 
piezometric head over the ver t ica l  sec t ion ;  an important con- 
s iderat ion i f  E q .  5-23 i s  t o  be used t o  analyze the data .  In 
confined aqui fe rs ,  care  should be taken t h a t  the observation 
well i t s e l f  does not provide a  conduit by which water from the 
aquifer  can flow in to  overlying s t r a t a .  This may require  sea l -  
ing the annular space between the  observation-well casing and 
wall of the hole in which i t  i s  placed. Over the perforated 
sec t ion ,  water must be able  t o  t r ans f e r  from the observation 
well t o  the  aquifer  with negl ig ib le  res i s tance .  I t  i s  des i r -  
able  t o  surge and pump the water in the  observation well a  few 
times t o  e s t ab l i sh  good t r ans f e r  between the we1 1 and the aqui - 
f e r .  

The locat ion and number of observation wells depends upon 
the requirements of the t e s t ,  the finances a v a i l a ~ i e ,  and the 
par t icu la r  conditions a t  the t e s t  s i t e .  I t  i s  highly des i rab le  
t o  have two o r  more observation wells .  If  conditions l im i t  the 
number of observation wells t o ,  say, 2  o r  3 they should be 
located a t  d i f f e r en t  points  on a  s ingle  radial  l i n e  measured 



f rom t h e  w e l l  t o  be pumped. I f  s e v e r a l  o b s e r v a t i o n  w e l l s  a r e  
t o  be used, t h e y  s h o u l d  be l o c a t e d  on  two r a d i a l  l i n e s  mak ing  
an a p p r o x i m a t e  90 degree  a n g l e  w i t h  one a n o t h e r .  T h i s  p r o c e -  
d u r e  w i l l  h e l p  t o  a s c e r t a i n  any  d e v i a t i o n s  f r o m  symmetry t h a t  
t h e  cone o f  d e p r e s s i o n  may e x h i b i t .  

The a p p r o p r i a t e  s p a c i n g  o f  o b s e r v a t i o n  we1 1 s  i s  d i c t a t e d  
b y  t h e  degree  t o  w h i c h  t h e  pumped w e l l  p e n e t r a t e s  t h e  t h i c k n e s s  
o f  t h e  a q u i f e r ,  w h e t h e r  t h e  a q u i f e r  i s  c o n f i n e d  o r  u n c o n f i n e d ,  
and t h e  a n t i c i p a t e d  d u r a t i o n  o f  t h e  t e s t .  V e r t i c a l  components 
o f  f l o w ,  caused b y  p a r t i a l  p e n e t r a t i o n  o f  t h e  a q u i f e r  by  t h e  
pumped we1 1, a r e  u s u a l l y  n e g l  i g i  b l e  a t  d i s t a n c e s  e x c e e d i n g  
a b o u t  1 .5  t i m e s  t h e  a q u i f e r  t h i c k n e s s .  C o r r e c t i o n  o f  o b s e r v e d  
drawdowns f o r  t h e  e f f e c t s  o f  v e r t i c a l  f l o w  i s  n o t  r e q u i r e d ,  
t h e r e f o r e ,  f o r  o b s e r v a t i o n  w e l l s  l o c a t e d  more t h a n  1 . 5  b  f r o m  
t h e  p a r t i a l l y  p e n e t r a t i n g  pumped w e l l .  S h o u l d  i t  b e  n e c e s s a r y  
t o  l o c a t e  o b s e r v a t i o n  w e l l s  n e a r e r  t h a n  1 .5  b  t o  a  p a r t i a l l y  
p e n e t r a t i n g  w e l l ,  t h e  o b s e r v a t i o n  w e l l  s h o u l d  be p e r f o r a t e d  i n  
t h e  same d e p t h  i n t e r v a l  as t h e  pumped w e l l .  

Because t h e  e f f e c t i v e  r a d i u s  o f  i n f l u e n c e  expands much 
more r a p i d l y  i n  c o n f i n e d  a q u i f e r s  t h a n  i n  u n c o n f i n e d  a q u i f e r s ,  
t h e  maximum d i s t a n c e  between t h e  o b s e r v a t i o n  w e l l s  and  t h e  
pumped w e l l  can be l a r g e r  f o r  t e s t s  o f  c o n f i n e d  a q u i f e r s .  
Samples o f  t h e  a q u i f e r  m a t e r i a l  s h o u l d  be c o l l e c t e d  ( d u r i n g  
t h e  i n s t a l l a t i o n  o f  t h e  f i r s t  o b s e r v a t i o n  w e l l  a n d / o r  t h e  
pumped w e l l )  and a  l o g  o f  t h e  s t r a t a  p r e p a r e d .  E s t i m a t e s  o f  
t h e  h y d r a u l  i c  c o n d u c t i v i t y  and t h e  t r a n s m i  s s i v i  t y  can be made 
f r o m  t h e  g r a i n - s i z e  d i s t r i b u t i o n s  o f  t h e  a q u i f e r  m a t e r i a l .  
Rough e s t i m a t e s  o f  t h e  s t o r a g e  c o e f f i c i e n t  o r  t h e  a p p a r e n t  
s p e c i f i c  y i e l d  can a l s o  be made. These e s t i m a t e s ,  c o u p l e d  w i t h  
t h e  a n t i c i p a t e d  pumping r a t e  and d u r a t i o n  o f  t h e  t e s t ,  p e r m i t  
one t o  e s t i m a t e  t h e  drawdown t h a t  can be e x p e c t e d  a t  v a r i o u s  
d i s t a n c e s  f r o m  t h e  pumped w e l l  and t o  s i t e  t h e  o b s e r v a t i o n  
we1 1  s  so t h a t  s i g n i f i c a n t  and a c c u r a t e 1  y  measurab le  drawdowns 
a r e  p r o b a b l e  d u r i n g  t h e  t e s t .  

P r o v i s i o n  mus t  be made t o  measure and c o n t r o l  t h e  pumping 
r a t e .  Measurement can be a c c o m p l i s h e d  b y  one o f  s e v e r a l  a v a i l -  
a b l e  methods i n c l u d i n g  a  v e l o c i t y  gage, o r i f i c e  p l a t e ,  w a t e r  
m e t e r s ,  and d i r e c t  measurement o f  t h e  vo lume pumped o v e r  a  
measured t i m e  i n t e r v a l .  As t h e  drawdown i n c r e a s e s  i n  t h e  pump- 
ed w e l l ,  t h e  t o t a l  pumping head i n c r e a s e s  c a u s i n g  t h e  d i s c h a r g e  
t o  become l e s s  i f  i t  i s  n o t  c o n t r o l l e d .  C o n t r o l  o f  t h e  pump- 
i n g  r a t e  b y  a  v a l v e  r e q u i r e s  t h a t  t h e  d i s c h a r g e  r a t e  d u r i n g  
t h e  t e s t  be somewhat l e s s  t h a n  t h e  l o n g  t e r m  pumping c a p a c i t y  
w i t h  t h e  v a l v e  f u l l y  open. Thus, t h e  t e s t  mus t  be s t a r t e d  w i t h  
t h e  v a l v e  p a r t i a l l y  c l o s e d  so t h a t  i t  can be opened subsequen t -  
l y  t o  o f f s e t  t h e  i n c r e a s e  i n  pumping head caused by  i n c r e a s e d  
drawdown. 



It s h o u l d  be r e c o g n i z e d  b y  t h e  s t u d e n t  t h a t  t h e  d i s c h a r g e  
Q t h a t  appears  i n  a l l  o f  t h e  f o r e g o i n g  e q u a t i o n s  i s  t h e  d i s -  
c h a r g e  f r o m  o r  t o  t h e  a q u i f e r  and i s  n o t  n e c e s s a r i l y  t h e  pumping 
r a t e .  F o r  example, one can pump a t  a  c o n s t a n t  r a t e  f r o m  a  w e l l ,  
b u t  a  p o r t i o n  o f  t h e  pumped d i s c h a r g e  i s  d e r i v e d  d i r e c t l y  b y  
l o w e r i n g  t h e  w a t e r  l e v e l  i n  t h e  w e l l  and t h e  r e m a i n d e r  i s  de- 
r i v e d  f r o m  t h e  a q u i f e r .  The r e l a t i v e  c o n t r i b u t i o n  f rom w e l l -  
b o r e  s t o r a g e  and i n f l o w  f rom t h e  a q u i f e r  changes w i t h  t i m e ,  
even t h o u g h  t h e  pumping r a t e  i s  c o n s t a n t .  Changes i n  w e l l - b o r e  
s t o r a g e  a r e  u s u a l l y  n e g l i g i b l e  b u t  may have t o  be c o n s i d e r e d  i f  
t h e  w e l l  d i a m e t e r  exceeds a  m e t e r  o r  so,  e s p e c i a l l y  i f  t h e  pump- 
i n g  r a t e  i s  s m a l l .  

P r o v i s i o n  mus t  be made f o r  d i s p o s i n g  o f  t h e  pumped w a t e r  
i n  a  manner t h a t  w i l l  n o t  e f f e c t  t h e  t e s t  r e s u l t s .  It i s  b e s t  
t o  convey  t h e  pumped w a t e r  v i a  a  p i p e  o r  l i n e d  channe l  t o  a  
d i s t a n c e  t h a t  exceeds t h e  maximum e f f e c t i v e  r a d i u s  o f  i n f l u e n c e  
t h a t  i s  a n t i c i p a t e d  d u r i n g  t h e  t e s t .  T h i s  p r o c e d u r e  guards  
a g a i n s t  t h e  p o s s i b i l i t y  o f  r e c h a r g e  o f  t h e  pumped w a t e r  back t o  
t h e  a q u i f e r  i n  t h e  v i c i n i t y  o f  t h e  t e s t .  A p p r o p r i a t e  d i s p o s a l  
o f  t h e  w a t e r  i s  an i m p o r t a n t  c o n s i d e r a t i o n  because t h e  d u r a t i o n  
o f  t e s t s  i s  sometimes 72 h o u r s  o r  more and q u i t e  l a r g e  volumes 
o f  w a t e r  may be i n v o l v e d ,  depend ing  upon t h e  pumping r a t e .  

Water  l e v e l s  i n  t h e  o b s e r v a t i o n  w e l l s  mus t  be measured, 
o f  c o u r s e .  An a c c u r a t e  method i s  t o  use  a  c h a l k e d  s t e e l  t a p e .  
The p r o c e d u r e  i s  t o  c o a t  t h e  f i r s t  m e t e r  o r  so w i t h  c h a l k  and 
l o w e r  t h e  c h a l k e d  end i n t o  t h e  w e l l  u n t i l  a  p o r t i o n  o f  t h e  
c h a l k e d  i n t e r v a l  e x t e n d s  be low t h e  w a t e r  l e v e l .  The t a p e  i s  
l o w e r e d  u n t i l  an i n t e g e r  d i v i s i o n  mark on t h e  t a p e  i s  a t  a  con-  
v e n i e n t  r e f e r e n c e  e l e v a t i o n  ( u s u a l l y  t h e  t o p  o f  t h e  o b s e r v a t i o n  
w e l l  c a s i n g ) .  The t a p e  i s  removed and t h e  t a p e  d i v i s i o n  t h a t  
c o r r e s p o n d s  t o  t h e  t o p  o f  t h e  w e t t e d  p o r t i o n  i s  s u b t r a c t e d  f r o m  
t h e  t a p e  d i v i s i o n  a t  t h e  r e f e r e n c e  l e v e l  t o  o b t a i n  t h e  d e p t h  t o  
w a t e r .  T h i s  method becomes i n c o n v e n i e n t  a t  l a r g e  d e p t h s  ( a b o u t  
50 m) and e l e c t r o n i c  sounders  may be more u s e f u l .  

Water  l e v e l s  i n  t h e  o b s e r v a t i o n  w e l l s  and i n  t h e  pumped 
w e l l  s h o u l d  be m o n i t o r e d  f o r  s e v e r a l  days  p r i o r  t o  t h e  t e s t  
when p o s s i b l e .  Any p r e - t e s t  t r e n d s  o f  t h e  w a t e r  l e v e l s ,  d e t e r -  
m ined  d u r i n g  t h i s  p e r i o d ,  can be e x t r a p o l a t e d  i n t o  t h e  t e s t  
p e r i o d  and observed  drawdowns c o r r e c t e d  a c c o r d i n g l y .  A l s o ,  i t  
i s  d e s i r a b l e  t o  d e t e r m i n e  t h e  e l e v a t i o n s  ( r e l a t i v e  t o  an a r b i -  
t r a r y  datum) o f  each o f  t h e  r e f e r e n c e  o r  m e a s u r i n g  p o i n t s  on 
t h e  o b s e r v a t i o n  w e l l s .  The d e p t h  t o  w a t e r  d a t a  can t h e n  be 
r e f e r e n c e d  t o  t h e  common datum and any p r e - t e s t  g r a d i e n t  o f  
p i e z o m e t r i c  head d e t e r m i n e d .  

The d e p t h  t o  w a t e r  i n  t h e  o b s e r v a t i o n  w e l l s  i s  r e c o r d e d  
p e r i o d i c a l l y  d u r i n g  t h e  t e s t .  Drawdown f i r s t  becomes a p p a r e n t  
i n  t h e  o b s e r v a t i o n  w e l l s  n e a r e s t  t h e  pumped w e l l ,  o f  c o u r s e .  
I n  t h e s e  w e l l s ,  t h e  d e p t h  t o  w a t e r  s h o u l d  be r e c o r d e d  a t  1 o r  2 



minute i n t e rva l s  f o r  the  f i r s t  several minutes of the t e s t  and 
gradually increased t o  10 minute i n t e rva l s  a f t e r  about one hour. 
One-half hour recordings a r e  su f f i c i en t  a f t e r  2 hours and hourly 
recordings are  adequate between 5 and 12 hours of pumping time. 
Beyond 12 hours, the time interval  between recording can be 
gradually increased t o  several hours. A plot  of drawdown vs. 
time on logarithmic paper in the f i e l d  can be used t o  determine 
appropriate times fo r  subsequent depth measurements. A s imi la r  
procedure i s  used f o r  wells more remote from the  pumped well.  
In confined aqui fe rs ,  substant ial  drawdown can become apparent,  
even a t  small time, in the observation wells most remote from 
the pumped we1 1 . 

The duration of the t e s t  depends upon the use and accuracy 
required of the data .  Usually, the  best es t imates  of the aqui- 
f e r  propret ies  can be obtained from t e s t s  t h a t  a re  conducted 
fo r  more than 24 hours. This i s  pa r t i cu l a r l y  t rue  f o r  uncon- 
fined aqui fe rs  because of the  influence of ver t ica l  drainage 
on the  apparent spec i f ic  y ie ld .  Sometimes aquifer  t e s t s  a r e  
conducted f o r  72 hours o r  more. Also, i t  i s  good pract ice t o  
continue measuring the  water l eve ls  in the observation wells 
( pa r t i cu l a r l y  those nearest  the pumped well)  a f t e r  pumping has 
ceased. The water-level recovery data can be analyzed t o  pro- 
vide s t i l l  another determination of the aquifer  propert ies .  

Analysis of Aquifer Test Data Using the Theis Solution 

A t  the completion of the  t e s t ,  the  drawdown vs. time data 
a t  each observation point can be analyzed in a number of ways. 
The Theis method makes use of the following procedure. 

1 )  Prepare a p lo t ,  on t ransparent  log-log paper, of draw- 
0 

down vs. r L / t ,  where r i s  the  dis tance between the 
observation point and the pumped well.  

2 )  Prepare, from Tab 
W ( u )  vs. u .  The 
used in t h i s  plot  
data p lo t .  The W 
type curve. 

l e  5-1, a plot  on log-log paper of 
length of each log cycle of the paper 
must be the  same as used f o r  the 

( u )  vs. u p lot  i s  often ca l led  the 

3 )  Superimpose the data p lo t  on the type curve, keeping 
the drawdown ax is  para l le l  t o  the W ( u )  ax i s .  Adjust 
unt i l  most of the  data points f a l l  on the type curve. 
Corresponding coordinate axes must be kept para l le l  
during the adjustment. 

4 )  Select  any a r b i t r a r y  point (not  necessar i ly  on the 
curves) and record the W ( u )  and u coordinates and the  ,. z corresponding s and r I t  coordinates of the point.  



5) The t ransmissivi ty  i s  computed from 

and the storage coef f ic ien t  (apparent spec i f ic  y i e l d )  
from 

using the coordinates determined in s tep  4. 

Equations 5-40 and 5-41 follow from a rearrangement of Eqs. 5-9 
and 5-3, respect ively.  

The procedure described above i s  nothing more than a graph- 
ica l  method of determining values of S and T which will  cause 
Eq. 5-9 t o  match the measured data .  Data from a l l  wells can 
be plot ted on one graph. Often the aquifer  p roper t ies ,  as  
determined a t  each observation well will  not agree precisely 
fo r  several reasons including v a r i a b i l i t y  of aquifer  p roper t ies ,  
delayed y i e ld ,  ver t ica l  components of flow, and experimental 
e r ro r s .  I t  should be noted t h a t  the aquifer  t e s t  method y ie lds  
values of S and T t ha t  represent averages in some aquifer  vol- 
ume. Thus, small sca le  heterogeniet ies  a re  masked o r  averaged. 

Aquifer t e s t  data can a l so  be analyzed using the Jacob 
method which i s  based on and subject  t o  the  same r e s t r i c t i o n s  
as  Eq. 5-11. The measured drawdown i s  plot ted on the coordin- 
a t e  ax is  of semi-log paper vs.  time on the log ax is .  Provided 
the t e s t  was conducted f o r  a su f f i c i en t l y  long period ( i  . e . ,  
u<0.01),  the data should approximate a s t r a igh t  l i n e  a t  l a rge  
times. The slope of the l i n e  i s  re la ted  t o  the t ransmissivi ty  
as  shown below. Equation 5-11 can be wri t ten in terms of 
common 1 ogari thms as  

2.303Q s = Ã ‘ Ã ‘  2.246a {log t + log(  - 2 ) 1 
r 

which shows t h a t  the slope of s vs. log t i s  the coef f ic ien t  
2.303Ql4nT. Thus, 

where AS i s  the drawdown per log cycle. 

The storage coef f ic ien t  can a l so  be obtained by the Jacob 
method. The procedure i s  t o  extrapolate  the  s t r a i g h t  l i n e  on 
the  data p lo t  t o  the time t o  a t  which s=0. From Eq. 5-42 with 



Prior  t o  the determination of T and S, one cannot de te r -  
mine the time range f o r  which u<0.01. Thus, there  i s  no assur-  
ance t h a t  the data used t o  e s t ab l i sh  the s t r a i g h t  l i n e  in 
Jacobs' method ac tua l ly  s a t i s f y  the requirement t ha t  u be l e s s  
than 0.01. I t  i s  recommended prac t ice ,  therefore ,  t o  compute 
the maximum value of u f o r  the  data used t o  determine the f i r s t  
estimate of the  s t r a i g h t  l i ne .  Values of T and S determined 
from f i r s t  estimate of the s t r a i g h t  l i n e  a r e  used t o  compute 
u .  Should i t  be discovered t h a t  data points  f o r  which u>0.01 
were used in the  determination of the  f i r s t  s t r a igh t  l i n e ,  a 
second l i n e  i s  determined t ha t  does not consider those data 
points and the  procedure i s  repeated. 

When data from 2 o r  more observation wells a r e  ava i lab le ,  
a var iat ion of the Theis curve f i t t i n g  procedure can be used. 
The procedure i s  t o  s e l ec t  a pa r t i cu l a r  time a t  which the draw- 
downs in a l l  the  observation wells a r e  known. The drawdown i s  

2 plot ted versus r / t  on log-log paper, where t i s  the  selected 
time and r i s  the dis tance t o  each observation point.  The 
Theis type curve i s  superimposed on the data plot  as  discussed 

previously; the  coordinates W(u), u, s, and rZ/ t  of an a r b i t r a r y  
match point a re  recorded; and, Eqs. 5-40 and 5-41 a r e  used t o  
ca lcu la te  the aquifer  parameters. This method i s  ca l led  the 
drawdown-di stance method. 

EXAMPLE 5-4 

The following data were col lected from an observation well 
during a t e s t  of an unconfined aquifer  near Fort Coll ins ,  Colo- 
rado. Estimate the  transmissivi t y  and apparent spec i f ic  y ie ld .  

r  = 20 meters 3 
5 Q = 1.872 m /min 

s meters 0.025 0.050 0.055 0.110 0.170 0.180 0.220 

2 2 r I t  - m /min 88.9 53.3 47.1 25.0 16.7 15.1 11.1 

Solution: 
The f i r s t  s tep i s  t o  p lo t  the  given data on logar i th -  

mic paper as  shown in Fig. 5-6. Note t h a t  the  data could have 
been plot ted in the  form s vs. t / r2  as  well ;  the  difference 



b e i n g  t h a t  drawdown w o u l d  i n c r e a s e  t o w a r d  t h e  r i g h t  i n s t e a d  o f  
t o w a r d  t h e  l e f t .  It i s  o b s e r v e d  t h a t  s l o w  v e r t i c a l  d r a i n a g e ,  
a l t h o u g h  p o s s i b l y  o c c u r r i n g ,  i s  n o t  s u f f i c i e n t  t o  cause a  n o t i c e -  
a b l e  r e d u c t i o n  i n  t h e  r a t e  a t  w h i c h  t h e  drawdown i n c r e a s e s  ( i  .e. , 
t h e r e  i s  no  a p p a r e n t  f l a t t e n i n g  o f  t h e  c u r v e  a t  s m a l l  t i m e s ) .  
T h e r e f o r e ,  t h e  T h e i s  method can be used  t o  o b t a i n  t h e  r e q u i r e d  
paramete rs .  F o l l o w i n g  t h e  p r o c e d u r e s  o u t l i n e d  p r e v i o u s l y ,  t h e  
d a t a  p l o t  i s  super imposed on  t h e  ~ ( u )  vs .  u  p l o t  as shown i n  
F i g .  5-6.  The c o o r d i n a t e s  o f  t h e  match  p o i n t  a r e :  

From Eqs. 5-40 and 5-41 

and 

Note  t h a t  u  i s  g r e a t e r  t h a n  0.01 f o r  t h e  e n t i r e  t e s t  p e r i o d  and 
t h e  use o f  t h e  Jacob method c o u l d  p roduce  e r r o r s  i n  T  and S. 
It wou ld  be i n s t r u c t i v e  f o r  t h e  s t u d e n t  t o  use t h e  Jacob method 
and compare r e s u l t s  w i t h  Example 5-4. 

F i g u r e  5-6. M a t c h i n g  t h e  t y p e  c u r v e  w i t h  drawdown d a t a .  
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EXAMPLE 5-5 

The following data were col lected during the same aquifer  
t e s t  discussed in Example 5-4. Use the drawdown-distance method 
t o  determine the  transmi s s iv i  t y  and apparent spec i f ic  y ie ld .  

t = 502 minutes y Q = 1.872 m3/mi n 

s-meters 1.350 0.940 0.650 0.410 0.200 0.140 

r-meters 4.6 10.4 20 34.5 65.8 91.8 

Solution: 2 A plot  of drawdown versus r I t  i s  shown in Fig. 5-7. 

Figure 5-7. Matching the type curve with di stance-drawdown 
data .  

The Theis type curve has been superimposed and the  coordinates 
o f  an a r b i t r a r y  match point a r e  

Using Eqs. 5-40 and 5-41, 



Because a11 drawdowns used i n  t h e  drawdown-distance method 
were determined near t h e  end o f  t h e  t e s t  p e r i o d  and because 
observed drawdowns a t  severa l  p o i n t s  i n  t he  a q u i f e r  were usedy 
t h e  apparent  s p e c i f i c  y i e l d  determined by t h e  distance-drawdown 
method i s  a  more r e l i a b l e  va lue than determined i n  Example 5-4. 
Note t h a t  t h e  t ransmi  s s i  v i  t y  va1 ues agree c1 ose l  y.  

EXAMPLE 5-6 

The f o l l o w i n g  data  were c o l l e c t e d  d u r i n g  a  t e s t  of a  con- 
f i n e d  a q u i f e r  by t h e  U. s. Geo log ica l  Survey. Determine the  
t r a n s m i s s i v i t y  and t h e  s to rage  c o e f f i c i e n t .  

r = 6 1 m  y Q = 1  -894 mJ /m i  n  

Timey min 1  2 3  4  5 6  8  

l i n e  i s  AS = 0. 

T  

The s t r a i g h t  1  

be 0.4 minutes 

s = 

S o l u t i o n :  
The g iven da ta  a r e  p l o t t e d  on semi - l oga r i t hm ic  paper 

as shown i n  F ig .  5-8. A s l i g h t  c u r v a t u r e  i s  e v j d e n t  i n  t h e  
data  p l o t  a t  smal l  t i m e  and these p o i n t s  a r e  i gno red  i n  t h e  
de te rm ina t i on  o f  t h e  s t r a i g h t  l i n e .  The s lope o f  t h e  s t r a i g h t  

4  m. There fore ,  f rom Eq. 5-43 

i n e  i s  e x t r a p o l a t e d  t o  s=O and to determined t o  

. From Eq. 5-44 

The t ime  cor respond ing t o  u=O.Ol i s  



/ 

cycle 

t , minutes 

Figure 5-8. Example of the Jacob method f o r  determining 
aquifer  propert ies .  

Thus, data points f o r  t<21 minutes should not be included in 
the  determination of the s t r a igh t  l i ne .  As mentioned previouslyy 
however, the deviation of the logarithmic approximation from 
the Theis well functioti i s  only about 6 . 0  percent f o r  u=O.lO. 
This explains the f a c t  t h a t  data points f o r  t<21 min in Fig. 
5-8 apparently f a l l  on the s t r a i g h t  l i n e .  

Analysis of Data Influenced By Delayed Water.Table Response 

The procedure f o r  determining the aquifer  propert ies  from 
drawdown-time data  affected by delayed y ie ld  i s y  againy a curve 
matching procedure. A type curve f o r  various values of r/B i s  
prepared on logarithmic paper from the va1 ues of dimensionless 
drawdown and u given in Table 5-2. The r e s u l t  i s  a family of 
curves a s  shown in Fig. 5-4. The type curve i s  superimposed 
upon the drawdown-time data plot  and adjusted t o  provide the 
best  match between one of the theore t ica l  curves and the da ta .  
Againy corresponding coordinate ax is  must be kept pa r a l l e l .  
Tne procedure and computations a r e  i l l u s t r a t e d  in  Example 5-7. 



EXAMPLE 5-7 

During the aquifer  t e s t  of Examples 5-4 and 5-5, the f o l -  
lowing data  were col lected a t  an observation well 4.6 m from 
the pumped we1 1. Estimate the transmi s s iv i  t y ,  apparent specif-  
i c  y i e l d y  and the ver t ica l  hydraulic conductivity of the aqui- 
f e r .  

r = 4.6 m y  I n i t i a l  Saturated Thickness = b = 11 m, 
3 Q = 1.872 m Imin 

s - meters 0.340 0.635 0.705 0.715 0.705 0.715 

Solution: 
The drawdown-time data plot  on logarithmic paper (Fig.  

5-9) i s  qu i te  f l a t  indicat ing a  ra ther  small value of r1B. 

- Eq. 5-23 with 

2 
w - w 
E Theis Solution .. 
w 

Time, minutes 

Figure 5-9. Drawdown-time re la t ionsh ip  affected by delayed 
water-table response. 



Thereforey the  type curve prepared included curves f o r  r/B=0.2? 
r/B=0.4y and r/B=O.6. Superposition of the data p lo t  and the 
type curve gave a match point with the  following coordinates 

- I  u = 2.7 t = 1.0 minutes 

- = 4 . 9  s =  1.Ometer 
Q 

Since ~TTsIQ = 4.9 and s = l.Oy then 

and from the def in i t ion  of u and the  above coordinates 

The degree of agreement between the  theore t ica l  r e s u l t  ( i  . e .  
Eq. 5-23) and the measured data with T = 0.730 m2/min and 
Sva = 0.051 i s  shown in  Fig. 5-9. The student should a l so  note 

the  ra ther  c1 ose agreement between the  aquifer  propert ies  de te r -  
mined i n  t h i s  example with those determined i n  Examples 5-4 
and 5-5. 

Since r/B = 0.2? then 

from Eq. 5-22. Estimating ba = b/3 = 3-67? an estimate f o r  Kz 
i s  

The above value f o r  Kz compares with 

K = 1 = = 6.6 lo-2 rnImin 
b 11 

fo r  the  hydraulic conductivity in the  horizontal d i rec t ion .  

Analysis of Recovery and Slug Test Data 

After pumping has ceased in an aquifer  t e s t ?  the  water 
level in observation wells begins t o  r i s e .  This i s  known as  
recovery. The drawdown during the recovery period i s  given by 



Eq. 5-32 o r  b y  Eq. 5-33 when u  i s  s u f f i c i e n t l y  s m a l l .  An 
i m p o r t a n t  a p p l i c a t i o n  o f  t h e  r e c o v e r y  method i s  t o  make an 
e s t i m a t e  o f  t h e  t r a n s m i s s i v i t y  b y  measur ing  t h e  r e c o v e r y  i n  t h e  
pumped w e l l ,  i t s e l f ,  when c o n d i t i o n s  do n o t  p e r m i t  t h e  c o n s t r u c -  
t i o n  o f  o b s e r v a t i o n  w e l l s .  More p r e c i s e  d a t a  can  be o b t a i n e d  
d u r i n g  t h e  r e c o v e r y  p e r i o d  t h a n  d u r i n g  t h e  pumping p e r i o d  
because t h e  w a t e r  i n  t h e  w e l l  i s  n o t  d i s t u r b e d  b y  t h e  pump. 
The p r o c e d u r e  f o r  a n a l y s i s  o f  r e c o v e r y  d a t a  when u<0.01 i s  t o  
p l o t  t h e  drawdown on t h e  c o o r d i n a t e  s c a l e  o f  s e m i - l o g a r i t h m i c  
paper  and t h e  c o r r e s p o n d i n g  v a l u e  o f  t / ( t - t 7 )  on t h e  l o g  s c a l e .  

L. 

R e c a l l  t h a t  t i s  t h e  t i m e  s i n c e  pumping began and t, i s  t h e  
C. 

d u r a t i o n  o f  t h e  pumping p e r i o d .  From Eq. 5-33 t h e  s l o p e  AS 

p e r  l o g  c y c l e  and t h e  t r a n s m i s s i v i t y  a r e  r e l a t e d  b y  

S l u g  t e s t s  i n v o l v e  i n j e c t i o n  o f  a  known volume o f  w a t e r  
i n t o  t h e  a q u i f e r  o v e r  a  t i m e  i n t e r v a l  s u f f i c i e n t l y  s h o r t  t o  be 
c o n s i d e r e d  as  an i n s t a n t a n e o u s  i n j e c t i o n .  S l u g  t e s t s  a r e  sorne- 
t i m e s  used t o  e s t i m a t e  t h e  t r a n s m i s s i v i t y  o f  a q u i f e r s  w i t h  l o w  
h y d r a u l i c  c o n d u c t i v i t y  and when a  f u l l  s c a l e  a q u i f e r  t e s t  i s  
n o t  j u s t i f i e d  (Papadopulos e t  a l . ,  1973) .  The t r a n s m i s s i v i t y  
o b t a i n e d  f r o m  a  s l u g  t e s t  i s  t h a t  o f  a  r a t h e r  l i m i t e d  a q u i f e r  
volume i n  t h e  v i c i n i t y  o f  t h e  i n j e c t i o n  w e l l .  The response  ( i  .e. 
t h e  r e s i d u a l  b u i l d u p  o f  p i e z o m e t r i c  head)  i s  o f t e n  o b s e r v e d  i n  
t h e  i n j e c t i o n  w e l l ,  i t s e l f .  When u  i s  s u f f i c i e n t l y  s m a l l ,  t h e  
t r a n s m i s s i v i t y  can be computed f r o m  t h e  s l o p e  o f  a  s t r a i g h t  
l i n e  passed t h r o u g h  t h e  observed  r e s i d u a l  b u i l d u p s  p l o t t e d  on 
c o o r d i n a t e  paper  a g a i n s t  t h e  c o r r e s p o n d i n g  v a l u e s  o f  1 / t  as 
i n d i c a t e d  b y  Eq. 5-39. I t  s h o u l d  be c l e a r  t h a t  t h e  t h e o r y  
a p p l i e s  e q u a l l y  w e l l  f o r  a  s l u g  removal  a s  m i g h t  be a c c o m p l i s h -  
ed w i t h  a  b a i  1  , f o r  example. 

EXAMPLE 5-8 

C a l c u l a t e  t h e  t r a n s m i s s i v i t y  f r o m  t h e  f o l l o w i n g  r e c o v e r y  
t e s t  d a t a .  

3  
Q = 1.790 m  /m in  , Pumping i n t e r v a l  = 443 m i n u t e s  , 

r = 4.6 m e t e r s  

t = m i n u t e s  443.5 444 444.5 445 445.5 446 

1.305 1.235 1.200 1.060 0.930 0.845 



Solut ion:  
A p l o t  of drawdown versus the  q u a n t i t y  t / ( t - tn)  i s  

shown i n  Fig. 5-10. The s lope of the  l i n e  i s  0.58 m per log 
cycle  which y i e l d s  a  t r a n s m i s s i v i t y  of (Eq. 5-45) 

Figure 5-10. Water l e v e l s  in  a  recovery t e s t .  

EXAMPLE 5-9 

Determine the  t r a n s m i s s i v i t y  from the  following data 
(adapted from F e r r i s  and Knowles, 1963).  



Solution: 
Fig. 5-11 shows the  above data plot ted on coordinate 

paper. More weight was accorded the  data a t  l a rge  time than 
a t  small time in the determination of the  l i n e .  Note the  l i n e  
must pass through the o r ig in ,  a  point t h a t  corresponds t o  
i n f i n i t e  time a f t e r  the  in jec t ion .  Selecting a r b i t r a r i l y  the  
point on the  l i n e  with coordinates -s = 6.3  cm and 11t  = 0.6 
and using Eq.  5-39 gives 

Figure 5-11. Response t o  a  slug i n j ec t i on .  

5.3 PUMPING NEAR HYDRO-GEOLOGIC BOUNDARIES 

The principal o f  superposition of solut ions t o  approximate 
the e f f e c t s  of aquifer  boundaries i s  equally val id  f o r  unsteady 
flow as  f o r  steady flow. In f a c t  the derivat ion of the solu- 
t i ons  f o r  var iable  pumping r a t e s  in the  previous sect ion made 
use of superposition in the time domain. The mathematical 
expression f o r  the  unsteady flow caused by a  well pumping near 
a  constant head o r  impermeable boundary can be obtained using 
the image well method, j u s t  a s  f o r  the case of steady flow. 



Pumping Near a Stream or Impermeable Boundary 

The drawdown a t  any distance r  from a pumped well in a  
semi-f ini te  aquifer  bounded by a long s t r a igh t  stream on which 
the drawdown i s  zero i s  given by ( r e f e r  t o  Figs. 4-7 and 4-8) ,  

The second term in Eq. 5-46 represents the buildup due t o  an 
image recharge well positioned as  shown in Fig. 4-8. As before 
r i  i s  the distance from the image well t o  the point a t  which 

the drawdown i s  desired.  Clearly, the drawdown i s  zero on a  
l i ne  t ha t  perpendicularly b isec ts  the l i ne  joining the wells 
because r = r i  on such a l i ne  and the two values of the well 
functions in Eq. 5-46 are  i den t i ca l .  Thus, the locus of points 
fo r  which r = r j  simulates the stream on which the drawdown i s  
zero. 

A well pumping from an aquifer  t ha t  i s  intersected by a  
stream derives a  portion of i t s  discharge from aquifer  storage 
and part  from induced flow from the stream. A t  small time, 
prac t ica l ly  a l l  of the pumped water i s  derived from storage 
because the e f f ec t ive  radius of influence i s  l e s s  than the 
dis tance t o  the stream. A t  large pumping times, the drawdown 
caused by pumping induces an increasingly la rger  inflow from 
the stream as the radius of influence expands. The drawdown 
a f t e r  a  steady s t a t e  has been establ ished i s  given by Eq. 4-35 
in Chapter IV. 

The discharge from the stream t o  the aquifer  induced by 
the pumped well can be derived by the procedures of Example 4-4 
and i s  given by 

in which a s l a x  i s  computed from Eq. 5-46. As before, the l i n e  
x=0 represents the e f f ec t  
The r e s u l t  i s  (Glover and 

Qs = Q 

DerDendi cu where a  i s  the 
stream and er f  

ive l i n e  on which recharge 
Balmer, 1954), 

l a r  distance from the well 
( i )  stands fo r  the e r ro r  function def 

2 2 e r f  ( x )  = - ,f exp(-y )dy . 
'v 0 

occurs. 

(5-48) 

t o  the 
ined by 

(5-49) 



Values o f  t h e  e r f ( x )  a r e  presented i n  Table 5-4. No t i ce  t h a t  
as t h e  argument of t h e  e r r o r  f u n c t i o n  becomes smal l  ( i  .e., a t  
l a r g e  t ) ,  t h e  f u n c t i o n  approaches zero  and Eq. 5-48 p r e d i c t s  
t h a t  t h e  d ischarge from t h e  s t ream t o  t h e  a q u i f e r  approaches 
t h e  we1 1  discharge,  Q. 

S i m u l a t i o n  o f  a  w e l l  pump- 
i n g  a  d i s tance  a  f rom an i n f i n -  
i t e l  y  1  ong , 1  i near ,  impermeable 
boundary i s  accomplished by 
p l a c i n g  an image w e l l  a t  x=-a, 
y=0. The drawdown a t  9 p o i n t  
a  d i s t a n c e  r f rom t h e  r e a l  w e l l  
and d i s t a n c e  ri from t h e  image 

w e l l  i s  g i ven  by 

The s tuden t  shou ld  v e r i f y  t h a t  
a ~ / a x l ~ ~  i s  zero  on t h e  l i n e  

x=0 ( i  .e., on t h e  l i n e  t h a t  
p e r p e n d i c u l a r l y  b i s e c t s  t h e  1  i n e  
j o i n i n g  t h e  w e l l s  and rep resen ts  
t h e  impermeable boundary) as 
r e q u i r e d  t o  s imu la te  t h e  imperme- 
a b l e  boundary. 

Table 5-4. Values o f  t h e  
E r r o r  Funct ion  

x  e r f  x  

0.00 0.000 
0.20 0.223 
0.40 0.428 
0.60 0.604 

0.80 0.742 
0.90 0.797 
1.00 0.843 
1.10 0.880 

1.20 0.910 
1.30 0.934 
1.40 0.952 
1.50 0.966 

1.60 0.976 
1.70 0.984 
1.80 0.989 
1.90 0.993 
2.00 0.995 

1  .ooo 

I f  t h e  pumping r a t e  changes w i t h  t i m e  t h e  cor respond ing 
d ischarge f rom the  stream t o  t h e  a q u i f e r  i s  computed f rom 

where e r f c ( x j  s tands f o r  t h e  compl imentary-er ror  f u n c t i o n  and 
i s  equal t o  l - e r f ( x ) .  Equat ion  5-51 i s  d e r i v e d  by t h e  pro-  
cedures used i n  t h e  d i scuss ion  o f  v a r i a b l e  pumping r a t e s  i n  
t h e  p rev ious  s e c t i o n .  The more p r a c t i c a l  fo rm o f  Eq. 5-51 i s  
a  f i n i t e  d i f f e r e n c e  fo rm f o r  t h e  i n t e g r a t i o n  because o f  t h e  
d i f f i c u l t y  i n  o b t a i n i n g  c losed  fo rm express ions  f o r  t h e  i n d i  - 
c a t e d  i n t e g r a t i o n .  

EXAMPLE 5-10 

A w e l l ,  l o c a t e d  200 m f rom a  stream, d ischarges a t  
3  Q=2 m /min f o r  one week, a t  which t i m e  t h e  pump i s  shu t  down. 



2 The aquifer  t ransmissivi ty  i s  1.0 m /min and the apparent 
spec i f ic  y ie ld  i s  0.10. Compute the  discharge from the stream 
to  the aqui fe r  a f t e r  96 hr of pumping and a f t e r  the  pump has 
been shut down fo r  36 hours. 

Solut ion:  
From the information provided 

and from in te rpola t ion  in  Table 5-4, e r f (0 .417)  = 
discharge from the  stream t o  the aquifer  a f t e r  96 
i s  

0.44. The 
hr of pumping 

After the pump has been shut down, the  water level does 
not recover immediately, of course, and inflow from the  stream 
continues. In f a c t ,  provided the  well i s  not pumped again, a l l  
of the water withdrawn from the aquifer  storage will  eventually 
be replenished from the stream. The r a t e  of inflow from the  
stream t o  the aquifer  a f t e r  pumping has ceased i s  calculated 
by using the procedures developed during the  discussion of 
var iable  pumping r a t e s .  The well i s  assumed t o  continue d i s -  

3  charging a t  Q=2.0 m /min i nde f in i t e ly  beyond the real pumping 
period of one week and conceptual 1  y a  second we1 1 , located in 
the same posi t ion as  the  real wel l ,  i s  assumed t o  begin re- 

3  charging a t  Q=-2.0 m /min a t  t= t2=1  week=10080 min. The real 

flow r a t e  from the stream i s  the sum of the flow ra tes  induced 
by the two we1 1 s .  

a  
Q = Q{1 - e r f  - 1 - Q{1 - e r f  

a 
} 

'4at /4oo 

= Q{erf  a - e r f  - 
/4ct(t-t̂  

a 1 
^at 

2 a=10 m /min, t = l  w k  t 36 hr=12240 min, tr,=10080 min 



Aquifer Tests in the Vicinity of Hydro-Geologic Boundaries 

Drawdowns measured in observation wells during an aquifer  
t e s t  a re  influenced by streams o r  impervious boundaries t h a t  
i n t e r s ec t  the aquifer  in the  v i c in i t y  of the  t e s t .  The draw- 
down in an observation well f o r  which r Ã § r  will  increase f o r  

small t ime, j u s t  as  i f  the boundary were not present.  A t  l a rge  
time, the  drawdown will  increase more rapidly than f o r  an in-  
f i n i t e  aqui fe r  i f  the boundary i s  an impervious one. The draw- 
down will  increase l e s s  rapidly i f  the boundary i s  a constant 
head type. An example of the  drawdown a s  a function of time 
in the  presence of both impervious and constant head boundaries 
i s  shown in Fig. 5-12. 

A constant head boundary causes the  drawdown to  s t a b i l i z e  

I l l  

Impervious Boundary 

5 - 

0 
\ 

3-  
Is 
^2- 

a t  the  observation well ,  and the  

I 

long term drawdown approaches 

- 

where r i s  the dis tance from the , 

point and r i  i s  the dis tance from the image well t o  the  obser- 

70-4 
I I l l  I I I I I  I I I 1  

10-3 J O - ~  10-I 
r 2 / 4 c t  

gure 5-12. Drawdown a s  a function of time in the presence 
of both impervious and constant head boundaries. 

r  
_ Q i i n -  , 2~rT r (5-52) 

Dumped well t o  the observation 

vation point.  A t  l a rge  time, the  logarithmic approximations 
f o r  the  well functions in Eq. 5-50 can be used and the drawdown 
in  an observation well in the  v i c in i t y  of an impervious boundary 



becomes 

s = -& ti\ t + constant . (5-54) 

I t  i s  evident t h a t ,  a t  large time, the slope of a plot  of draw- 
down versus time on semi-log paper i s  exact ly twice the slope 
tha t  i s  observed a t  small time when the drawdown-time re la t ion-  
ship i s  t ha t  of an i n f i n i t e  aquifer  ( i . e . ,  Eq. 5-11). 

5.4 ONE-DIMENSIONAL FLOW 

One-dimensional , unsteady flows are  described by solut ions 
to  

subject t o  appropriate boundary and i n i t i a l  conditions. Equa- 
t ion 5-55 i s  the one-dimensional form of Eq. 3-62. Examples 
of approximately one-dimensional flows of i n t e r e s t  to  hydrol- 
og i s t s  include the interchange of water between a stream and 
the aquifer  in response t o  a change in s tage,  ground water 
return flow t o  a stream in response t o  recharge to  the area 
adjacent t o  the stream, and recharge from canals.  

Flow Toward a Plane on Which the Piezometric Head is Prescribed 

Figure 5-13 shows an ideal izat ion of flow from an aquifer  
t ha t  forms the banks of a stream or  reservoir .  A sudden drop 
of the s tage in the stream or reservoir  produces the flow 
shown in Fig. 5-13. As before, i t  i s  assumed tha t  the drawdown 
s i s  everywhere small compared t o  b so t ha t  Eq. 5-55 applies .  
The i n i t i a l  and boundary conditions corresponding to  a s tep  
change of stage a t  t = O  a r e ,  respect ively,  

where so i s  the chanye of s tage.  

The solution i s  obtained in a manner qui te  s imilar  t o  t ha t  
used t o  derive Eq. 5-8. A new variable 



I-- 
'0 

Streom or 
Reservoir 

F igu re  5-13. Flow f rom bank s torage.  

i s  i n t r o d u c e d  which p e r m i t s  Eq. 5-55 t o  be w r i t t e n  as t h e  o r d i n -  
a r y  d i f f e r e n t i a l  equa t i on  

s u b j e c t  t o  t h e  c o n d i t i o n s  t h a t  s = s ,  y=0, and s=0, y = -  . I n t  

g r a t i o n  o f  Eq. 5-58 y i e l d s  

Equat ion 5-59 was d e r i v e d  f o r  an a q u i f e r  t h a t  extends t o  i n f i r  
i t y  b u t  i t  a l s o  p rov ides  a  good approx imat ion  f o r  f i n i t e  aqu i -  
f e r s  i n  t h e  v i c i n i t y  o f  t h e  stream u n t i l  t h e  e f f e c t i v e  e x t e n t  
o f  i n f l u e n c e  x  reaches the  a q u i f e r  boundary. The q u a n t i t y  xe 

i s  d e f i n e d  as t h e  d i s t a n c e  t o  t h e  moving p o i n t  a t  which s i s  
some a r b i t r a r i l y  smal l  value.  

The d ischarge f rom t h e  a q u i f e r  t o  t h e  channel ,  pe r  u n i t  of 
channel l e n g t h ,  as a  r e s u l t  o f  t h e  r e d u c t i o n  o f  stage i s  com- 
puted f rom 

i n  which t h e  d e r i v a t i v e  i s  computed f rom 



From Eqs. 5-60 and 5-6 
stream i s  

The discharge given by 
the reduction of stage 
channel. 

1 ,  the discharge from the aquifer  t o  the 

Eq. 5-62 must be mu1 t i p l i ed  by two i f  
induces flow from both s ides  of the 

The condition of an abrupt change in stage i s  rather  u n -  
r e a l i s t i c  and the usefulness of the foregoing developments i s  
enhanced by extending the r e su l t s  t o  the case in which the 
stage i s  a function of time. This i s  accomplished using the 
same concepts used t o  der iveEqs .  5-29 and 5-36. In other 
words, the quanti ty e r fc (x / /4a t )  i s  regarded as  the response 
of the aquifer  t o  a uni t  s tep  change of stage t ha t  occurred a t  
t = O  (Hall and Moench, 1972). The drawdown in the aquifer  in 
response t o  a continuous change of stage i s  

and the discharge from the aquifer  t o  the channel i s  (Cooper 
and Rorabaugh, 1963), 

In pract ical  applicat ions,  the change of stage as a func- 
t ion of time, s ( t ) ,  i s  often too complicated to  permit the 

above indicated integrat ions t o  be carr ied out ana ly t ica l ly .  
The corresponding f i n i t e  difference forms 

and 



can be used i n  such cases. The change o f  stage can be p o s i t i v e  
o r  nega t i ve ,  of course,  i n  a l l  o f  t h e  above developments. 

The volume o f  water  t h a t  has been in terchanged between t h e  
a q u i f e r  and one s i d e  o f  t h e  channel per  u n i t  l e n g t h  o f  channel 
a t  any t ime  t i s  

I n  some ins tances  t h e  v a r i a t i o n  o f  so w i t h  t ime  may be 

p e r i o d i c  and e x p r e s s i b l e  as a  s i n e  o r  cos ine  func t i on .  An 
example i s  t h e  case o f  a  con f i ned  a q u i f e r  ou tc ropp ing  beneath 
t h e  su r face  o f  t h e  sea. T ides  induce a  s i n u s o i d a l  v a r i a t i o n  
i n  p iezomet r i c  head on t h e  face  of t h e  a q u i f e r  exposed t o  t h e  
sea. The s i n u s o i d a l  boundary c o n d i t i o n  induces a  p e r i o d i c  
response i n  t he  a q u i f e r  g i ven  by  ( F e r r i s ,  1963) 

I n  Eq. 5-68, sa i s  t h e  amp l i t ude  o f  t h e  s i n u s o i d a l  v a r i a t i o n  o f  

stage a t  x=0, s i s  t h e  i nc rease  o r  decrease o f  p iezomet r i c  head 
i n  t h e  a q u i f e r  r e l a t i v e  t o  t h e  mean value,  and to i s  t h e  p e r i o d  

o f  t h e  s i n u s o i d a l  boundary c o n d i t i o n .  Equat ion 5-68 rep resen ts  
a  s t r o n g l y  damped wave. F e r r i s  (1963) used t h e  above r e s u l t  as 
a  bas i s  f o r  de te rm in ing  the  t r a n s m i s s i v i t y  o f  t h e  a l l u v i a l  
a q u i f e r  ad jacen t  t o  t h e  P l a t t e  R i ve r  near  L i n c o l n ,  Nebraska. 
Car r  and Van Der Kamp (1969) determined a q u i f e r  p r o p e r t i e s  f rom 
t i d a l  induced f l u c t u a t i o n s  of  p i e z o m e t r i c  head. 

EXAMPLE 5-1 1 

An u n l i n e d  canal  i s  l o c a t e d  i n  a  l a r g e  a l l u v i a l  v a l l e y .  
Before  d i v e r s i o n  o f  water  i n t o  t h e  cana l ,  t h e  water  t a b l e  i n  
t h e  ad jacen t  a l l u v i a l  a q u i f e r  i s  a t  t h e  same e l e v a t i o n  as t h e  
f l o o r  o f  t h e  cana l .  Water i s  d i v e r t e d  i n t o  t he  canal  and t h e  
s tage- t ime r e l a t i o n s h i p  i s  approximated by 

-s = 0.0167 t 
0 

, 0  5 t  5 1 2 0  minutes  

-so = 2 meters , t 2 120 minutes  . 
2 

The h y d r a u l i c  p r o p e r t i e s  o f  t h e  a q u i f e r  a re  T=1.0 m /min and 
S =0.1. C a l c u l a t e  t h e  d ischarge f rom t h e  canal  t o  t h e  a q u i f e r  
Ya 

as a  f u n c t i o n  o f  t ime.  



S o l u t i o n :  
The r i s e  o f  s tage i n  t h e  canal  causes a  water  t a b l e  

bu i l dup ,  -s0=y. From Eq. 5-64, 

and 

wherein bo th  s ides  o f  t h e  channel have been considered.  Also,  

a=lO mm/min, and 

Q = -0.0119 <̂ a t 5 120 

Q = 0.0119 { ( t - 1 2 0 ) ^  - t ^ }  a t 2 1 2 0  . 

The d ischarge i n t o  t h e  a q u i f e r  f r om t h e  canal  i s  shown g raph i c -  
a l l y  i n  F i g .  5-14. 

Tfme, minutes 

F igu re  5-14. Discharge from a  canal  i n t o  bank s torage i n  
response t o  an i nc rease  o f  stage i n  t h e  cana l .  

Flow Toward a Plane at Which the Discharge is Prescribed 

I n  t h e  p rev ious  sec t i on ,  t h e  drawdown (and t h e r e f o r e  the  
p iezomet r i c  head) was p r e s c r i b e d  on t h e  banks o f  t he  channel, 
and the  drawdown and d ischarge i n  t h e  a q u i f e r  were c a l c u l a t e d .  
Suppose, however, t h a t  t h e  d ischarge t o  o r  f rom t h e  a q u i f e r  a t  



the  channel bank i s  known, r a the r  than t he  drawdown. An exam- 
ple  of such an occurrence i s  pumping a t  a constant r a t e  from 
a narrow trench where inflow t o  the trench from the aquifer  
provides the water t o  be pumped. Another appl icat ion i s  the 
analysis  of recharge from a narrow channel located above the 
water t ab l e .  This appl icat ion will  be demonstrated in Example 
5-1 2. 

The i n i t i a l  and boundary conditions a r e  

The required solut ion i s  obtained 
be d i f f e r en t i a t ed  with respect  t o  
t o  obtain 

by noting t h a t  Eq. 5-55 can 
x and Darcy's Law introduced 

where q i s  the  Darcy veloci ty.  The i n i t i a l  and boundary condi- 
t ions  become 

Note t h a t  Eqs. 5-70 and 5-71 a r e  ident ical  in  form t o  Eqs. 5-55 
and 5-56 f o r  which a solut ion has already been wr i t ten .  There- 
f o r e ,  

The drawdown i s  obtained by replacing q in Eq. 5-72 with 
K aslax and in tegra t ing  t o  y ie ld  (Fe r r i s  e t  a1 ., 1962) 

The drawdown on the plane x=0 i s  



E q u a t i o n  5-73 i s  c a l l e d  t h e  plane-source s o l u t i o n .  I f  r e q u i r e d ,  
i t  can be m o d i f i e d  i n  a  now f a m i l i a r  way t o  c a l c u l a t e  t h e  draw- 
down i n  response  t o  a  d i s c h a r g e  r a t e  t h a t  v a r i e s  i n  t i m e .  

EXAMPLE 5-12 

An ephemeral s t r e a m  i n t e r s e c t s ,  a t  r i g h t  a n g l e s ,  an a l l u -  
v i u m - f i l l e d  channe l  as  shown i n  F i g .  5-15. P r i o r  t o  t h e  s p r i n g  
f l o w s ,  t h e  w a t e r  t a b l e  i n  t h e  a l l u v i u m  i s  5  m  be low t h e  f l o o r  
o f  t h e  s t ream. D u r i n g  t h e  s p r i n g  f l o w ,  t h e  ephemeral s t r e a m  i s  

Stream 
I I 

Plan View 

.., .; . 8 . e . -  - .. , ' . ."';'Â¥:.', 
Seepage 

"., . . . . . . 
- L - d K I r l - -  - -:-& 

Section View 

F i g u r e  5-1 5 .  D e f i n i t i o n  s k e t c h  f o r  Example 5-1 2. 

3 m  w i d e  and v e r y  s h a l l o w .  The s a t u r a t e d  t h i c k n e s s  o f  t h e  a1- 
l u v i u m  i s  30 m, K=10 m/day, and Sva=0.2. E s t i m a t e  t h e  volume 

o f  r e c h a r g e  p e r  u n i t  o f  s t r e a m  l e n g t h  between t h e  t i m e  f l o w  
b e g i n s  and t h e  t i m e  a t  w h i c h  t h e  w a t e r  t a b l e  i s  1  m  be low t h e  
f l o o r  o f  t h e  s t ream.  

S o l u t i o n :  
The s i t u a t i o n  i s  i d e a l i z e d  as  shown i n  F i g .  5-15. The 

v e r t i c a l  seepage f r o m  t h e  s t r e a m  i s  assumed t o  c o n s t i t u t e  a  
p r e s c r i b e d  d i s c h a r g e  a c r o s s  a  v e r t i c a l  p l a n e  (x=O) l o c a t e d  be low 
t h e  s t r e a m  c h a n n e l .  The seepage r a t e  Q i s  e s t i m a t e d  b y  use o f  
deve lopments  i n  Example 3-6 i n  w h i c h  i t  was shown t h a t  



For the appl icat ion in the  present example, z/L i s  small r e l a -  
t i v e  t o  unity because the depth of water, z ,  in the  stream i s  
small compared t o  the depth L t o  the water t ab le .  The seepage 
discharge per un i t  of stream length i s ,  therefore ,  

Q = q Area = -K(width of stream) z 

The time a t  which the water t ab le  has b u i l t  u p  beneath 
the stream t o  within 1 m of the surface follows from Eq. 5-74 
with so=-4 m .  Thus, 

= 3.35 days . 
The volume of recharge per un i t  of stream length i s  

5.5 ONE-DIMENSIONAL FLOW WITH DISTRIBUTED RECHARGE 

Vertical percolation of water t o  the water t ab le  as a 
r e s u l t  of p rec ip i ta t ion  o r  i r r i g a t i o n  i s  an important source of 
recharge in many aqui fe rs .  Unlike the  recharge in Example 5-12, 
the  recharge under consideration in t h i s  sect ion i s  d i s t r i bu t ed  
over large areas .  The corresponding case f o r  steady flow was 
t rea ted  in  Chapter IV. 

Flow Between Parallel Drains 

Consider para l le l  channels in which the  water level i s  
maintained a dis tance b above the f l oo r  of the  aqui fe r .  For 
time l e s s  than t i ,  the  water-table elevat ion i s  the same as  the 

water level in  the channels. I t  i s  assumed t h a t  the water-table 
level i s  increased instantaneously a t  time ti t o  a uniform 

height zi above the constant water level in the channels (Fig 

5-16).  The cause of the  abrupt increase in  water-table eleva- 
t ion  i s  the  instantaneous, uniform addition of a volume of 
water t o  the aqui fe r .  In terms of volume per un i t  area ( i . e . ,  
depth) the  recharge i s  I i  and the  corresponding instantaneous 

buildup of the water t ab le  i s  z i = I i / S  Following the recharge 
.ya. 

event a t  t = t . ,  ground water flows toward the channels and the 
water-table elevat ion decreases. 
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Figure 5-16. Flow toward para l le l  channels in response t o  an 
instantaneous recharge increment. 

Relative to  the water level in the dra ins ,  the water tab le  
i s  z ( x , t )  and the l inearized Boussinesq equation can be written 

which i s  r e s t r i c t ed  to  those cases in which z ~ b .  The boundary 
conditions a r e  z (O, t )=z(L, t )=O,  where L i s  the distance between 
the channels. The solution (Glover, 1953) obtained by 
separation of variables ,  i s  the Fourier s e r i e s  

41i 2 2 
z = -  z -an IT n T X  ( l l n )  exp{ - ( t - t i )}  sin - . 

^ya n=1 ,3,5, .  . . L L 

The water-tab1 e elevation midway between the channel s (x=L/2) 
i s  



where 

&-ti ) , cO an 2  TT 2 
} = - I  (1 /n )  exp{ - nir 

G{ 12 7T 
( t - t i  ) I  s i n  . 

n=1,3,5,. . . L2 

Values o f  t h e  G f u n c t i o n ,  f o r  a ( t - t i ) / L 2  5 0.05, a r e  t a b u l a t e d  

i n  Table 5-5. The i n f i n i t e  s e r i e s  i n  Eq. 5-78 converges r a p i d -  
l y  and G can be c a l c u l a t e d  f rom 

w i t h  l e s s  than one pe rcen t  e r r o r  f o r  ~ ( t - t i ) / L Z  > 0.05. 

The d i scha rge  t o  e i t h e r  channel f rom one s i d e  i s  

which i s  d e r i v e d  by c a l c u l a t i n g  

2  Prov ided a ( t - t i ) / L  i s  g r e a t e r  than about 0.06, t h e  d i scha rge  

i s  c l o s e l y  approximated by t h e  f i r s t  te rm i n  t h e  s e r i e s  o f  Eq. 
5-80, and combinat ion  w i t h  t h e  equa t i on  f o r  z  y i e l d s  t h e  

approximate d i  scharge fo rmula  : 

The t o t a l  d i scha rge  f rom t h e  a q u i f e r  between t h e  channels i s  
t w i c e  t h e  va lue  computed f rom Eqs. 5-80 o r  5-82. 

I t  i s  sometimes d e s i r a b l e  t o  know t h e  f r a c t i o n  P o f  t h e  
volume recharged t h a t  remains i n  t h e  a q u i f e r  a t  any t ime  a f t e r  
t h e  recharge event .  The f r a c t i o n  P i s  known as t h e  part remain- 
ing and i s  d e f i n e d  by  



The i n t e g r a l  i n  Eq. 5-83 i s  evaluated using Eq. 5-76 with 
t h e  r e s u l t  

As i n  t h e  previous c a s e s ,  P i s  s a t i s f a c t o r i l y  approximated by " 
t h e  f i r s t  term i n  t h e  s e r i e s  i f  a(t- ti)/^^ i s  g r e a t e r  than 0.05. 

Table 5-6 p resen t s  values  of P f o r  small arguments. The water-  
t a b l e  e l e v a t i o n  z a t  time t t h a t  r e s u l t s  from any a r b i t r a r y  
sequence of ins tan taneous  recharge events  of magnitude I i  t h a t  

occurred a t  t imes ti i s  obta ined by summing t h e  individual  

responses given by Eq. 5-76 (Maasland, 1959; McWhorter, 1977).  

Table 5-5. Values of t h e  Func- Table 5-6. Values of t h e  Pa r t  

t i o n  6 f o r  a ( t - t . ) / ~ ~  - < 0.05. Remaining f o r  a ( t - t , ) / ~ ~  - < 0.05 

0.000 1.000 0.000 1 .ooo 
0.010 0.999 0.001 0.929 
0.01 5 0.992 0.002 0.899 
0.020 0.975 0.003 0.876 
0.025 0.949 0.004 0.857 

0.030 0.91 8 0.005 0.840 
0.035 0.882 0.006 0.825 
0.040 0.846 0.007 0.81 1 
0.045 0.809 0.008 0.798 
0.050 0.772 0.009 0.786 

0.010 0.774 
EXAMPLE 5-13 0.020 0.681 

0.030 0.609 
An a q u i f e r  has formed on an 0.040 0.549 

impervious s t ra tum loca ted  12 m 0.050 0.496 
below t h e  s o i l  su r face .  A r t i -  
f i c i  a1 , para1 l e l  , re1 i ef  d r a i n s  
a r e  t o  be i n s t a l l e d  a t  a depth of 2 m t o  keep t h e  water  t a b l e  
from r i s i n g  t o  a height  t h a t  would endanger crop p roduc t iv i ty .  
Recharge increments from i r r i g a t i o n  average 2 cm and a r e  spaced 
t h r e e  weeks a p a r t .  The hydraul ic  conduc t iv i ty  of t h e  aqu i fe r  

i s  2 . 1 ~ 1 0 '  cm/s and S - 0 . 1 2 .  Ca lcu la te  a d ra in  spacing t h a t  

wi l l  cause 70 percent  of each increment of recharge volume t o  
be drained before t h e  next increment occurs .  



Solution: 
The spacing i s  t o  be determined fo r  which the part  

remaining i s  0.30,three weeks following the recharge event. 
Inspection of Table 5-6 indicates  t h a t ,  f o r  P=0.3, a ( t - t i ) / L  

i s  greater  than 0.05 and the f i r s t  term in the s e r i e s  of Eq. 
5-84 can be used. Therefore, 

From the information provided: 

2 T = (12-2) ( 2 . l x l 0 - ~ ) ( 8 6 4 0 0 )  = 18.14 m /day 
2 a = 18.14/0.12 = 151.2 m /day 

t- t .  = 3 weeks = 21 days 
1 

and 

L = 178 meters . 
EXAMPLE 5-14 

The i r r i ga t ion  season in the problem of Example 5-13 
extends over a 12 week period resu l t ing  in 5 recharge incre- 
ments of 2 cm each. Presuming t h a t  the water-table e leva t ion ,  
r e l a t i ve  to  the drain elevat ion,  i s  everywhere zero before 
the f i r s t  i r r i ga t ion  of the season, compute the water-table 
elevation z midway between drains immediately following the 

l a s t  i r r i ga t ion  of the season and j u s t  p r ior  to  the f i r s t  
i r r i ga t ion  in the  second season. Assume no recharge occurs in 
the winter months between i r r i ga t ion  seasons and L=100 m. 

Solution: 
The principle  of superposition of solut ions i s  applic- 

able.  In other  words, the water-table height z a t  any time t ,  

resu l t ing  from a1 1 the recharge events t ha t  have occurred to  
time t ,  i s  the sum of the zci t ha t  r e s u l t  from each individual 

increment of recharge. I t  i s  convenient t o  mark time from the 
f i r s t  recharge event. Therefore, the time a t  which the water- 
tab le  height i s  desired i s  t=12 weeks or  84 days fo r  the f i r s t  
part  of the problem. Recall t ha t  the t i  in Eqs. 5-77 and 5-78 



are  t h e  t imes a t  which t h e  recharge events  occur red.  The com- 
p u t a t i o n  procedure i s  i l l u s t r a t e d  i n  Tab le  5-7, w i t h  

a / ~  = 0.01512 f rom Example 5-13. The va lues  G a r e  c a l c u l a t e d  
f rom Eq. 5-79, except  f o r  t h e  l a s t  one i n  t h e  column. The 
va lues  i n  t h e  l a s t  column f o l l o w  f rom Eq. 5-77 w i t h  each Ii 

equal t o  2 cm and S - 0 . 1 2 .  The w a t e r - t a b l e  e l e v a t i o n  midway 

between d r a i n s  i s  17.6 cm above t h e  d r a i n s  immedia te ly  f o l l o w -  
i n g  t h e  l a s t  recharge event o f  t h e  season. 

The computat ion o f  t h e  w a t e r - t a b l e  h e i g h t  j u s t  p r i o r  t o  
t h e  f i r s t  i r r i g a t i o n  o f  t h e  second season can be computed as 
above w i t h  t=365. However, i t  i s  e v i d e n t  f r om Table 5-7 t h a t  
t h e  e f f e c t  on t h e  water  t a b l e  o f  each event  l a s t s  o n l y  on t h e  
o r d e r  o f  50 days. The e f f e c t  o f  a l l  t h e  recharge events w i l l  
have d i s s i p a t e d  by  t h e  beg inn ing o f  t h e  second season, t h e r e -  
f o r e ,  and t h e  wa te r - t ab le  e l e v a t i o n  z  wi 11 aga in  be zero  f o r  
p r a c t i c a l  purposes. The s tuden t  shou ld  recogn ize  t h a t ,  had 

Table 5-7. C a l c u l a t i o n  of t h e  Water Table He igh t  
I n  Response To a  Sequence of Ins tantaneous Recharge 

Events 

Recharge ti t-ti z  
a ( t - t i  ) / L ~  G c i Event No. days days cm 

t h e  e f fec t  of t h e  f i r s t  season's recharge n o t  been comp le te l y  
d i s s i p a t e d  before t h e  second season began, t h e  r e s i d u a l  water -  
t a b l e  h e i g h t  would have t o  be accounted f o r  i n  t h e  c a l c u l a t i o n  
o f  z  i n  subsequent seasons. 

Flow in Response to Continuously Varying Recharge 

The p r i n c i p a l  o f  s u p e r p o s i t i o n  can be used t o  ex tend t h e  
developments of t h e  p rev ious  s e c t i o n  t o  app l y  when t h e  recharge 
i s  cont inuous a t  r a t e  W( t ) .  The procedure i s  t h e  same as t h a t  
used t o  develop Eq. 5-36. I n  t h e  case a t  hand, t h e  i n s t a n t a n -  
eous increment of recharge Ii i s  rep laced  by  d r ( d I / d r )  which i s  

t he  increment o f  recharge d l  t h a t  occur red a t  t ime  T over  t h e  
i n t e r v a l  d r .  The q u a n t i t y  d I / d r  i s  t h e  recharge r a t e  W(T), 
however, and t h e  wa te r - t ab le  e l e v a t i o n  midway between t h e  
channels i s  



The corresponding r e s u l t  f o r  the discharge t o  the channels i s  

I t  i s  permissible t o  interchange the order of integrat ion and 
summation. 

EXAMPLE 5-15 

A r i v e r  i s  located near the center  of a val ley t h a t  con- 
t a in s  an a l l uv i a l  aqui fe r .  The edges of the  val ley form imperv- 
ious boundaries of the aquifer  and a r e  p r ac t i ca l l y  para l le l  t o  
the r i ve r .  The dis tance from the  r i v e r  t o  the edges of the  

2 val ley i s  3 km. The aquifer  propert ies  a re  T=0.14 m 1 s  and 
S =0.14. I r r iga t ion  i s  practiced on the land between the r i ve r  va 
and the edges of the val ley.  Recharge from i r r i ga t i on  and canal 
seepage averages 0.003 mlday f o r  100 days of the  growing season, 
and zero t he r ea f t e r .  Calculate the discharge per un i t  of stream 
length from the aquifer  t o  the stream t h a t  r e s u l t s  from the 
recharge during one season. 

Solution: 
The ver t ica l  plane located midway between the  channels 

of Fig. 5-16 i s  a ground-water divide through which no flow 
occurs. Thus, the plane simulates an impervious boundary and 
the flow on e i t h e r  s ide  of the r i ve r  i s  simulated by the  flow 
between x=0 and x=L/2 in Fig. 5-16. The discharge from the 
aquifer  t o  the r i ve r  from one s ide i s  given by E q .  5-86 in 
which W ( T )  i s  a constant equal t o  0.003 mlday f o r  0 5 t 5 100, 
and zero thereaf te r .  L in t h i s  problem i s  the  val ley width 
equal t o  6 km. For 0 - < t - < 100, the discharge from both s ides  
of the r i ve r  i s  



where P i s  g iven  by Eq. 5-84. 

For t 2 100 days ,  t h e  i n t e g r a t i o n  y i e l d s  

The d i s c h a r g e  i s  e a s i l y  computed w i th  W=0.003 mlday,  
2 2 

L=6000 m y  and a=1 . O  m 1 s  = 86400 m /day .  The computa t ions  a r e  
shown i n  Tab l e  5-8. Time i s  marked from t h e  beginning  o f  t h e  
r e c h a r g e .  The d i s c h a r g e  v a l u e s  i n  Tab l e  5-8 a r e  i n  a d d i t i o n  t o  
any  d i s c h a r g e s  t h a t  may have e x i s t e d  independent  o f  t h e  r e c h a r g e  
under  c o n s i d e r a t i o n .  

Table  5-8. Computation o f  I r r i g a t i o n  Return Flow 

2 3 t days   at/^^ a ( t - 1 0 0 ) / L 2  p ( a t / L 2 )  P{a( t -100) /L  1 Q m /m-day 

0 0 .000  - 1 .ooo - 0 . 0  
1 0  0.024 - 0.650 - 6 . 3  
20 0.048 - 0.506 - 8 . 9  
40 0.096 - 0.314 - 12.4 
60  0 .144  - 0.196 - 14 .5  

8 0  0.192 - 0.122 - 1 5 . 8  
100 0 .240  0 .000  0.076 1 . 000 16 .6  
110 0.264 0.024 0.060 0 .650  10 .6  
120 0.288 0.048 0.047 0.506 8 . 3  
140  0.336 0.096 0.029 0.314 5 .1  

160  0.384 0.144 0.018 0.196 3.2 
180 0.432 0.192 0.011 0.122 2 . 0  
200 0.480 0.240 0 .007  0.076 1 . 2  
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PROBLEMSAND STUDY QUESTIONS 

1 .  The t r a n s m i s s i v i t y  and s t o r a g e  c o e f f i c i e n t  f o r  a  c o n f i n e d  
2  a q u i f e r  a r e  1 .78  m  I m i n  and ~ . l x l o - ~ ,  r e s p e c t i v e l y .  A  

f u l l y  p e n e t r a t i n g  w e l l  i s  pumped a t  a  c o n s t a n t  d i s c h a r g e  
3 o f  3.1 m  /min.  C a l c u l a t e  and p l o t  t h e  drawdown as a  f u n c -  

t i o n  o f  t i m e  a t  r = 3 0  m  up t o  a  t i m e  o f  600 rnin. F o r  
t = 6 0 0  min. ,  p l o t  a  d rawdown-d is tance  c u r v e .  

2 .  Repeat t h e  c a l c u l a t i o n s  o f  p r o b l e m  1  w i t h  S =0.021 and 
Ya 

compare w i t h  t h e  r e s u l t s  o f  t h e  p r e v i o u s  c a l c u l a t i o n .  
P r o v i d e  a  p h y s i c a l  e x p l a n a t i o n  f o r  t h e  d i f f e r e n c e s  observed .  

3. Repeat t h e  c a l c u l a t i o n s  o f  p r o b l e m  1  w i t h  T=10 m2/min and 
compare w i t h  t h e  r e s u l t s  f r o m  p r o b l e m  1.  P r o v i d e  a  phys-  
i c a l  e x p l a n a t i o n  f o r  t h e  d i f f e r e n c e s  observed .  

4. Two w e l l s ,  A  and B, a r e  l o c a t e d  200 m  a p a r t  and pump f r o m  
r\ 

an a q u i f e r  f o r  w h i c h  T = 1.1 mL/min and S  =0.11. The 
Ya 3 w e l l s  b e g i n  pumping s i m u l t a n e o u s l y  a t  r a t e s  Qk=2 rn /m in  - 

and QB=3 m5/min. Compute t h e  drawdown i n  an o b s e r v a t i o n  

w e l l  l o c a t e d  a  d i s t a n c e  o f  50 m  f r o m  w e l l  A  and 206 m  f r o m  
w e l l  B  a f t e r  7 days o f  c o n t i n u o u s  pumping f r o m  b o t h  w e l l s .  
Answer: 1  .O4 m. 

5. L e t  x  be a  c o o r d i n a t e  measured a l o n g  a  s t r a i g h t  l i n e  be- 
tween two w e l l s ,  A  and B, t h a t  began pumping s i m u l t a n e o u s -  
l y  a t  r a t e s  $ and QB. The o r i g i n  o f  t h e  c o o r d i n a t e s  i s  

midway between t h e  t h o  we1 1  s  and we1 1  A  i s  l o c a t e d  a t  x=a, 
y=0  acd w e l l  B  a t  x=-a,  y=0.  A t  some c o o r d i n a t e  (x,,O) 

t h e  q u a n t i t y  a s l a x  = 0, and xd r e p r e s e n t s  t h e  l o c a t i o n  o f  
- 

t h e  g round-wate r  d i v i d e  on t h e  l i n e  j o i n i n g  t h e  two w e l l s .  
Show t h a t  

H i n t :  

6. P r e p a r e  a  g r a p h i c a l  r e p r e s e n t a t i o n  o f  Qn/QB vs.  xd/a f o r  
2  

s e v e r a l  v a l u e s  o f  a  / a t  and d i s c u s s  t h e  r e s u l t s .  



The t r a n s m i s s i v i  t y  and s t o r a g e  c o e f f i c i e n t  f o r  a  c o n f i n e d  
2  a q u i f e r  a r e  0.1 m  / m i n  and ~ . ~ x I o - ~ ,  r e s p e c t i v e l y .  A  w e l l  
9 

pumped a t  0.967 mJ/min i s  l o c a t e d  a  p e r p e n d i c u l a r  d i s t a n c e  
o f  500 m  f r o m  an impermeable boundary.  E s t i m a t e  t h e  t i m e  
i n t e r v a l  f r o m  t h e  s t a r t  o f  pumping o v e r  w h i c h  t h e  a q u i f e r  
responds  as i f  i t  were i n f i n i t e  f o r  p r a c t i c a l  pu rposes .  
Answer: 56 m in ,  assuming a  drawdown o f  se=O.O1 m  i s  
n e g l i g i b l e .  

What i s  t h e  drawdown a t  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  t h e  
b a r r i e r  and a  l i n e  normal  t o  t h e  b a r r i e r  and p a s s i n g  
t h r o u g h  t h e  w e l l  a t  a  pumping t i m e  o f  56 m i n  f o r  t h e  
c o n d i t i o n s  o f  p r o b l e m  7? Answer: s=0.02 m. 

Repeat  p r o b l e m  7  w i t h  S =0.08. Answer: 11.6 days .  
Ya 

Rep lace  t h e  impermeable boundary  o f  p r o b l e m  7  w i t h  an 
i n f i n i t e l y  l o n g  c o n s t a n t  head boundary .  What i s  t h e  r a t e  
o f  a q u i f e r  r e c h a r g e  f r o m  t h e  boundary  a t  a  pumping t i m e  o f  
56 m in?  Answer: 1 .4% o f  t h e  w e l l  d i s c h a r g e .  

A  f u l l y  p e n e t r a t i n g  o b s e r v a t i o n  w e l l  i s  l o c a t e d  14  m  f r o m  
a  f u l l y  p e n e t r a t i n g  w e l l  d i s c h a r g i n g  a t  a  c o n s t a n t  r a t e  o f  

'Â¥ 

2 .0  rnJ/min f r o m  an  u n c o n f i n e d  a q u i f e r .  The a q u i f e r  i s  
composed o f  s m a l l  s c a l e  h o r i z o n t a l  s t r a t a .  The average  
h y d r a u l i c  c o n d u c t i v i t y  i n  d i r e c t i o n s  para1  l e l  t o  t h e  h o r i -  - 
z o n t a l  b e d d i n g  i s  0 .05  m/min and 3 . 1 ~ 1 0 ' ~  m/min a c r o s s  t h e  
b e d d i n g  p l a n e s  ( i  .e . ,  i n  a  v e r t i c a l  d i r e c t i o n ) .  The s a t -  
u r a t e d  t h i c k n e s s  o f  t h e  a q u i f e r  i s  30 m  and Sya=0.061. 

C a l c u l a t e  t h e  drawdown i n  t h e  o b s e r v a t i o n  w e l l  a t  8  m in ,  
40  m in ,  8 0  m in ,  800  min ,  and  8000 m i n  a f t e r  t h e  s t a r t  o f  
pumping. Answer: 0 .38  m, 0.39 m, 0.41 m, 0.57 m, 0.82 m. 

D i s c u s s  t h e  e f f e c t s  o f  d e l a y e d  w a t e r - t a b l e  response  i n  
r e l a t i o n  t o  a q u i f e r  t h i c k n e s s ,  o t h e r  f a c t o r s  r e m a i n i n g  
e q u a l .  

W r i t e  a  volume b a l a n c e  e q u a t i o n  f o r  a  u n i t  a r e a  o f  w a t e r  
t a b l e  d i s p l a c e d  v e r t i c a l l y  by  ASO and d e r i v e  Eq. 5-20 
t h e r e f r o m .  

The d i f f e r e n t i a l  e q u a t i o n  5-21 c o n t a i n s  two dependent  
v a r i a b l e s ,  s and so .  Combine Eqs. 5-19 and 5-20 t o  f o r m  
a  l i n e a r ,  f i r s t - o r d e r ,  nonhomogeneous d i f f e r e n t i a l  equa- 
t i o n :  



Solve t h i s  equation s u b j e c t  t o  sO=s=O a t  t = O  by s tandard 
methods t o  ob ta in  

and w r i t e  Eq. 5-21 i n  terms of t h e  s i n g l e  dependent v a r i -  
ab le  s. 

15. The following da ta  were c o l l e c t e d  dur ing a t e s t  of a 
coa r se  t e x t u r e d ,  a l l u v i a l ,  unconfined a q u i f e r  near Crook, 
Colorado. Determine t h e  transmi s s i v i  t y ,  hydraul i c  con- 
d u c t i v i t y  and apparent  s p e c i f i c  y i e l d .  The pumped well 
i s  p a r t i a l l y  pene t ra t ing .  

b = 1 9 m  

r = 6.2 m 
Time Drawdown 
mi n m 

1 0.003 
2 0.006 
4 0.012 
7 0.030 

10 0.043 

5 0.061 
20 0.079 
25 0.088 
30 0.104 
40 0.128 

45 0.146 
50 0.158 
55 0.171 
60 0.180 
70 0.195 

92 0.226 
150 0.284 
221 0.332 
374 0.412 
593 0.473 

1460 0.598 
1813 0.610 
2029 0.625 
2976 0.656 
3316 0.692 

Q = 3.78 mJ/min 

r = 30.5 m 
Time Drawdown 
mi n m 

5 0.037 
9 0.052 

14 0.064 
19 0.076 
24 0.082 

29 0.085 
39 0.107 
49 0.116 
59 0.128 
69 0.143 

94 0.165 
152 0.192 
222 0.229 
378 0.293 
588 0.348 

1457 0.420 
1816 0.491 
2026 0.521 
2973 0.537 
3315 0.540 

Do these  da ta  suggest  a delayed 
water-tab1 e response? Provide 
a d i scuss ion  and explanat ion 
of your f ind ings .  



16. The following recovery da ta  were c o l l e c t e d  a f t e r  pumping 
ceased i n  t h e  a q u i f e r  t e s t  of t h e  previous problem. Total 
pumping time was 3317 min. Analyze t h e  recovery da ta .  

Time s ince  
pumping ceased 

mi n 
0 
1 
9 

17 
4 2 
59 

958 

Drawdown 
m 

0.692 
0.482 
0.442 
0.348 
0.317 
0.280 
0.271 

Time s ince  
pumping ceased 

mi n 

0 
4 

12 
2 0 
39 
57 

96 0 
2566 
3875 

Drawdown 
m 

0.540 
0.503 
0.491 
0.491 
0.445 
0.406 
0.384 
0.351 
0.281 

17. The following da ta  were c o l l e c t e d  dur ing a t e s t  of an u n -  
confined a q u i f e r .  The pumped well f u l l y  penetra ted t h e  
a q u i f e r  and the  observat ion we l l s  were const ructed so  t h a t  
the  observed drawdowns a r e  average values  over t h e  e n t i r e  

2 s a t u r a t e d  th ickness .  P l o t  t h e  da ta  ( i  . e .  , s vs. r I t )  f o r  
a l l  t h r e e  observat ion wel ls  on a s i n g l e  graph and ob ta in  
t h e  a q u i f e r  p r o p e r t i e s  using t h e  Theis type curve.  

Q = 0.568 m3/mi n 
Drawdown 

18. The fol lowing da ta  were c o l l e c t e d  dur ing a t e s t  of a leaky 
a q u i f e r .  The pumped well f u l l y  pene t ra tes  t h e  a q u i f e r .  

2 P lo t  t h e  da ta  ( s  vs. r I t )  from a l l  4 observat ion we l l s  on 
one graph and determine T ,  S ,  and B by using a type curve 
prepared from Table 5-3. 



T i  me Drawdown - meters 

h r s  r=30.5m r=61m r=122m r=240m 

1 . 0  1.145 0.745 0.395 0.135 
6.0 1.600 1.190 0.790 0.440 

43.5 2.195 1.770 1.340 0.960 
340.0 2.485 2.010 1.600 1.160 

19. A  w e l l  d ischarges f rom a  conf ined a q u i f e r  a t  a  cons tan t  
3  r a t e  o f  2.1 m /min f o r  a  p e r i o d  o f  2  days. The a q u i f e r  

2  p r o p e r t i e s  a r e  T=0.6 m /min and s = 4 x 1 0 3 .  Compute and 
d i s p l a y  g r a p h i c a l l y  t h e  drawdown vs. d i s tance  f o r  2  h rs ,  
1  day, and 2  days a f t e r  pumping ceased. 

3  20. Suppose t h e  w e l l  i n  problem 19 i s  pumped a t  Q=2.1 m /min 
3  f o r  2  days and then t h e  d i scha rge  i s  decreased t o  1.0 m  /min. 

C a l c u l a t e  and p l o t  t h e  drawdown vs. t i m e  curve a t  r=20  m. 

21 . A we1 1  i s  t o  be pumped f o r  a  p e r i o d  t and then pumping 
P  

ceases f o r  a  p e r i o d  to f o l l o w e d  by a  second pumping p e r i o d  

o f  l e n g t h  t and another  r e s t  p e r i o d  o f  l e n g t h  to. T h i s  
P  

c y c l e  i s  t o  be repeated f o r  n cyc les ,  each c y c l e  c o n s i s t i n g  
o f  a  pumping p e r i o d  t and a  r e s t  p e r i o d  to. Assume t h a t  

P 
t h e  l o g a r i t h m i c  app rox ima t i on  f o r  t h e  The is  w e l l  f u n c t i o n  
a p p l i e s  and d e r i v e  

f o r  t h e  drawdown a t  t h e  end o f  t h e  r e s t  p e r i o d  i n  t h e  n t h  
c y c l e .  The parameter p  = t p / ( t o + t p ) .  H i n t :  To f i n d  t h e  

e f f e c t  o f  t h e  f i r s t  c y c l e  add t h e  drawdown due t o  pumping 
a  t i m e  = n ( t o + t D )  and s u b t r a c t  t h e  b u i l d u p  due t o  recharge 

f o r  a  t i m e  n ( t  i t  ) - t  The e f f e c t  o f  t h e  second c y c l e  i s  
0 P  P. 

computed f o r  a  pumping t ime  (n-1 ) ( t t t )  and a  recharge 

t ime  (n-1 ) ( t  + t  ) - t  and so on. 
O P  P  

3  22. An i r r i g a t i o n  w e l l  i s  t o  be pumped a t  Q=4 m /min f o r  3  days, 
f o l l o w e d  by  a  r e s t  p e r i o d  o f  7  days. T h i s  c y c l e  i s  t o  be 
repeated f o r  7  c y c l e s  d u r i n g  t h e  i r r i g a t i o n  season. The 
e f f e c t i v e  w e l l  r a d i u s  i s  0.3 m  and t h e  a q u i f e r  p r o p e r t i e s  

a r e  1.2 mL/min and S  =0.09. Compute t h e  drawdown i n  t h e  
Ya 

235 



well a t  t h e  end o f  t h e  seventh r e s t  period and t h e  end 
of t h e  e igh th  pumping per iod.  
Answer: 0.23 m ,  0.23t3.76 = 3.99 m. 

23. I n t e g r a t e  E q .  5-36 by p a r t s  t o  d e r i v e  Eq. 5-37. 

3  24. A well d ischarges  a t  a  cons tan t  r a t e  of 4  m /min from an 
a q u i f e r  i n t e r s e c t e d  by a  stream. The a q u i f e r  p r o p e r t i e s  

2  a r e  T=0.5 m /min and S =0.10. The d i s t a n c e  from the  
Ya 

well t o  t h e  stream (measured normal t o  t h e  s t ream) i s  
500 m .  Ca lcu la te  t h e  discharge from t h e  stream t o  t h e  
a q u i f e r  a t  2  days ,  7  days ,  21 days ,  and 42 days a f t e r  
pumping began. 3  3 .  3  Answer: = 0 ,  0.46 m /min, 1.45 m / m m ,  2.08 m /min. 

25. Use t h e  r e s u l t s  o f  problem 24 t o  prepare a  graph of Q vs .  

t .  Graphical ly  o r  numerically i n t e g r a t e  t o  ob ta in  t h e  
t o t a l  volume of water  taken from t h e  stream a f t e r  42 days 
of pumping. 

26. The pumping i n  problem 24 ceases  a f t e r  42 days of pumping. 
Compute Q f o r  7  days,  21 days,  and 42 days a f t e r  t h e  

3  3  pumping has ceased. Answer: 1.74 m /min, 1 .38 rn Imin, 
3  0.52 m Imin. 

27. A well i s  pumped a t  a  cons tan t  r a t e  near  a  stream f o r  a  
time t and then pumping ceases .  Show t h a t  

1  

28. A well i s  located r e l a t i v e  t o  impervious and cons tan t  
head boundaries a s  shown i n  t h e  f i g u r e .  Estimate the  
drawdown i n  t h e  well a f t e r  1  week of continuous pumping 

3  2  a t  a  cons tan t  r a t e  of 2 .8  m /min f o r  T=0.4 m /min, 
S  =0.11 and r - 0 . 3 0  m .  Answer: 8.01 m .  
Ya 

impervious &TomÃ 

r stream 



The water t ab l e  in the aquifer  t h a t  forms the banks of a 
long, narrow reservoir  i s  a t  the same elevat ion as the 
water level in the reservoi r .  Inflow t o  the reservoir  
causes the stage t o  increase by 2 m in a period of 100 
days, and t he rea f t e r  the s tage i s  constant.  Assume one- 
dimensional flow and t h a t  the gradual r i s e  of s tage can be 
replaced by an abrupt increase of 2 m t ha t  occurs 50 days 
a f t e r  inflow t o  the reservoir  begins. If  the length of 
shorel ine i s  20 k m ,  compute the t o t a l  volume of water t ha t  
has been discharged in to  bank storage 100 days a f t e r  inflow 
begins and 180 days a f t e r  inflow begins. The aquifer  

2 propert ies  a r e  T=720 m /day and S =0.07. 
6 3 ya Answer: 2.3x106, 3 .65~10 m . 

Rework problem 29 assuming t ha t  the reservoir  stage in-  
creases  l i nea r ly  with time f o r  0<t<100 days and remains 
constant t he r ea f t e r .  Compare the r e s u l t  with problem 29. 

6 3 Answer: 2 . 1 4 ~ 1 0 ~  m 3  3 . 6 3 ~ 1 0  m . 
Show by d i r e c t  subs t i tu t ion  t ha t  Eq. 5-68 s a t i s f i e s  E q .  5-55 

A horizontal water t ab l e  e x i s t s  an average depth of 10 m 
below a canal.  When water i s  diverted in to  the canal ,  

3 leakage occurs a t  an average r a t e  of 1 .7 m /min per km of 
canal length. Estimate the time a t  which the water t ab le  
d i r e c t l y  beneath the  canal will  have r i sen  t o  2 m above 
the or iginal  l eve l .  The propert ies  of the aquifer  a re  

2 T=0.2 m /min and S =0.05. Answer: 30 days. 
Ya 

Water i s  diverted from the  canal in  problem 32 a t  t=30 days, 
and recharge ceases. Compute and show graphical ly  the 
r i s e  and decay of the ground-water mound d i r e c t l y  beneath 
the canal .  

A flood wave in a channel bounded on both s ides  by an 
a l l uv i a l  aquifer  i s  approximated by the  square wave: s = 0 ,  

i s  the t5O; s =2 m ,  0 9 5 2  days; s0=0,  t22 days, where so 
0 

stage measured r e l a t i v e  t o  the  pre-flood s tage.  
n 

e r t i e s  of the aquifer  a r e  T=0.3 mL/min and Sya=O. 

cu l a t e  and display graphical ly  the d i s cha rge  in to  
the aqui fe r ,  assuming t h a t  the water t ab l e  in the  
i s  a t  the same elevat ion a s  the water surface in 
pr ior  t o  the flood. 

The prop- 

15. Cal- 

and from 
aqui f e r  

the stream 

Compute and p lo t  the water level ( r e l a t i v e  t o  the  pre-flood 
l eve l )  in an observation well located 15 m from the stream 
f o r  the  conditions in problem 34. 



36. A long s t r a i g h t  drain i s  i n s t a l l ed  1 m below an i n i t i a l l y  
horizontal water t ab le .  The t ransmissivi ty  of the  aquifer  

i s  0.2 mL/min and S =0.04. Assuming t h a t  the  water pres- 
Ya 

sure in  the  drain i s  atmospheric ca lcu la te  the drain d i s -  
charge per meter of length 1 day, 2 days, and 20 days 
a f t e r  the  drain i s  opened. 

3 3 3 Answer: 3.8 m Id-my 2.7 in /d-m 0.86 m /d-m. 

37. Estimate the perpendicular dis tance on e i t h e r  s ide  of the 
drain in problem 36 t o  a point where the drawdown of the 
water t ab l e  i s  0.1 m a f t e r  20 days of drainage. 
Answer: 1.4 km. 

38. Two para l le l  d i tches  a r e  i n s t a l l ed  t o  lower the water t ab l e  
in the  s t r i p  of aquifer  between them. The i n i t i a l  sa tur -  
a ted thickness i s  10 m y  Sya=O.l , and K=O.OOl m/min. The 

water level in the drain d i tches  i s  maintained a t  a level 
3 m below the  i n i t i a l  l eve l .  The drain di tches a r e  250 m 
apar t .  Estimate the  drainage time required t o  lower the 
water t ab le  2 m on the l i ne  midway between and para l le l  
t o  the d i tches .  Answer: 60 days. 

39. Compute and plot  the water-table level z ,  midway between 

para l le l  d ra ins ,  as  a function of time following an instan-  
0 

taneous recharge of 1=0.02 m i f  L=200, T=0.02 mL/min, and 
s =0.10. 
Ya 

40. Repeat problem 39 with two recharge events spaced 5 days 
apa r t .  

41. Consider n instantaneous recharge events between para l le l  
d ra ins ,  each of magnitude I and spaced by equal drainout 
periods of lengths td. Use a procedure s imi la r  t o  t h a t  

used in problem 21 f o r  cyc l ic  pumping t o  derive 

f o r  the water-table level a t  the end of the n t h  drainout 

period f o r  those cases in which cxtd/l/ > 0.05. Hint: Refer 

t o  Example 5-14 and superimpose the z i  f o r  each recharge 

event t o  obtain 



which i s  a  geometric progress ion with a  common r a t i o  of 
0 

42. Use the  r e s u l t s  of problem 41 t o  compute t h e  wa te r - t ab le  
e l eva t ion  midway between t h e  d r a i n s  of Example 5-14 imme- 
d a t e l y  p r i o r  t o  t h e  l a s t  i r r i g a t i o n  of t h e  season. Also 
compute the  water- table  e l e v a t i o n  immediately following 
t h e  l a s t  i r r i g a t i o n .  Answer: 0.96 cm, 17.6  cm. 

43. A stream flows near  t h e  c e n t e r  of an a l l u v i a l  v a l l e y  
bounded by impervious s t r a t a .  The v a l l e y  i s  3  km wide 

0 

and con ta ins  an a l l u v i a l  a q u i f e r  f o r  which T=0.6 mL/min 
and S-ya=0.15. Recharge from a  r a i n  averages  0.06 m over 

t h e  va l l ey .  Compute t h e  volume of recharged water t h a t  
has re turned t o  t h e  stream per k m  0  days ,  10 days ,  30 days ,  
and 100 days following the r a i n .  

5  3 Answer: 0  m3, 3 . 3 ~ 1 0 ~  m 3 ,  5 . 6 ~ 1 0 ~  m3,  1 . 0 ~ 1 0  m . 
44. Compute t h e  r e t u r n  flow discharge per  km t o  the  stream i n  

problem 43,lO days ,  30 days ,  and 100 days following t h e  
3  3  3  r a in '  Answer: 1625 m I d - k  940 m Id-km, 490 m Id-km. 

45. Because t h e  recharge i n  problem 43 i s  assumed t o  be 
ins tan taneous ,  t h e  wa te r - t ab le  e l e v a t i o n  r e l a t i v e  t o  t h e  
stream leve l  i s  increased ins tan taneous ly  by 0.4 m .  
Mathematically,  t h i s  i s  s i m i l a r  t o  an ins tantaneous  drop 
i n  t h e  stream s t a g e  of 0.4 m.  Use E q .  5-62 (which was 
der ived f o r  inflow from an i n f i n i t e  a q u i f e r  t o  one s i d e  
of a  stream whose s t a g e  was decreased by so a t  t = 0 )  t o  

compute t h e  r e tu rn  flow discharge f o r  t h e  cond i t ions  of 
problem 43 f o r  t=10 days,  t = 3 0  days ,  t=100 days.  Discuss 
any d i f f e r e n c e  observed. 
Answer: 3 3  3  1625 m Id-km, 940 m /d-km, 514 m /d-km. 

46. From t h e  r e s u l t s  of problems 44 and 45,  draw conclus ions  
r e l a t i v e  t o  t h e  use of E q .  5-62 t o  approximate t h e  d i s -  
charge given by E q .  5-80 f o r  small  at/^^. 



Chapter VI 
FINITE-DIFFERENCE METHODS 

Numer ica l  methods o f f e r  a n o t h e r  v i a b l e  p r o c e d u r e  f o r  e v a l -  
u a t i n g  f l o w s  i n  g round  w a t e r  systems.  O n l y  t h e  f i n i t e - d i f f e r -  
ence t e c h n i q u e  i s  p r e s e n t e d  h e r e .  The n u m e r i c a l  s o l u t i o n  p r o -  
cedure  b y  f i n i t e  d i f f e r e n c e s  i s  f a i r l y  s i m p l e  and s t r a i g h t -  
fo rward  b u t  t h e  a p p l i c a t i o n  o f  t h e  model t o  a  g i v e n  p h y s i c a l  
system can be complex and r e q u i r e s  c o n s i d e r a b l e  judgment  and 
s k i l l  i n  s e t t i n g  up t h e  p r o b l e m  and i n  i n t e r p r e t a t i o n  o f  
r e s u l t s .  F i n i t e - d i f f e r e n c e  methods s h o u l d  n o t  be v iewed as  a  
rep lacement  f o r  t h e  p r e v i o u s l y  p r e s e n t e d  a n a l y t i c  methods, b u t  
r a t h e r  a s  a  t o o l  f o r  t h e  e v a l u a t i o n  o f  complex g roundwate r  
f l o w s .  The s e l e c t i o n  o f  any t e c h n i q u e  ( a n a l y t i c a l ,  n u m e r i c a l  
o r  p h y s i c a l  mode ls )  depends upon t h e  u s e r s  p r e f e r e n c e ,  e x p e r -  
i e n c e ,  a b i l i t y ,  t h e  c o m p l e x i t y  o f  t h e  p a r t i c u l a r  p r o b l e m  t o  be 
s o l v e d  and, among o t h e r  t h i n g s ,  t h e  a v a i l a b i l i t y  o f  computers,  
m a t h e m a t i c a l  t a b l e s  and d a t a .  F o r  example, one wou ld  n o t  
n o r m a l l y  use a  n u m e r i c a l  method t o  e v a l u a t e  t h e  per fo rmance  o f  
a  s i n g l e  w e l l  i n  a  homogeneous, i s o t r o p i c ,  c o n f i n e d  a q u i f e r  
( e x c e p t  perhaps  t o  c o n f i r m  t h e  adequacy o f  a  p a r t i c u l a r  numer- 
i c a l  method) .  On t h e  o t h e r  hand, n u m e r i c a l  methods a r e  used  
advantageous1 y t o  e v a l u a t e  t h e  per fo rmance  o f  mu1 t i  p l  e  we1 1  s  
i n  a  s t r e a m - a q u i f e r  system o f  nonhomogeneous a n i s o t r o p i c  
m a t e r i a l s .  

No a t t e m p t  i s  made h e r e  t o  d e v e l o p  o r  p r e s e n t  a l l  o f  t h e  
n u m e r i c a l  methods t h a t  a r e  a v a i l a b l e  and a r e  p r e s e n t l y  i n  use.  
I n s t e a d ,  a  s i m p l e  and b a s i c  development  o f  t h e  d i f f e r e n c e  f o r m  
o f  t h e  p a r a b o l i c  e q u a t i o n  i s  p r e s e n t e d  and s o l v e d  b y  b o t h  
e x p l i c i t  and i m p l i c i  t t e c h n i q u e s .  The a1 t e r n a t i n g  d i r e c t i o n  
i m p l i c i t  and t h e  Crank-N icho lson  method i s  a l s o  p r e s e n t e d ,  as 
t h e s e  methods a r e  commonly b e i n g  used b y  many i n v e s t i g a t o r s .  
The b a s i c  o b j e c t i v e  o f  t h i s  c h a p t e r  i s  t o  d e v e l o p  a  model f o r  
t h e  p r a c t i c a l  a n a l y s i s  o f  g round-wate r  f l o w  p rob lems.  

The f i n i t e - e l e m e n t  method i s  a n o t h e r  p o w e r f u l  p r o c e d u r e  
f o r  s o l v i n g  g round-wate r  p rob lems,  b u t  i s  beyond t h e  scope o f  
t h i s  t e x t .  S t u d e n t s  i n t e r e s t e d  i n  t h e  f i n i t e - e l e m e n t  method 
a r e  r e f e r r e d  t o  t h e  t e x t  book w r i t t e n  by  Seger l  i n d  ( 1 9 7 6 ) .  

6.1 ONE-DIMENSIONAL FLOW - CONFINED AQUIFER 

The one-d imens iona l  c o n f i n e d  a q u i f e r  case  i s  p r e s e n t e d  
f i r s t  and s u b s e q u e n t l y  g e n e r a l i z e d  f o r  t h e  two-d imens iona l  
u n c o n f i n e d  a q u i f e r  case.  Three-d imens iona l  cases,  a1 though  
v e r y  i m p o r t a n t ,  a r e  n o t  c o n s i d e r e d .  The d i f f e r e n c e  e q u a t i o n s  
a r e  deve loped  b y  mass b a l a n c e  c o n s i d e r a t i o n s  r a t h e r  t h a n  b y  
u s i n g  T a y l o r ' s  s e r i e s  e x p a n s i o n  o f  t h e  d e r i v a t i v e s  ( v o n  Rosen- 
b e r g ,  1969) .  A l t h o u g h  b o t h  methods l e a d  t o  i d e n t i c a l  r e s u l t s ,  



t h e  mass b a l a n c e  approach  emphasizes t h e  a p p l i c a t i o n  o f  t h e  
Darcy  and c o n t i n u i t y  e q u a t i o n s .  

C o n s i d e r  t h e  non-s teady ,  one-d imens iona l  f 1  ow i n  a  c o n f i n e d  
a q u i f e r  shown i n  F i g .  6 - l a .  S i n c e  t h e  f l o w l i n e s  a r e  p a r a l l e l  
and i n v a r i e n t  w i t h  t i m e ,  i t  i s  c o n v e n i e n t  t o  a n a l y z e  a  u n i t  
w i d t h  o f  t h e  c o n f i n e d  a q u i f e r  ( ~ x = 1  u n i t s ) .  The r e g i o n  o f  f l o w  
i s  o v e r l a i d  b y  a  g r i d  system shown i n  F i g .  6-1b. F o r  each g r i d ,  

F i g u r e  6 - l a .  S e c t i o n  v i e w  o f  g r i d  o v e r l a y  i n  a  c o n f i n e d  a q u i f e r .  

Constant Head Constant Head 

Ax 

t h y , 4  bi*i'd^i+ib~yNd 

F i g u r e  6-1 b. P l a n  v i e w  o f  g r i d  o v e r l a y .  

v a l u e s  o f  h y d r a u l i c  c o n d u c t i v i t y  Ki , g r i d  d i m e n s i o n  ~ y . ,  a q u i  - 

f e r  t h i c k n e s s  bi, s t o r a g e  c o e f f i c i e n t  S . ,  and i n i t i a l  v a l u e s  
1 

o f  head hi need t o  be s p e c i f i e d .  Mass b a l a n c e  f o r  g r i d  ( i )  

r e q u i r e s  t h a t  i n f l o w  (Qi-]+- ) f r o m  g r i d  ( i - 1 )  t o  g r i d  ( i )  m inus  

t h e  o u t f l o w  (Q i i+ l  ) f r o m  g r i d  ( 1 )  t o  g r i d  ( i t ] ) ,  mus t  equa l  

t h e  r a t e  o f  change i n  s t o r a g e  ( A V . / A ~ )  i n  g r i d  ( i ) .  

F o r  d i s c u s s i o n  purposes ,  c o n s i d e r  a  homogeneous and i s o -  
t r o p i c  a q u i f e r  o f  c o n s t a n t  t h i c k n e s s  i n  w h i c h  c o n s t a n t  v a l u e s  
o f  K, S, b, and ~ y  a r e  known. T h a t  i s :  



where s u b s c r i p t  fc r e f e r s  t o  t h e  t o t a l  number o f  g r i d s .  F o r  
t h i s  case f l o w  f r o m  g r i d  ( i - 1 )  t o  g r i d  ( i )  i s  

where t h e  s u b s c r i p t  i r e f e r s  t o  g r i d  number ( 1 )  and s u p e r s c r i p t  
n  r e f e r s  t o  t h e  s e l e c t e d  t i m e .  

To o b t a i n  Eq. 6-2, i t  i s  assumed t h a t  t h e  g r a d i e n t  p r o d u c -  
i n g  f l o w  a t  t i m e  n  i s  t h e  d i f f e r e n c e  i n  average  head between 
two  a d j a c e n t  g r i d s  d i v i d e d  b y  t h e  d i s t a n c e  between t h e  c e n t e r  
o f  t h e  g r i d s .  I n  t h e  l i m i t  as  Ay approaches z e r o ,  t h i s  a p p r o x -  
i m a t i o n  becomes e x a c t .  

The a r e a  A i s  t h e  p r o d u c t  o f  Ax and b, and s i n c e  A X  was 
s e t  equa l  t o  u n i t y  and b  i s  a  c o n s t a n t ,  Eq.  6-2 becomes: 

L i k e w i s e ,  f l o w  f r o m  g r i d  ( i )  t o  ( i + 1 )  i s :  

The r a t e  o f  change i n  s t o r a g e  o f  w a t e r  i n  g r i d  ( i )  f o r  t h e  t i m e  
i n t e r v a l  ~t i s :  

C o n t i n u i t y  f o r  g r i d  ( i )  i s :  

w h i c h  upon s u b s t i t u t i o n  o f  Eq. 6-3, 6-4, and 6-5 r e s u l t s  i n :  



(6-7) 

This can be rearranged t o  yield 

In Eq.  6-8, i f  n = t  ( the  present or  known value) then the expl i -  
c i t  o r  forward difference equation i s  obtained. On  the other  
hand, i f  n = t + A t  ( t he  fu ture  values t o  be ca lcu la ted)  then the 
impl ic i t  o r  backward difference equation r e su l t s .  

Forward Difference Equation - Explicit Solution 

The forward difference equation i s  obtained by s e t t i ng  
n = t  and rearranging Eq. 6-8 t o  obtain 

T A t  - -  t t  t 2TAt 
1 2  I . ( 6 -9 )  2  ( h i t l + h i - l )  + h -  ^1 - - 

S(AY) S(AY)  

The space derivat ives  a re  centered a t  the beginning of the time 

s tep  and the only unknown i s  h i t A t  which r e s u l t s  from the time 

der iva t ive .  Thus, E q .  6-9 can be solved e x p l i c i t l y  a t  each 
grid f o r  the head a t  the new time level ( t t ~ t ) .  Since the 
solut ion i s  dependent only upon known values of heads in adjac- 
ent  gr ids  a t  the beginning of the time period t ,  the computa- 

in any grid can be made in any order without t ion fo r  h i  

regard t o  values of hv f o r  any other  g r id .  

The solut ion represented by E q .  6-9 i s  only an approxima- 
t ion  t o  the exact so lu t ion ,  of course. The degree t o  which 
Eq. 6-9 approximates the exact solut ion i s  not necessar i ly  
uniform in time and space and depends upon the select ion of ~y 
and ~ t .  I t  i s  possible ,  f o r  example, t o  s e l ec t  Ay and ~t such 
t h a t  the difference between the  approximate and exact solut ion 
grows as  t increases. The approximate solut ion i s  said t o  be 
unstable in t h i s  case. A s t ab l e  solut ion i s  insured, however, 
in a one-dimensional homogeneous case i f  

Consequently, the  time increment cannot be selected independ- 
en t l y  of the space increment. I t  i s  emphasized t ha t  the above 



i n e q u a l i t y  i n s u r e s  s t a b i l i t y  o n l y  and does n o t  i n s u r e  an 
accura te  approx imat ion  t o  t h e  exac t  s o l u t i o n .  

EXAMPLE 6-1 

As an example o f  t h e  use o f  t h e  e x p l i c i t  method, cons ide r  
t h e  problem i n  F i g .  6-1. For t h i s  case, l e t  Ay=3 m, b=1.5 m, 
H =h =6.1 m f o r  t>0 ,  H =h =1.5 m  f o r  t>0 ,  number o f  g r i d s  = 5, 

L 1  R 5 
0 0- 0- K=0.5 m/d, and S=0.02. The i n i t i a l  c o n d i t i o n  i s  h2=h3-h4-6.1 m. 

S o l u t i o n :  
To s a t i s f y  t h e  s t a b i l i t y  requ i rement  o f  Eq. 6-10, t h e  

maximum t ime  s tep  ~t i s  computed as 

There fore ,  t h e  t ime  increment  i s  se lec ted  as 0.1 days. 

For t h e  f i r s t  t i m e  s tep  o n l y  g r i d  ( 4 )  i s  a f f e c t e d  and Eq. 
6-9 becomes: 

- -  TAt , (hith;) t h;[l-2 - 
S ( A Y ) ~  

and 

For t h e  second t ime  s tep  t+Atz0.2  days, one o b t a i n s  f o r  g r i d  ( 4 )  

TAt 0.1 0.1 h;.2 = Ã‘Ã‘ 0.1 2TAt 1 (h5 +h3 ) + h4 [1 - -  
S(AY)  ~ b y ) ~  

And, f o r  g r i d  ( 3 )  



G r i d  ( 2 )  i s  n o t  a f f e c t e d  u n t i l  t h e  t h i r d  t i m e  s tep.  

The above process i s  repeated u n t i l  t h e  head f o r  each g r i d  
i s  c a l c u l a t e d  a t  t h e  d e s i r e d  t ime.  F igu re  6-2 shows t h e  c a l -  

t c u l a t e d  va lue  f o r  t h e  head (ha)  i n  g r i d  ( 4 )  as a  f u n c t i o n  o f  

K=0-5m/day 
b = I -5m 

Time, days 
F igu re  6-2. P iezomet r ic  head i n  g r i d  ( 4 )  c a l c u l a t e d  by t h e  

fo rward  d i f f e r e n c e  equat ion .  

t ime.  To i l l u s t r a t e  t h e  s t a b i l i t y  problem, a  s e t  of c a l c u l a -  
t i o n s  was made i n  which ~t was s e l e c t e d  t o  be 0.15 days so t h a t  
t h e  express ion f o r  s t a b i l i t y  r e s u l t s  i n  

The c a l c u l a t e d  head i n  g r i d  ( 4 )  as a  f u n c t i o n  o f  t ime  i s  shown 
i n  F i g .  6-2. The computed va lues  f l u c t u a t e  w i t h  each t i m e  s tep  
f o r  & t=0.15 g i v i n g  comp le te l y  erroneous r e s u l t s .  A lso ,  no te  
t h a t  t h e  ampl i tude o f  t h e  f l u c t u a t i o n  increases w i t h  i n c r e a s i n g  
t ime.  



Backward Difference Equation. Implicit Solution 

The backward d i f f e r e n c e  e q u a t i o n  ( i m p l i c i t  e q u a t i o n )  i s  
o b t a i n e d  b y  s e t t i n g  n = t + A t  i n  Eq. 6-8 and i s  

I n  c o n t r a s t  t o  t h e  e x p l i c i t  s o l u t i o n  t e c h n i q u e ,  t h e  space 
d e r i v a t i v e s  a r e  c e n t e r e d  a t  t i m e  t + A t .  R e a r r a n g i n g  Eq. 6-11 
so t h a t  a l l  o f  t h e  known va1u.e~ a r e  on t h e  r i g h t  hand s i d e  o f  
t h e  equa l  s i g n  r e s u l t s  i n  . 

N o t e  t h a t  t h e  head i n  g r i d  ( i )  depends upon t h e  v a l u e  o f  head 
a t  t + ~ t  i n  t h e  a d j a c e n t  g r i d s ,  ( i + 1 )  and ( i - 1 ) .  Thus, Eq. 6-12 
r e p r e s e n t s  a  s e t  o f  a l g e b r a i c  e q u a t i o n s  t h a t  must  be s o l v e d  
s i m u l t a n e o u s l y .  F o r  t h e  one-d imens iona l  case  shown i n  F i g .  6-1, 
t h e r e  a r e  (NR-2) e q u a t i o n s  w i t h  (NR-2) unknowns, where NR i s  
t h e  number o f  g r i d s .  The v a l u e s  o f  p i e z o m e t r i c  head i n  t h e  
f i r s t  and l a s t  g r i d  a r e  known boundary  v a l u e s .  The Gauss e l i m -  
i n a t i o n  scheme i s  used t o  s o l v e  t h e  s e t  o f  s i m u l t a n e o u s  equa- 
t i o n s  (Eq. 6 -12)  as  i l l u s t r a t e d  i n  t h e  f o l l o w i n g  example. 

EXAMPLE 6-2 

S o l v e  t h e  p r o b l e m  o f  Example 6-1 u s i n g  t h e  backward d i f -  
f e r e n c e  e q u a t i o n .  

S o l u t i o n :  
No te  t h a t  g r i d s  ( 1 )  and ( 5 )  a r e  boundary  g r i d s  and 

v a l u e s  o f  head a r e  s p e c i f i e d  as  6.1 m  and 1 .5  m  r e s p e c t i v e l y  
f o r  t > 0 .  E q u a t i o n  6-12 need o n l y  be w r i t t e n  f o r  t h e  t h r e e  
i n t e r i o r  g r i d s .  F o r  t h e  f i r s t  t i m e  s t e p ,  At=0.1 days,  t h e  
f o l l o w i n g  e q u a t i o n s  f o r  g r i d s  ( 2 ) ,  ( 3 ) ,  and ( 4 )  a r e  o b t a i n e d :  

G r i d  ( 2 )  6.1 - 4.4 h:" t h 0 . l  = - 2 . 4 ( 6 . 1 )  

G r i d  ( 3 )  hÂ¡- - 

G r i d  ( 4 )  hO" - 4.4 h i ' '  + 1 .5  = - 2 . 4 ( 6 . 1 ) .  
3  

R e a r r a n g i n g  t h e  above e q u a t i o n s  so t h a t  a l l  known v a l u e s  a r e  
p l a c e d  on t h e  r i g h t  hand s i d e  and a d d i n g  t o  t h e  e q u a t i o n  f o r  

g r i d  ( 2 )  z e r o  t i m e s  h i "  and  t o  g r i d  ( 4 )  z e r o  t i m e s  h:", t h e  



f o l l o w i n g  e q u a t i o n s  a r e  o b t a i n e d :  

G r i d  ( 2 )  - 4.4 h!" + h:" + 0  h4 0.1 = -20.7 

G r i d  ( 3 )  h y  - 4.4 h 3  
O.' + h0. '  = -14.6 

G r i d  ( 4 )  0  h 0 . l  + h O . l  - 4 . 4  h i "  = -16.1 . 
3 

I n  m a t r i x  f o r m  t h i s  s e t  o f  e q u a t i o n s  may be w r i t t e n  a s :  

Note t h a t  t h i s  i s  a  t r i d i a g o n a l  c o e f f i c i e n t  m a t r i x  w i t h  non- 
z e r o  v a l u e s  on t h e  ma in  and a d j a c e n t  d i a g o n a l s  o n l y .  U s i n g  
t h e  Gauss e l i m i n a t i o n  scheme ( s e e  Appendix  f o r  s t e p - b y - s t e p  
s o l u t i o n  by  t h e  Gauss scheme) one o b t a i n s ,  a f t e r  t h e  f i r s t  

t i m e  s t e p ,  h:''=6.0 m, h;'l=5.3 m, and h:''=5.0 m. T h i s  p r o -  
n i 

:edure i s  r e p e a t e d  u s i n g  t h e  c a l c u l a t e d  v a l u e s  h y  " t o  o b t a i n  

i a l u e s  ti!"". The s o l u t i o n  f o r  head as a  f u n c t i o n  o f  t i m e  f o r  

g r i d  ( 4 )  i s  p r e s e n t e d  i n  F i g .  6 - 3  f o r  b o t h  i m p l i c i t  and e x p l i c -  
i t cases .  

A n a l y s i s  has shown t h a t  s t a b i l i t y  i s  n o t  a  p rob lem w i t h  
t h e  backward d i f f e r e n c e  method and t h e o r e t i c a l  1  y  t h e  s e l  e c t i o n  
o f  space i n c r e m e n t s  &y.and t i m e  i n c r e m e n t s  &t can  be made 
i n d e p e n d e n t l y  o f  each o t h e r .  The s e l e c t i o n  o f  t h e  v a l u e s  f o r  
space and t i m e  i n c r e m e n t s  depends upon t h e  u s e r ' s  r e q u i r e m e n t  
f o r  a c c u r a c y ,  d e t a i l  o f  a n a l y s i s ,  and a v a i l a b i l i t y  of d a t a .  

Crank-Nicholson Approximation 

I n  t h e  e x p l i c i t  and i m p l i c i t  methods, t h e  t i m e  d e r i v a t i v e s  
a r e  c e n t e r e d  a t  t++~t  w h i l e  t h e  space d e r i v a t i v e s  a r e  c e n t e r e d  
a t  t f o r  t h e  e x p l i c i t  case and t + ~ t  f o r  t h e  i m p l i c i t  case.  
The C r a n k - N i c h o l s o n  a p p r o x i m a t i o n  c e n t e r s  b o t h  t h e  t i m e  and 
space d e r i v a t i v e s  a t  t + % & t  and  s h o u l d  p r o v i d e  f o r  a  b e t t e r  
s s t i m a t e  f o r  t h e  d i s t r i b u t i o n  o f  heads as  compared t o  e i t h e r  
3 f  t h e  p r e v i o u s  methods, o t h e r  f a c t o r s  e q u a l .  N o t e  t h a t  t h e  
t r u n c a t i o n  e r r o r  i n  t h e  i m p l i c i t  case  i s  o f  t h e  o r d e r  o f  

2  
[ ( A x )  +&t] w h i l e  i n  t h e  C r a n k - N i c h o l s o n  case,  t h e  t r u n c a t i o n  

2  2  
s r r o r  i s  s m a l l e r  b e i n g  o f  t h e  o r d e r  o f  [ ( A X )  t ~ t  1. Thus, f o r  
t h e  same " a c c u r a c y "  l a r g e r  t i m e  i n c r e m e n t s  may be used f o r  t h e  
; rank-Nichol  son method (Remsen e t  a1 . , 1971 ) . 



Explicit Method 
At =0-1 days 

K = 0.5 m /day 
N 
0)  b=l-5m 

S = 0 - 0 2  

2 - 0  3 - 0  
Time, days 

F i g u r e  6-3.  Comparison between e x p l i c i t  and i m p l i c i t  method. 

The Crank-N icho l  son e q u a t i o n  f o r  one-d imens iona l  f l o w  i n  
a  homogeneous, i s o t r o p i  c ,  c o n f i n e d  a q u i f e r  i s 

I n  t h i s  fo rm,  i t  can be seen t h a t  t h e  C r a n k - N i c h o l s o n  approx -  
i m a t i o n  i s  t h e  r e s u l t  o f  s u c c e s s i v e  a p p l i c a t i o n  o f  t h e  i m p l i c i t  
method ( t h e  f i r s t  b r a c k e t e d  t e r m  i n  Eq. 6 -13)  and t h e  e x p l i c i t  
method ( t h e  second b r a c k e t e d  t e r m  i n  Eq. 6 - 1 3 ) .  E q u a t i o n  6-13 
may be r e a r r a n g e d  t o  y i e l d  



which, except  f o r  t h e  two bracketed terms, i s  i d e n t i c a l  t o  t h e  
i m p l i c i t  Eq. 6-12. Since t h e  two bracketed q u a n t i t i e s  a r e  
known a t  t h e  beg inn ing o f  t h e  t ime  s tep,  t h e  s o l u t i o n  proce- 
dure  i s  n e a r l y  t h e  same as f o r  t h e  i m p l i c i t  case. However, 
f o r  t h e  same degree o f  accuracy,  l a r g e r  t ime  increments may 
be used f o r  t h e  Crank-Nicholson method and, thus ,  fewer t i m e  
s teps  a re  necessary t o  compute t h e  va lue  of head f o r  a  g iven 
elapsed t ime .  

The Crank-Nicholson equat ion ,  a1 though s t a b l e  f o r  a l l  
a lues  o f  AX and ~t has t h e  p o t e n t i a l  f o r  severe o s c i l l a t i o n s  
f t h e  computed heads. The s o l u t i o n  o s c i l l a t e s  about t h e  " t r u e "  
a lue ,  and f o r  some ( b u t  n o t  a l l )  cases, t h e  o s c i l l a t i o n s  be- 
ome i n s i g n i f i c a n t  a f t e r  s u f f i c i e n t l y  l o n g  pe r i ods  o f  t i m e  
Rushton, 1973).  The o s c i l l a t i o n  cannot be p r e d i c t e d  i n  advance 
u t  t h e  s e v e r i t y  depends upon t h e  boundary and i n i t i a l  cond i -  
i ons ,  a t  l e a s t .  Small va lues  o f  ~t tend  t o  reduce t h e  s e v e r i t y  
f o s c i l l a t i o n .  

. 2  TWO-DIMENSIONAL FOW - CONFINED AND UNCONFINED AQUIFER 

I n  t h i s  s e c t i o n  t h e  developments o f  t h e  p rev ious  s e c t i o n  
r e  extended t o  cases i n  which t h e  f l o w  i s  two-dimensional  and 
n  which t h e  t r a n s m i s s i v i t y  can change as a  r e s u l t  o f  changes 
n  t h e  sa tu ra ted  f l o w  depth. 

Iternating Direction Implicit Procedure - Two-Dimensional Case 

The a1 t e r n a t i n g  d i r e c t i o n  imp1 i c i  t (ADI) s o l u t i o n  t e c h n i -  
ue i s  a  p e r t u r b a t i o n  o f  t he  Crank-Nicholson method f o r  t h e  
wo-dimensional case i n  which t h e  heads a re  computed i n  two 
epara te  s teps .  A  g r i d  system i s  e s t a b l i s h e d  f o r  t h e  a q u i f e r  
s  shown i n  F ig .  6-4. 

i g u r e  6-4. G r i d  o v e r l a y  system f o r  con f i ned  a q u i f e r .  



The A D 1  e q u a t i o n s  f o r  t h e  homogeneous, i s o t r o p i c ,  c o n f i n e d  
a q u i f e r  a r e :  

_ s - -  t + ' - A t  t ( h .  ? - h .  . )  , 
( ~ t I 2 )  1 9 1  1,J 

f o r  t h e  y - d i r e c t i o n  and 

f o r  t h e  x - d i r e c t i o n .  E q u a t i o n  6-15 i s  s o l v e d  f i r s t  i n  t h e  y- 

d i r e c t i o n  column b y  co lumn f o r  h  " u s i n g  known v a l u e s  o f  
heads i n  t h e  a d j a c e n t  g r i d s  i n  t h e  x - d i r e c t i o n  a t  t h e  b e g i n n i n g  
o f  t h e  t i m e  s t e p .  Consequen t l y ,  t h e  heads i n  each column a r e  
o b t a i n e d  i m p l i c i t l y  w i t h i n  a  co lumn and e x p l i c i t l y  between 
columns f o r  t h e  f i r s t  g ~ t  i n  t h e  same manner as  f o r  t h e  one- 
d i m e n s i o n a l  case .  One o b t a i n s  a  t r i d i a g o n a l  c o e f f i c i e n t  m a t r i x  
f o r  each column. F o r  t h e  second + ~ t ,  Eq. 6-16 i s  s o l v e d  i n  t h e  

x - d i r e c t i o n  i m p l i c i t l y ,  row b y  row, f o r  httAt u s i n g  known v a l u e s  

o f  heads h  i n  t h e  a d j a c e n t  g r i d  i n  t h e  y - d i r e c t i o n .  T h i s  
p r o c e s s  o f  a l t e r n a t i n g  s o l u t i o n s  i n  t h e  y  and x  d i r e c t i o n s  i s  
r e p e a t e d  u n t i l  t h e  head a t  t h e  d e s i r e d  t i m e  i s  o b t a i n e d .  

The AD1 s o l u t i o n  p r o c e s s  i s  e x t r e m e l y  f a s t  s i n c e  t h e  a l g o -  
r i t h m  f o r  s o l v i n g  t r i d i a g o n a l  m a t r i c e s  i s  v e r y  e f f i c i e n t  and 
t h e  s i z e  o f  t h e  c o e f f i c i e n t  m a t r i x  i s  r e l a t i v e l y  s m a l l .  How- 
e v e r ,  l i k e  t h e  C r a n k - N i c h o l s o n  scheme, o s c i l l a t i o n  o f  t h e  c a l -  
c u l a t e d  v a l u e s  o f  head can be severe  (Rus ton ,  1973) .  

Backward Difference Equation - Two-Dimensional Case 

I n  t h e  p r e v i o u s  s e c t i o n s ,  t h e  i m p l i c i t ,  e x p l i c i t ,  and 
C r a n k - N i c h o l s o n  scheme f o r  t h e  one-d imens iona l  case and A D 1  
p r o c e d u r e  f o r  t h e  two-d imens iona l  case were p r e s e n t e d .  I t  was 
d e m o n s t r a t e d  t h a t  t h e  e x p l i c i t  f o r m u l a t i o n  i s  n o t  a lways  s t a b l e  
and t h a t  a  s t a b i l i t y  c r i t e r i o n  had t o  be met  b e f o r e  a  s t a b l e  
s o l u t i o n  c o u l d  be o b t a i n e d .  U n f o r t u n a t e l y ,  f o r  two-d imens iona l  
f l o w  i n  non-homogeneous a q u i f e r s ,  i t  has n o t  been p o s s i b l e  t o  



def ine  a  general  s t a b i  1  i t y  requ i rement .  There fore ,  i t  i s  
d e s i r a b l e  t o  use a  method where s t a b i l i t y  i s  n o t  a problem. 
Also,  s i nce  t h e  Crank-Nicholson and AD1 procedures r e q u i r e  a  
g r e a t  deal  o f  use r  exper ience i n  o rde r  t o  o b t a i n  a  s o l u t i o n  i n  
which o s c i l l a t i o n  i s  n o t  a  problem, we focus a t t e n t i o n  on t h e  
backward d i f f e r e n c e  equa t i on  so lved by t h e  Gauss scheme f o r  t h e  
remainder o f  t h i s  chap te r .  Th i s  techn ique i s  f a i r l y  s imple,  
comple te ly  s t a b l e ,  and i s  w i t h o u t  o s c i l l a t i o n  problems. The 
procedure i s  t o  o v e r l a y  t h e  a q u i f e r  w i t h  a  r e c t a n g u l a r  g r i d  
network as shown i n  F ig .  6-5 and t o  develop the  backward d i f -  
fe rence equa t i on  f o r  each g r i d .  The r e s u l t i n g  s e t  of s imu l tan -  
eous equat ions  i s  then so lved f o r  s e l e c t e d  boundary c o n d i t i o n s .  

rx Aquifer Boundary, 

Rectangular Grid Overlay / 
Grfd Representing Impervious Boundary 

F igu re  6-5. Plan v iew g r i d  o v e r l a y  and numbering system. 

For t h e  general  two-dimensional case, t h e  v a r i a b l e  param- 
e t e r s  of h y d r a u l i c  c o n d u c t i v i t y ,  s to rage c o e f f i c i e n t ,  and 
e x t e r n a l  water  sources are  t r e a t e d  as average cons tan t  va lues  
w i t h i n  a  g r i d  o f  constant  dimensions. A t  any t ime  t, each g r i d  
may have d i f f e r e n t  values f o r  e x t e r n a l  water  sources. For t h e  
unconf ined a q u i f e r ,  t h e  n o n l i n e a r  equa t i on  i s  e f f e c t i v e l y  1  i n -  
e a r i z e d  by t r e a t i n g  t h e  a q u i f e r  t h i ckness  as a  cons tan t  f o r  
t h e  t ime  increment  A t .  The symbol b  i s  used f o r  t h e  sa tu ra ted  
th i ckness  t o  a v o i d  confus ion  w i t h  t h e  head h; b be ing equal  t o  
h  o n l y  when t h e  f l o o r  of t h e  a q u i f e r  i s  h o r i z o n t a l  and used as 
t h e  datum f o r  measuring h. Note t h a t  t h e  Dupui t -Forchheimer 
approx imat ion  i s  used i n  t h e  f o l l o w i n g  a n a l y s i s .  

G r i d  ( i  , j) and i t s  f o u r  ad jacen t  g r i d s  a r e  shown i n  F i g .  
6-6. Flow f rom g r i d  ( i - 1 , j )  t o  g r i d  ( i , j )  i s  computed by 
D a r c y ' s  equa t i on  u s i n g  as t h e  f l o w  area A X  t imes  t h e  p resen t  

i ,j 



t 
v a l u e  o f  t h e  s a t u r a t e d  t h i c k n e s s  bi-+,j w h i c h  i s  l o c a t e d  a t  t h e  

boundary  between g r i d  ( i - 1  , j )  and g r i d  ( i  , j ) .  S i n c e  t h e  
h y d r a u l i c  c o n d u c t i v i t y  may be d i f f e r e n t  i n  each g r i d ,  a  w e i g h t -  
e d  a v e r a g e  v a l u e  between t h e  two g r i d s  i s  used. 

The deve lopment  o f  t h e  e q u a t i o n s  f o r  f l o w  between a d j a c e n t  
g r i d s  i s  i l l u s t r a t e d  b y  d e v e l o p i n g  t h e  e q u a t i o n  a p p r o p r i a t e  f o r  
f l o w  between g r i d s  ( i - 1 , j )  and ( i , j ) .  R e f e r r i n g  t o  F i g .  6-7,  
t h e  f l o w  f r o m  g r i d  ( i - 1 , j ) t o  g r i d  ( i , j )  i s  Q i i  .i. However, 

3 1 

t h e  g r a d i e n t  o f  p i e z o m e t r i c  head ( s l o p e  o f  t h e w a t e r  t a b l e )  a t  
(i-+,j) must  be computed u s i n g  v a l u e s  o f  head a t  ( i - 1  , j )  and 
( i  , j ). F u r t h e r m o r e  , Qi -+, depends upon t h e  v a l u e s  o f  h y d r a u l  i c  

c o n d u c t i v i t y  and s a t u r a t e d  t h i c k n e s s  i n  t h e  g r i d s  ( i - 1  , j )  and 
( i  , j ) .  C o n t i n u i t y  r e q u i r e s  t h a t  Qi-+,j be t h e  same v a l u e ,  

i - Di rec t ion 

F i g u r e  6-6.  G r i d  sys tem f o r  t w o - d i m e n s i o n a l  u n c o n f i n e d  a q u i f e r  
( E c k h a r d t  and Sunada, 1 9 7 5 ) .  

however, whe ther  computed u s i n g  paramete r  v a l u e s  i n  g r i d  ( i - 1  ,j) 
o r  paramete r  v a l u e s  i n  g r i d  ( i  , j ) .  Thus, 

/ (6 -1  7 )  
and 



,-Linear Approximation 
\ 

Datum 

i g u r e  6-7. F l o w  between two a d j a c e n t  g r i d s  

t+A t 
E l i m i n a t i n g  t h e  unknown hi-+Â¶ i n  Eqs. 6-17 and  6 -18  b y  s o l v i n g  

them s i m u l t a n e o u s l y  y i e l d s  

The c o e f f i c i e n t  mu1 t i p l y i n g  t h e  d i f f e r e n c e  i n  head 

i s  g i v e n  t h e  symbol ct and Eq. 6-19 becomes 
i 9 j  

I n  a  s i m i l a r  manner 

i n  Eq. 6-19 



t where Dt  i s  i d e n t i c a l  t o  C i j  with the  subsc r ip t s  i -1  and 
i d  

i - 4  replaced with i t 1  and i t % ,  respec t ive ly .  Also, 

f o r  f  

A! 

t 
low in the  j - d i r e c t i o n .  The c o e f f i c i e n t  Ai  , j  i s  

F ina l ly ,  

t t where the  c o e f f i c i e n t  Bi i s  obtained from A i  , j  by replacing 

the  s u b s c r i p t s  j-1 and j-% by j+1 and j+%, respec t ive ly .  

The r a t e  of change of the  volume of water s to red  in  g r id  
i , j  i s  

where Q~ i s  an external  source o r  s ink t h a t  i s  used t o  repre-  
i  , J  

s en t  recharge o r  pumping from the  g r i d .  Mass balance f o r  g r id  
( i  , j )  r equ i res  t h a t  the  sum of the  inflows (Eqs. 6-20 and 6-22) 
minus t h e  sum of the  outflows (Eqs. 6-21 and 6-24) be equal t o  
the  r a t e  of change of s to rage  (Eq. 6-25).  Thus, 

i s  obtained a f t e r  a l l  known q u a n t i t i e s  a r e  placed on the  r i g h t  
hand s i d e .  In matrix no ta t ion ,  Eq. 6-26 i s  



For the confined aqui fe r ,  the  quant i ty  b i j ,  in the coef- 

f i c i e n t  A. (and s imilar  terms in other  coe f f i c i en t s )  i s  the 
1 , j  

aquifer  thickness which may vary in space b u t  i s  constant in 
t time. In the unconfined case,  b. . i  represents the saturated 
1 ; J  2 

thickness a t  the beginning of a  time s tep and i s  held constant 
f o r  the time interval  A t .  Thus, a l l  of the coef f ic ien ts  a r e  
known a t  the beginning of the time s tep .  

There i s  a  t o t a l  of ( N C x N R )  g r ids  f o r  the system shown 
in  Fig. 6-5. The ex t e r i o r  g r ids  a re  used t o  introduce the 
boundary conditions on each boundary segment by putting K=O 
fo r  an impervious segment, h=constant f o r  constant head boun- 
dary segments, and prescribing the  discharge through segments 
t ha t  represent boundaries on which the  inflow and outflow i s  
known. Any of the i n t e r i o r  g r ids  may be assigned boundary 
values of constant head o r  zero hydraulic conductivity. 

Since a l l  of the ex t e r i o r  g r ids  must be assigned known 
boundary values, there are  (NR-2)x(NC-2) equations with 
(NR-2)x(NC-2) unknowns. The coef f ic ien t  matrix i s  a  square 

2 matrix containing [(NR-2)(NC-Z)] terms most of which a re  zero. 
This coef f ic ien t  matrix i s  pentadiagonal and can be solved by 
any one of several ava i lab le  schemes but the Gauss elimination 
scheme i s  recommended. I t  should be noted t h a t ,  f o r  the one- 
dimensional case,  one obtains  a  t r idiagonal  matrix with the 

t t terms Di ,, and C i  ,- being equal t o  zero s ince there  i s  no flow 

in the i -d i rec t ion .  In addi t ion ,  the  coef f ic ien t  matrix i s  
- and DL ,=c.+-, , and, consequent1 y ,  symmetrical with Bi , . -Ai ,  

only the upper (o r  lower) terms need t o  be calculated along 
with the main diagonal terms. A numerical model based upon the 
above formulation i s  presented in Appendix C ,  together with a  
u s e r ' s  guide. The use of the two-dimensional model given in 
Appendix C i s  i l l u s t r a t e d  by the  following example. 

EXAMPLE 6-3 

A well i s  pumped from a confined aquifer  surrounded by a  
constant head boundary as  shown in Fig. 6-8. For small time 
the numerical solut ion can be conveniently checked with the 
Theis ana ly t ic  solut ion.  The values of the aqui fe r  propert ies  
a re  given in the  f igure .  



K =  3 0 - 5  m/day 
S =0-Of Constant Head 

Boundary 

Streamlines 
A and B 

F igu re  6-8. D e f i n i t i o n  sketch  f o r  Example 6-3. 

To t a k e  advantage o f  symmetry, a quadrant  o f  t h e  f l o w  i s  
analyzed r a t h e r  than t h e  e n t i r e  f l o w  f i e l d .  There i s  no f l o w  
across t h e  s t reaml ines  A and B and. t h e r e f o r e .  t h e  s t reaml ines  
A and B can be represented by  impermeable boundar ies.  A v a r i -  
a b l e  g r i d  spacing ( F i g .  6 -9)  i s  se lec ted  so t h a t  t h e  piezomet- 
r i c  head i n  t h e  v i c i n i t y  o f  t h e  w e l l  can be adequate ly  approx- 
imated by l i n e a r  d i s t r i b u t i o n s  o f  h between ad jacen t  g r i d s .  
The dimensions o f  t h e  g r i d s  a r e  g i ven  i n  Table 6-1. A t ime  
increment  o f  0.1 days was se lec ted .  The computer model p resen t -  
ed i n  t h e  appendix was used t o  so l ve  t h i s  problem. 

Streamline. 
B 

I 4 of well 

Impervious 
Constant h 

F igu re  6-9. Schematic o f  g r i d  o v e r l a y  f o r  Example 6-3. 
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Table 6-1. Grid Dimensions fo r  Example 6-3 

Figure 6-10 shows the radial  d i s t r ibu t ion  of drawdown a t  
t=0 .5  days and a comparison with the Theis ana ly t ic  solut ion.  
I t  should be noted t h a t ,  although excel lent  r e su l t s  were obtain- 
ed with the variable grid spacing, large differences in grid 
dimensions between adjacent gr ids  should be avoided t o  insure 
t ha t  central  averages and the assumption of a  l i nea r  d is t r ibu-  
t ion of head between adjacent gr ids  remains appropriate. 

T a l y t i q  o Model (Theis) 
Â¥ 

01 I I J 

10 100 1000 
Distance from Well ( m )  

Figure 6-10. Distribution of drawdown along streamline A .  

6.3 SENSITIVITY TO SOLUTION PARAMETERS 

The analysis  of the areal  and time d is t r ibu t ion  of heads 
in an aquifer  by any method requires t ha t  values of hydraulic 
conductivity, storage coef f ic ien t  ( spec i f ic  y i e l d ) ,  aquifer  
thickness, boundary conditions, hydrologic inputs ,  and i n i t i a l  
heads be known. In many instances,  these values are not known 
and estimates must be made in order t o  estimate aquifer  response 
to  imposed s t r e s se s .  Consequently, i t  i s  desirable to  have 



some indicat ion of the e f f e c t s  of each variable  on the solut ion 
displayed as a  d i s t r i bu t i on  of heads. Although the discussion 
i s  r e s t r i c t ed  t o  the d i s t r i bu t i on  of heads, one may a l so  want 
t o  evaluate  the d i s t r i bu t i on  of flows a t  a  pa r t i cu l a r  time o r  
locat ion.  I t  should be pointed out t h a t  s ince mass cont inui ty 
i s  always s a t i s f i e d ,  e r ro r s  e x i s t  only in the  time and space 
d i s t r i bu t i ons  of flow r a t e s .  The average e r ro r  in the compu- 
t a t i on  of flow r a t e s  f o r  the e n t i r e  aquifer  i s  zero ( i  . e ,  
t o t a l  volume of water i s  accounted f o r ) .  

In a  s t r i c t  sense, the actual e f f ec t s  of e r ro r s  in input 
data on the  r e s u l t s  depends on the  pa r t i cu l a r  problem studied 
and a  s e n s i t i v i t y  ana lys i s  should be conducted f o r  each case 
studied. However, experience has shown t h a t ,  in general ,  some 
parameters influence the solut ion more than o thers .  

I t  has been found tha t  the most important var iable  i s  the 
value of i n i t i a l  heads and t ha t  there i s  almost a  one t o  one 
cor re la t ion  between the e r ro r  in i n i t i a l  heads and the e r ro r  
in r e su l t s  (Bibby and Sunada, 1971). Each of the other  var i-  
ables  (s torage coef f ic ien t  S, net inflow Q ,  and saturated 
thickness ,  b)  have about the same e f f e c t  and produce e r ro r s  
about one order of magnitude l e s s  than those induced by erron- 
eous values of i n i t i a l  head. The se lec t ion  of appropriate 
gr id s i z e  and time increments depends upon the u se r ' s  exper- 
ience and judgment and, o f ten ,  must be determined by t r i a l  
and e r ro r .  
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PROBLEMS AND STUDY QUESTIONS 

1. Set up and solve the Crank-Nicholson equation for the 
problem illustrated in Example 6-1. Select a time incre- 
ment ~t such that oscillations are not a problem. 

2 .  Show by way of an example that any one-dimensional problem 
solved by the implicit scheme may be set up to have a 
tridiagonal coefficient matrix. 

3. Set up and solve the explicit equations to compute the 
distribution of heads and the drawdown as a function of 
time at r=251 m for the conditions noted in Fig. 5-1. 

4. Set up the implicit equations appropriate for the condi- 
tions of Example 5-15 and solve for the return flows. 

5. Write a computer program for solving the explicit equa- 
tions for two-dimensional flow toward a pumping well 
located between an impervious and a constant head boundary 
as shown in Fig. 4-9. 



APPENDIX A 

Systems of units and Conversion Tables 

The I n t e r n a t i o n a l  System o f  U n i t s  ( S I )  i s  b e i n g  e s t a b -  
l i s h e d  b y  i n t e r n a t i o n a l  agreement  t o  p r o v i d e  u n i f o r m  u n i t s  f o r  
measurement t h r o u g h o u t  t h e  w o r l d .  The S I ,  a l t h o u g h  an u p d a t e  
o f  t h e  m e t r i c  system, i s  n o t  t h e  same as  t h e  m e t r i c  system i n  
a l l  r e s p e c t s .  The f o l l o w i n g  t a b l e s  a r e  p r e s e n t e d  t o  a i d  t h e  
r e a d e r  i n  c o n v e r t i n g  f r o m  t h e  E n g l i s h  sys tem t o  t h e  S I .  

Symbol o f  S I  U n i t s  

Q u a n t i t y  Name o f  U n i t  S I  Symbol 

l e n g t h  
mass 
t i m e  
t e m p e r a t u r e  
f o r c e  
p r e s s u r e  
work 
power 
p l a n e  a n g l e  

m e t r e  
k i  1  ogram 
second 
K e l v i n  
Newton 
Pasca l  
j o u l e  
w a t t  
r a d i a n s  

m  
k g  
s  
K 
N  ( k g - m / s 2 )  
Pa (N/m2) 
J (N-m)  
W (N-m/s )  
r a d  

P r e f i x  F o r  S I  

P r e f i x  Symbol Mu1 t i p 1  i c a t i o n  
F a c t o r  

g i  ga G 1  o9 
mega M  l o 6  
k i  1  o  k  l o 3  
h e c t o  h  l o 2  
deka d a  l o 1  
d e c i  d  1 0 - I  
c e n t i  c  1  0 - 2  
m i 1 1 i  m  l o 4  
m i c r o  P l o - b  



C o n v e r s i o n  T a b l e  F o r  Common Q u a n t i t i e s  

Q u a n t i t y  U . S . E n g l i s h  S I 

L e n g t h  1 i n  25 .4  mm 
1 f t  0.3048 m 
1 y a r d  0.9144 m 

Area 1 i n "  645 mm2 
1 f t2  0.0929 m2 
1 a c r e  4047 m2 (0.4047 h e c t a r e )  

Vol ume 1 i n 3  16387 mm3 
1 f t3 0.0283 m3 
1 y d 3  0.765 m3 
1 a c r e - f t  1233 m3 
100 g a l  0.3785 m3 

Force  1 pound 4.448 N 

Weight /Volume 1 1 b / i n 3  271 .4 kN/m3 
1 l b / f t 3  157.1 N/m3 
( 6 2 . 4 1 b / f t 3 )  ( 9 . 8 1 N I m 3 )  

P r e s s u r e  1 p s i  6.895 kN/m2 (kPa)  
1 p s f  47.88 N/m2 (Pa)  

Mass 1 1b (mass) 0.4536 kg  

Tempera tu re  32OF 273 K 

Power 1 hp 745.7 W 



APPENDIX 6 

Gauss Elimination Scheme for Example 6-2 in Text 

The p r o c e d u r e  i s  t o  u p p e r  t r i a n g u l a t e  t h e  c o e f f i c i e n t  
m a t r i x  

t o  o b t a i n  a  m a t r i x  e q u a t i o n  o f  t h e  form 

so t h a t  t h e  system o f  e q u a t i o n s  

can be s o l v e d  b y  backward s u b s t i t u t i o n .  

R e c a l l  t h a t  t h e  m a t r i x  e q u a t i o n  i n  C h a p t e r  V I  was 

F o r  t h i s  case  m u l t i p l y  row 1  b y  - ( 1 / 4 . 4 )  and s u b t r a c t  row 1  
f r o m  row 2 t o  o b t a i n  

1  -0.23 0 

-4.4 



The next  s t e p  i s  t o  mu1 t i p l y  row 2  by - ( 1 / 4 . 1 7 )  and s u b t r a c t  
row 2  from row 3 t o  ob ta in  

and mul t ip ly  row 3 by - (1 /4 .17)  t o  ob ta in  

Therefore ,  f o r  g r i d  ( 4 )  t h e  head i s  

,0.1 
= 5 . 0 m  

S i m i l a r l y ,  t h e  head in  g r i d  ( 3 )  i s  

Or, upon s u b s t i t u t i o n  of t h e  value  of  h k l ,  one o b t a i n s  

h o e '  = 4 . 6  + 0 . 2 4 ( 5 . 0 )  = 5.8  m . 3 

Finall.y, f o r  g r i d  ( 2 )  t h e  value  of  h n l  may be obta ined from 

h n "  - 0.23h;'' + oh:" = 4.7  m , 



APPENDIX C 

Finite Difference Ground-Water Model 

This appendix presents a two-dimensional ground-water 
model which may be used f o r  analysis  of the areal  d i s t r ibu t ion  
of heads in ground-water aqui fe rs .  This model will  t r e a t  e i t h e r  
unconfined or  confined ground-water f  1 ow problems and wi 11 
handle the s i tua t ion  when an unconfined aquifer  becomes confined 
o r  a confined aqui fe r  becomes unconfined. The model i s  based 
upon the f u l l y  impl ic i t  central  difference scheme using the 
Gauss elimination procedure f o r  solving the matrix which was 
described in the t e x t .  

A flow diagram of the model i s  presented in Fig. C-1. A 
complete l i s t i n g  of the program i s  given in the  l a s t  par t  of 
t h i s  appendix. The model uses the English system of un i t s .  

Procedure for Analysis 

The area t o  be studied i s  overlain with a gr id system. 
The se lec t ion  of the space dimensions ( D X , D Y )  f o r  the gr ids  i s  
dependent upon the a v a i l a b i l i t y  of geologic and hydrologic da ta ,  
and the desired accuracy and detai  1 of .analysis .  The accuracy 
of the  solut ion i s  enhanced as  values fo r  D X  and D Y  a re  decreas- 
ed and the smaller values should be used providing the avai l  - 
a b i l i t y  of geologic and hydrologic data j u s t i f i e s  the additional 
computation time. The t o t a l  number of gr ids  selected i s  a l so  
dependent on the storage capaci ty of the  computer being used. 

The gr id system selected should be or iented t o  allow f o r  
easy boundary approximation, provide f o r  easy adaptation of 
hydrologic and geologic da ta ,  and provide f o r  the desired model 
accuracy. Space dimensions should be selected such t h a t  the 
geologic and hydrologic conditions may be reasonably assumed 
uniform over each gr id .  In areas  where de ta i led  values of water 
level or  piezometric head a r e  des i red ,  smaller values of DX and 
DY may be used. Grids located outs ide the boundary of the  study 
area must be defined as  impermeable gr ids .  Hydraulically con- 
nected lakes and r i ve r s  should be specif ied as  constant head 
gr ids .  

Boundary conditions due t o  geologic and hydrologic i n f l u -  
ences include ( 1 )  impermeable or  no flow boundaries, ( 2 )  con- 
s t a n t  head o r  hydraulic boundaries, and ( 3 )  underflow o r  grad- 
i en t  boundaries. Program GREATER uses an i n i t i a l  water level 
coding t o  iden t i fy  the  type of boundary. H(1,J) i s  the i n i t i a l  
water level o r  potentiometric head in gr id ( I  , J )  and the coding 
used i s :  



NR, NC, ICFAQ, 
DT, ST, FWTOP 

T I T L E  

PRINT 

, , I SUBROUTINE READPH 

Reads and W r i t e s  
P h v s i c a l  Data 

1-1 I ~ e s c r i b i n c j  System 
MATROP w 

SUBROUTINE MATROP 

O r g a n i z e s  Data i n t o  
S u i t a b l e  Form f o r  

F i g u r e  C - 1 .  F low C h a r t  f o r  Program GRWATER. 
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SUBROUTINE READH 

Reads i n  I n i t i a l  
Water  L e v e l  o r  
P i e z o m e t r i c  Head 
E l e v a t i o n  

CALL 
READH 

LOOPY L=ST/DT 
INDX=l 

I 

- 



SUBROUTINE QFIX 
Reads and W r i t e s  
Hydro1 o g i  c  Param- 

\ 
e t e r s  and Computes 
H y d r o l o g i c  and 

PRINT A r t i f i c i a l  I n p u t s  
Q f o r  Each G r i d  

, c /LL  
, 1 SUBROUTINE MATSOL 1 

S e t s  U D  C o e f f i p  

F o r  F i n i t e  D i f f e r e n c e  
E q u a t i o n s  

1 B o u n d a r i e s ,  and 

T r a n s f e r s  Them t o  
SUBROUTINE BJUST 
A d j u s t s  Under F low 
G r i d s  Water L e v e l  

1 o r  P i e z o m e t r i c  Head BSOLVE 
E l e v a t i o n  

F i g u r e  C - 1  . ( C o n t i n u e d ) .  



0  5 H(1,J) < 10,000 - a c t u a l  w a t e r  l e v e l  e l e v a t i o n .  
10,000 5 H(1,J) < 20,000 - impermeable g r i d .  
20,000 5 H ( I  ,J)  < 30,000 - u n d e r f l o w  g r i d .  
30,000 5 H ( I  ,J)  < 40,000 - c o n s t a n t  head g r i d .  

As an example o f  t h e  use  o f  t h e  c o d i n g ,  assume t h a t  a  g r i d  i s  t o  
be t r e a t e d  as  a  c o n s t a n t  head g r i d  w i t h  w a t e r  l e v e l  equa l  t o  
3285.20 f e e t .  To i d e n t i f y  t h i s  g r i d  a s  a  c o n s t a n t  head g r i d  add 
30,000.00 f e e t  t o  t h e  a c t u a l  head t o  g e t  33,285.20 f e e t  and i n p u t  
t h i s  v a l u e  a s  t h e  i n i t i a l  head d a t a .  

The maximum s i z e  o f  t i m e  i n c r e m e n t ,  DT, w h i c h  w i l l  p r o v i d e  
adequa te  a c c u r a c y  s h o u l d  be used  t o  conserve  computer  t i m e .  The 
opt imum DT may be d e t e r m i n e d  b y  p e r f o r m i n g  s h o r t  p e r i o d  a n a l y s e s  
w i t h  v a r y i n g  DT v a l u e s  f o r  t h e  s e l e c t e d  g r i d  d imens ions .  S m a l l e r  
g r i d  d imens ions  may r e q u i r e  s h o r t e r  t i m e  i n c r e m e n t s .  For  t h i s  
GRWATER model,  t h e  number o f  rows (NR) s h o u l d  be l e s s  t h a n  o r  
equa l  t o  t h e  number o f  columns (NC) t o  conserve  computer  t i m e  
d u r i n g  t h e  s o l u t i o n  o f  t h e  s e t  o f  s i m u l t a n e o u s  e q u a t i o n s .  The 
number o f  rows and columns mus t  be g r e a t e r  t h a n  e i g h t .  

I n  a d d i t i o n  t o  space and t i m e  d imens ions ,  (DX,DY,DT), t h e  
f o l l o w i n g  average  o r  r e p r e s e n t a t i v e  p a r a m e t e r s  must  be d e f i n e d  
f o r  each g r i d :  

1 .  G  - Ground s u r f a c e  o r  t o p  o f  c o n f i n e d  a q u i f e r  e l e v a -  
t i o n  ( f e e t ) ,  g r e a t e r  t h a n  b u t  n o t  equa l  t o  z e r o .  

2. Z - Bedrock e l e v a t i o n  ( f e e t ) ,  g r e a t e r  t h a n  b u t  n o t  
equa l  t o  z e r o .  

3. PHI - S p e c i f i c  y i e l d  f o r  u n c o n f i n e d  case  ( d i m e n s i o n -  
l e s s  f r a c t i o n ) .  

4. PHIC - S t o r a g e  c o e f f i c i e n t  f o r  c o n f i n e d  case  (d imen-  
s i o n l e s s  f r a c t i o n ) .  

5. FK - H y d r a u l i c  c o n d u c t i v i t y  ( f e e t l d a y ) .  

6 .  H  - I n i t i a l  w a t e r  l e v e l  o r  p i e z o m e t r i c  head e l e v a -  
t i o n  ( f e e t ) .  

7 .  Q - Net  i n f l o w  r a t e  due t o  pumping, r e c h a r g e ,  e t c .  
( a c r e - f e e t  p e r  d a y ) .  

Data Input 

I n p u t  i s  by  computer  c a r d s  as  o u t l i n e d  below.  No te  t h a t  
z e r o  i s  used  i n  d a t a  i n p u t  f o r  c o d i n g  and t h a t  dec ima l  o v e r r i d e  
mus t  be used f o r  a l l  n o n i n t e g e r  v a l u e s .  No te  t h a t  v a l u e s  o f  
Q(I,J) a r e  computed b y  s u b r o u t i n e  QFIX and t h a t  t h e  DIMENSION 



card in the main program must be changed t o  f i t  the pa r t i cu l a r  
problem (see  program). 

Card 1 : 

Card 2 :  

Card 3 :  

Card 3A: 

Card 3%: 

Card 3C: 

Card 3D: 

Card 3E: 

8A10 Format. 
TITLE - T i t l e  of the  ua r t i cu l a r  run 

3I5,3FlO. 1 Format. 
N R  = number of rows in the gr id system ( N R  should be 

l e s s  than N C )  > 8.  
NC = number of columns in gr id system > 8. 
ICFAQ = 1 f o r  confined aquifer  ana ly s i s ,  otherwise 

zero. 
DT = time increment (days) .  
ST = t o t a l  time of analysis  (days) ( i n t ege r  multiple 

of D T ) .  
FWTOP = desired interval  of times f o r  printed output 

( in teger  multiple of D T ) .  

8F10.1 Format. 
D L X  = value of uniform D X  (zero otherwise) - x-dimen- 

sion ( f e e t ) .  
D L Y  = value of uniform DY (zero otherwise) - y-dimen- 

sion ( f e e t ) .  
FFK = value of uniform F K  (zero otherwise) - perme- 

abi 1 i t y  ( fee t /day) .  
Z Z  = value of uniform Z (zero otherwise) - bedrock 

elevat ion ( f e e t ) .  
GG = value of uniform G (zero otherwise) - ground 

surface o r  top of confined aqui fe r  e levat ion 
( f e e t ) .  

PPHI = value of uniform PHI (zero otherwise) - spec- 
i f i c  y ie ld  o r  storage coef f ic ien t  (decimal ) .  

PPHIC = value of uniform PHIC (zero otherwise) - con- 
fined aqui fe r  (blank f o r  unconfined aquifer  anal - 
y s i s )  storage coef f ic ien t  (decimal ) .  

8F10.1 Format - i f  D L X  i s  zero, otherwise omit. 
D X  J= l  , N C  

8F10.1 Format - i f  D L Y  i s  zero,  otherwise omit. 
D Y  1=1 , N R  

8FlO. 1 Format - i f  FFK i s  zero,  otherwise omit. 
FK 1=1 ,NR*NC by columns (example, the  permeabi 1 i t y  

of gr id (4 ,3)  f o r  NR=l1 ,NC>11 i s  the second en t ry  
on the fourth ca rd ) .  

8F10.1 Format - i f  Z Z  i s  zero,  otherwise omit. 
Z 1=1 ,NR*NC by columns ( see  card 3C). 

8F10.1 Format - i f  GG i s  zero,  otherwise omit. 
G 1=1 ,NR*NC by columns ( see  card 3C). 



Card 3F: 8F10.1 Format  - i f  PPHI i s  z e r o ,  o t h e r w i s e  o m i t .  
PHI I = 1  ,NR*NC b y  c o l  umns ( s e e  c a r d  3C). 

Card 3G: 8F10.1 Format  - i f  PPHIC i s  z e r o ,  o t h e r w i s e  o m i t .  
PHIC 1=1 ,NR*NC b y  co lumns (see  c a r d  3C). 

Card 4 :  5F10.1 Format .  
HW = h o r i z o n t a l  H  - c o n s t a n t  v a l u e  o f  i n i t i a l  w a t e r  

l e v e l  o r  p i e z o m e t r i c  head e l e v a t i o n  ( f e e t )  o f  
a1 1  g r i d s  r e g a r d l e s s  o f  boundary  c o n d i t i o n s  
( z e r o  o t h e r w i s e )  . 

*LBC = l e f t  boundary  code ( s i n g l e  v a l u e  a l o n g  l e f t  
boundary ) .  

*RBC = r i g h t  boundary  code ( s i n g l e  v a l u e  a l o n g  r i g h t  
b o u n d a r y ) .  

*TBC = t o p  boundary  code ( s i n g l e  v a l u e  a l o n g  t o p  
boundary ) .  

*BBC = b o t t o m  boundary  code ( s i n g l e  v a l u e  a l o n g  b o t t o m  
b o u n d a r y ) .  

*Note:  Corner  g r i d s  a r e  n o t  c r i t i c a l .  Use 10,000.00 
f o r  impermeable boundary ,  20,000.00 f o r  under -  
f l o w  boundary,  and 30,000.00 f o r  c o n s t a n t  head 
boundary,  t o  d e n o t e  o u t e r  boundary  c o n d i t i o n s .  
I n n e r  boundary  c o n d i t i o n s  mus t  be s p e c i f i e d  b y  
u s i n g  c a r d  4A. S p e c i f y  0 .0  i f  c o d i n g  i s  t o  be 
done i n  c a r d  4A f o r  each  g r i d .  

Card 4A: 8F10.1 Format  - i f  HW i s  z e r o ,  o t h e r w i s e  o m i t .  
H  1=1, NR*NC b y  co lumns (coded H  v a l u e s  f o r  boundary  

c o n d i t i o n s )  . 

Description of Subprograms 

Subroutine READPH 

T h i s  s u b r o u t i n e  r e a d s  and  w r i t e s  t h e  p h y s i c a l  d a t a  de- 
s c r i b i n g  t h e  s t u d y  a rea .  The f o l l o w i n g  v a r i a b l e s  a r e  r e a d  and 
p r i n t e d :  DX, DY, FK, Z,  G, PHI, and  PHIC. O n l y  one d a t a  c a r d  
i s  r e q u i r e d  i f  a l l  v a r i a b l e s  a r e  u n i f o r m  f o r  each g r i d ,  o t h e r -  
w i s e  each paramete r  t h a t  i s  v a r i a b l e  mus t  be r e a d  i n  m a t r i x  
fo rm.  V a r i a b l e s  DX and  DY r e q u i r e  o n l y  NC and  NR v a l u e s  r e s p e c -  
t i v e l y .  

C a l l e d  From: Ma in  Program 
Subprograms Used: MATROP 
I m p o r t a n t  V a r i a b l e s :  DX DY FK Z G PHI PHIC 

Subroutine READH 

T h i s  s u b r o u t i n e  r e a d s  t h e  i n i t i a l  coded w a t e r  l e v e l  o r  
p i e z o m e t r i c  head e l e v a t i o n s .  H  i s  decoded and s e t  equa l  t o  HT 



and H P .  One data card i s  required i f  the i n i t i a l  water level 
i s  horizontal ,  otherwise the e n t i r e  H-matrix must be read. 

Call ed From: Main Program 
Subprograms Used: None 
Important Variables: H HT HP . 

Subroutine MATSOL 

This subroutine s e t s  u p  the coef f ic ien t  matrix, CMATRX, 
and the r igh t  hand side vector matrix, C R .  CMATRX i s  a  reduced 
matrix containing only the band of known values in the l e f t  s ide 
of the difference equations and i s  written ve r t i ca l l y  rather  
than diagonal 1 y. I t s  dimensions a re  (NR-2)*(NC-2) by 2*NR-3. 
The coef f ic ien ts  are  computed using Function PARAM and checked 
for  adjacent boundary values of H in subroutine NSCONT. MATSOL 
t r e a t s  known grid values of H .  BSOLVE i s  used t o  solve the 
matrix equation s e t  u p .  

Called From: Main Program 
Subprograms Used: PARAM NSCONT BSOLVE 
Important Variables: CMATRX C R  . 
Function PARAM 

This subprogram computes the coef f ic ien ts  in the l e f t  s ide 
of the f i n i t e  difference equation. For confined aquifer  analy- 
s i s ,  saturated thickness i s  compared t o  aquifer  thickness and 
the smallest of the two i s  used t o  ca lcu la te  the coef f ic ien t .  

Called From: MATSOL BYFLOW 
Subprograms Used: None 
Important Variables: PARAM 

Subroutine NSCONT 

This subroutine t ransfers  the coef f ic ien ts ,  in CMATRX, 
multiplied by t h e i r  respective H-value, t o  the r i gh t  hand side 
vector matrix in case of adjacent head or  known boundary condi- 
t ions .  I t  a lso s e t s  coef f ic ien ts  equal t o  zero in case of 
adjacent impermeable grids.  

Called From: MATSOL 
Subprograms Used: None 
Important Variables : None . 

Subroutine BSOLVE 

This subroutine solves the matrix equation s e t  u p  in 
MATSOL by Gauss elimination. BSOLVE i s  designed spec i f ica l ly  
fo r  a  diagonal matrix t ha t  r e su l t s  from analysis  of groundwater 
systems. 



C a l l e d  From: MATSOL 
Subprograms Used : Mone 
I m p o r t a n t  V a r i a b l e s :  None 

Subroutine BJUST 

T h i s  s u b r o u t i n e  a d j u s t s  t h e  u n d e r f l o w  boundary  w a t e r  l e v e l  
e l e v a t i o n s .  G r a d i e n t s  a r e  c a l c u l a t e d  t h r e e  g r i d s  i n  f r o m  t h e  
e x t e r i o r  boundary  g r i d s  and t h e  g r a d i e n t s  a r e  p r o j e c t e d  back t o  
t h e  e x t e r i o r  boundary  g r i d s  t o  o b t a i n  new w a t e r  l e v e l  e l e v a t i o n s .  
T h i s  c a l c u l a t i o n  i s  p e r f o r m e d  a t  even t i m e  s t e p s .  A t  odd t i m e  
s t e p s  t h e  w a t e r  l e v e l  e l e v a t i o n s  a r e  h e l d  c o n s t a n t  and t h e  e x -  
t e r i o r  boundary  g r i d s  a r e  t r e a t e d  as  c o n s t a n t  head g r i d s .  

C a l l e d  From: Main Program 
Subprograms Used : None 
I m p o r t a n t  V a r i a b l e s :  H  HT . 

Subroutine MATROP 

T h i s  s u b r o u t i n e  o r g a n i z e s  d a t a  o r  r e s u l t s  i n t o  a  s u i t a b l e  
f o r m  f o r  p r i n t i n g  and t h e n  p r i n t s .  

C a l l e d  From: READPH, Ma in  Program 
Subprograms Used: None 
I m p o r t a n t  V a r i a b l e s :  NR=NOROW NC=NOCOL . 

Subroutine QFIX 

T h i s  s u b r o u t i n e  s e t s  t h e  v a l u e  o f  n e t  i n f l o w  r a t e s  t o  each 
g r i d  f o r  each t i m e  p e r i o d  due t o  pumping, r e c h a r g e ,  i r r i g a t i o n ,  
e t c .  u n i t s  a r e  a c - f t l d a y .  Tnis subvoutzke should be wdiJied 
for user 's requirements. 

C a l l e d  From: Main Program 
Subprograms Used: None 
I m p o r t a n t  V a r i a b l e s :  Q . 

Cornouter Program Listing 

On t h e  f o l l o w i n g  pages a  l i s t i n g  o f  t h e  above d e s c r i b e d  
computer  p rogram i s  p r o v i d e d .  



PROGRAM GRWATER 
PPOGRtiM G R M d T E R  (INFUTiOU1PUT.TilPE5=IhPUT,74~Eb=OLTF~TiTbPE7=l'llI 
THIS M C C E L  IS e t s c o  UPON ~ T S H E O  O E V E L O P E C  A T  C O L O .  S T A T E  UNIÃˆ 
W A h 0  f .C  MUST B E  G R E A T E R  T H A N  O R  E C U A L  TC 8 FOR T H I S  MCOEL 
CONTROL  V A R I A P L E S  

N R = N U b R E Q  OF F'CMS 
N C = k , U V R F Q  OF  C C L U f ' h S  
us S H C U L O  a i n Ã § y  E E  L E S S  T H B N  O R  E Q U A L  T C  N C  
I C F C O = l  FOP C C h F I h E O  A O L I F E Q  A N A L Y S I S ,  O T H E R W I S E  Z E P G  
Q T = T I P F  I N C I - E U t N T  ( C A Y S 1  
S T = I C l O L  T I M E  C F  D K A L Y E I S  ( O A T S )  
F W l C F = C E S I R E C  T I M E  CF C L T P U T  ( M U L T I P L E  CF O i l  

C I M E I i ' . I t l Ã  OF C M A T F X  I S  I I N R - 2 I * I N C - Z I , 2 * W - 3 I  BNO FOR C?  
l I N C - ? l * ( ~ Q - ? l  I A N 0  CF U L L  G T H E ?  V A I - T A B L E S  I N R , ' i C I  

N A = l ~ U C E E P  O F  R C H S  I t  R E C J C E O  B A N 0  W T R I X  
N B = N U ? e Y  OF COLUf'hS I h  " E D U C E S  l A N n  M A T R I X  

R E A D  I 5 , e 0 0 1  T i T L t  
R E A D  1 5 , 2 2 0 1  N R i h G ~ I C F O O , O T , S T , F r t T O F  
N A = ( N F - C I T I N C - ? I  
N 3 ' = 2 + M ' - 3  
W R I T E  1 6 . 2 1 0 1  T I T L E  
I F  ( 1 C F b Q . L S . C I  GO TC 1 2 0  
h 2 I T E  1 6 . 2 4 i I  
GO TC 1 2 0  
H f l l i  f t , 2 6 0 1  
H P I T E  1 5 , 1 9 3 1  NP ,NC,CT ,S I  

C A L L  O F I X  f N R , N C i Q I  
H R I T E ( b i 5 3 0 1  
C A L L  M A T R O P I N K 9 N C i O I  
C A L L  f A l S O L  I h R , N L l h A . N B i F K . P H I ~ H . H T . Z 9 G X ~ C Y ~ C ~ C M A T R ~ ~ C ~ ~  

l A . B , G , P H C , H P , H F I  
C A L L  F J O S T  (NR ,NC,H ,~T ,HF ,OX ,OY ,K I  

P C t . T = I N n x  
I F  1 I F I ' O T I . N E .  ( F C h T ' F h T O P I l  GO TO 1 5 0  
I M J X = I ^ O X t l  
M S I T E  ( 6 , 1 8 0 1  1 2  

C A L L  P A T P O P  I N R q N C t H T l  
1 5 C  OC 16i .  I = l , N R  

DO 1 6 1  J = l , I d C  
H P I I , J I : H T f I , J I  

1 6 0  C C N T I N G c  

1 7 0  C O N T I N U E  
^ T O P  - - 

1 8 0  FORMAT I l Y 1 , 4 I . X ,  2 2 h H E A D  MAP A T  T I V E  L E l < E L , F 1 0 . 2 , / 1 H  , 5 Z X .  H H 1 F E E  
I T  A P C V t  C A T U M I I  

1 5 0  F O R C A T  1 1 5 H - Q C U  D I M E h S I O N = I 4 . 2 l H  COLUMN D I P E r - ^ I O N = 1 4 , 2 4 H  T I H  
I E  I h C f ' E I ' E M T F O  BY G9.2.5H O A Y S . 2 7 H  T O T A L  T I C E  O F  A h X L Y S I S  G9 .2 .5  
7i-i n a v r i  . - -  - .  

ZOO FORMOT I p L l J )  
2 1 0  FCRMAT l 1 H l 9 / / / / / ~ 2 7 X ~ 8 A l ~ l  
2 2 0  FORNAT  ( 3 1 1 0 , 3 F 1 0 . 3 I  
2 4 ?  FOORAT 1 1 H - , 4 7 X ,  2 5 H C C N F I h E O  A Q U I F E R  A N A L Y S I S )  
2 E 0  F C P M L T  I l ' i - 9 4 6 X ~  2 7 H U N C C N F I N E C  A Q U I F E R  Ã ˆ N A L V S I S  
5 3 0  F C R R A T  l l H l . f X . 4 t ) H C  - MAP I N  A C R E - F E E T / C A Y  ( P U M P I N G  I S  N E G A T I V E ) !  

E N 0  



SUBROUTINE QFIX 
SUBRCUTINE U F I X  (NRihCiQl 
O I T , J I  MUST R E  C A L C L L A T E D  OR READ I h  FOR EACH T I M E  STEP 

C U N I T S  C F  I I I , J I  MUST BE I N  ACRE-FEET PER DAY 
C THE SUSROUTIhE M A Y  B E  M O D I F I E D  FOR fcSFRS R E C U K E I E N T S  

O I M E k S I C K  QINRiNCl  
DO 1 0 0  J = l . N C  
CO 10C 1=1,NR 
0 1 I , J l = O . O  

1 0 0  CONTINUE 
C FOR T H I S  PROBLEM 0 1 2 9 2 1  H I L L  BE SET EQUAL TO 0.5 A C - F E E T / D t Y  
C T H I S  I S  EQUAL TO A  h E L L  DISCHARGE OF 1 CUBIC FEET PER SECONO 

0 1 2 , Z l = 0 . 5  
RETURh 
END 

SUBROUTINE READPH 

T H I S  5 U ~ P 3 U T I h E  R E t C S  AND H?ITFS THE P H Y S I C A L  D 4 T L  D E S C K I B I N G  
THE SVSTE'l. 
F K = I - E l i U E A i I L I T 1  1 F t C T / C A Y I  
P h I = E F F E C T I V E  F O F C S I T Y  
?=aEDBCCK E L E V A T I C h  I F E F T I  
GsGI-OLhO SURFACE ELEVATION.  G? TOP OF C C h F I h E D  AQUIFER ( F E E T )  
O X = X - C I 1 E N S I O h  OF C h I U  1 F E F T I  
O Y z Y - C I H E h S I C M  OF G R I D  I F E E T I  - - 
P H I C = C C N F I N E O  AUUIFER STOSAGE L O E F F I C I E h T  
O L Ã ˆ = U M F O Q  EX 
D L V = U M F O r ' M  01 
F F U = U H F O f . l '  FK 

P P H I = L M F O R P  P h i  
P P H I C = U N I F O P M  P U I C  



2 1 0  
c 

2 2 0  
2  30 

2 4 0  

250 
c 

2  â ‚  
2 50 

z e o  

2 9 0  
c 

3 0 0  

3 1 6  

3 2 3  
c 

1 7 C  

3 P C  

3 50 
4C0 

MC 
4 2 0  

4  7C 

c 
4 4 0  
4 5 0  

CO 20: J = l , N R  
no z o o  < = i , t ( c  
F K I J , K l = F F <  
GC T r  2 i t  

I F  lGG.LE.1 .01  GO TC f i t  
GO Z E U  J = l . H R  
OC 2 6 0  K=l .NC 
G I J . K ) = C G  
G f  TC 3 0 0  
REAC 1 5 , 4 4 0 1  G 

REAO 1 5 , 4 4 0 I  P H I  

GO TC 400 
REAO ( 5 , 4 4 0 )  P H I C  

H' ITE ( 6 , 4 5 1 1  
C L L L  WCTPOP IMÃˆ,NC,CX 
H C T E  1 6 . 4 6 0 1  

U R I T E  I i . 4 7 3 )  
GO TC 4 2 0  
H R I T E  l i . 5 1 3 1  
CALL t'ATRCP (bRTNCiGI 
HDITC l t , 4 f l 3 1  
CALL MATQOP l N R $ N L i 2 1  
H P I T E  1 6 . 4 9 0 1  
CALL MGTKCP I*. h C i P H I )  
I F  l I L F a C . L E . 0  G O  TC 43'! 
h P I T f  I f . 5 2 0 1  
CALL MATQOP 1 N Q . h C ~ P H I C I  
U R I T E  l t i S O t )  
CALL MATQOP INRiNCiFKI  
K F  TUkN 

4 7 h G E L T - 1  MAP. S P A C I N G  OCUh I N  I - O I R L C T I O N  I F E E T  

41MSURFACE E L E U A T I C N  MAP ( F E E T  ABCVi. O A T U f l i / l  
4 1 h E E 0 < 0 2 <  E L F V A T I O N  M b F  I F E E T  CBOVE O A T U M I , / l  
1 8 t 5 P E C I F I C  V I E L O  MGP. / l  
26 f<FEPMEARIL  I T f  M A F  I F E E T / O A f I ,  / I  
57HTOP CF CONFINEO A Q U I F E R  E L E V A T I C I -  MAP I F E E T  A 

4 O h C C N F I k C i l  A Q U I F E R  STOQLGE C O E F F I C I E M  H A F , / >  



SUBROUTINE READH 
S U O R C I J T I N E  Q E b D H  l N ~ , h C , H , H P , H T , H F I  

T H I S  5 U E R C U T I b . E  R E A C S  If- b N  I M T I A L  H A T E 6  T A 4 L E  E L E k A T I C N  C Â ¥  
H E b O  F C P  C O M P A l < I h G  H A T t E  L E V E L  CUtNG i . 8 .  

C H = l N I l A L  WATER T A E L E  E L E V A T I O N  0 ?  H E A D  ( F E E T I  

c H T = H E S E h T  H t l E R  T t B L E  E L E V A T I O N  CR H E A L  I F E E T I  
H P = M A l E R  T A B L E  E L E V A T I C f .  OR H E A D  AT P R E V I C U S  T I M E  L E V E L  I F E E T I  
H h = V C ' . I Z C N T b L  U A T E F  L E V E L  
L 8 C = L E F T  B O U N D A F Y  CCDE 

t, Q B O R I G H T  B C U N D A R Ã  CODE 
T B C = T C P  E C U h C A P Y  CCDE 

C E i e C = B C l T O M  BOUNDARY C 9 D E  
I O F N T I F I C B T I Q f i  CF  B C U N O A R ?  V 4 L U E S  O F  U .  

c H 1 I . J )  L E S S  T H A N  1 0 . 0 0 0  - H A T E S  T A B L E  E L E V A T I i l N  I h C  3 C U + i O i l R Y I  
t t ( 1 . J )  G R E A T E R  T H b f .  1 0 0 0 0  B U T  L F S S  T H A N  2 9 0 0 0  - I M F E S f ? A B L E  
H ( I , J I  G R E A T E R  T H b K  2 0 0 0 0  B U T  L E S S  T H u t ,  3 0 1 0 0  - U N D E G F L J M  
W I 1 . J )  G F E A T E E  T H A f '  3 0 0 3 0  B L T  L E S S  T H A h  4 0 0 0 3  - C C K S T A N l  4 E t D  

D I M E h S I C N  H1NR.NCI  i 1 -T1NR,NCI ,  H P ~ N K v N C I ,  H F i t ^ , N C I  
R E A L  L B C  

c 
R E A D  1 5 , 2 2 0 1  H U 9 L B C i R R C , T E C i B B C  

I F  I hW.LE .0 .01  GO T C  1 4 C  
D O  1 1 ;  1 = 1 , H Ã  
CC 1 1 0  J = l . N C  

1 1 0  H l I , ~ ) = f - h  
CO 1 2 0  1=1 .NR  

H l I , 1 1 = L ' 3 C t H H  
H ( I . h C l  =RBC+MH 

1 2 0  C O N T I N U E  
0 0  1 3 C  J = l , N C  

H ( l , J I = T B C t H H  
t i 1 f ~ R ~ J )  = q B C t H M  

1 2 0  C C N T I M J E  
GO TO 1 5 0  

1 ' 40  P E A 0  1 5 , 2 2 0 1  H  
1 5 0  CO 2 1 0  J=1 ,NC  

DC 2 1 0  I = l . N R  
K K = H I I ~ J I / l O O O O . t l  
G C  TS  ( 1 6 0 . 1 7 0 , 1 6 0 , 1 9 0 ) +  K K  

1" cfT 1 1 , J 1 = H 1 I 7 J )  
L C  TC 20C 

1 7 "  H T 1 I , J ) = H I T J I - l ( , 0 0 3 .  
L C  TC 2 1 0  

1 b T I I , J I = H I I , J l - Z O O C O .  
i,C T C  / 3 ?  

19: " 1 1 1 , J 1 = ~ 1 1 , J l - Â ¥ i t c i o  
?rc M ~ ( I , J I = V T ~ I , J I  

h C 1 I  ,JI = t - T < I , J I  
7 1 0  t C ' . T I M . E  

Y-IT." [ C , ' S i o l  
- 3 L L  t - C I E O P  1t -R. I .C.hI  
r,r T U - : .  

E Z C  FrGi 'CT 1 i j F i l . 1 1  
5 3 ;  F O X M A T  1 1 H 1 . 3 7 Ã ˆ  4 b H N I T I S L  H E A D  E L E V A T I C h  P A F  ( F E E T  A ' O V E  D A T U P I  

SUBROUTINE MATSOL 
S U q E C b T I \ E  U T S C L  ( K C E ~ H t K C C O L t I P ~ I R ~ F K ~ P H I ~ H ~ H T ~ Z 9 D E L X ~ D E ~ Y ~ ~ ~ C M ~  

1 T Q X , ; ! - , h i 3 i G , P N C , H F , H F l  
c 

7 T H I S  S U ? ' - O U T I h E  S E T S  UP T H E  C O E F F I C I F N T  M A T R I X  AND R I G H T  H A N C  
C I C E  HECTOR Â ¥ < A T P I X  

C i i A T < > = C O Â £ F  I C I E N 7  M A T R I X  
C  C K = * I G H T  * i A t $ C  S I D E  V E C T C ?  M A T R I X  
r 

C I M E r i S I t N  ~ 1 I h C W C U . M . C O L I .  P H I ~ N O < I ~ P N O C C L > ,  H M O H : h , h C C O L l ,  H T I N C  
1 1 - O W , N C C 3 L I ,  Z I M ; l ; : ) M , h O C O L I ,  O E L X I K O d O H i M - C C L I ,  J Â £ L Y I h O 2 C ! i ~ N G C O L l  
i l l N C R L H , r C C C L I ,  L M A T R X l I P , I r < l ,  C R d F l  A ( h O f i 0 h ~ ~ i O C O L ) v  @ ( N O R C U i N C C  



T C P I B I  

B C T T O M I C I  



1CO C O N T I N U E  
R E W I f i D  7  
B R I T F  ( 7 1  CMATRX.CR 
C A L L  E S C L V E  ( C f A T I ; X , I P , I R i C P I  
h T = C  
OC 1 7 6  J = Z , H C l  
CO 1 7 C  1 = 2 , N R 1  

N T ^ N T t l  
H I  ( 1 , J I  = C R < h T l  
H F I 1 , J I : C P I H T )  

LC T C  2 1 0  
2CO E R R O ~ = I C ( I l J ~ * I P H I ( I , J I - P H I C ( I l J l l l ~ O E L X ( I ~ J I ' O E L Y ( I ~ J l / G E L T  

C Q I h l l = C R <  ( . T I - E R E O F  
~ H 6 l ~ X ( N T ~ h R l l = C Ã ˆ ' A T R X l t ~ T ~ N 2 l l t I P H C I I ~ J l - P ~ I I ~ J ) ~ * O Â £ L X < I ~ J ~ *  

1 LIII,JI/UELT 
W R I T E  ( h i 2 5 0 1  I i J  
I C A C = l  

21C  C O N T I N U E  
I F  ( I C A C . E O . 0 )  GO T C  2 3 0  
C A L L  B S C L V E  ( C M A T R X , I P .  I R p C O  
k T Z 0  

H F ( I , J I  = C R I N T I  
2 2 3  C O N T I N U E  
231. R E T U R N  

2 4 0  FORMAT 1 1 1  , 4 ? X ,  4 h G R I O , 2 1 5 , 5 X ,  2 2 H U N C C N F I h E O  T O  C C N F I N E O I  
25C FO?MAT ( 1 H  , 4 3 X ,  l i h G R I O , Z I 5 . 5 X ,  2 2 H C O N F I N E O  TO U N C O N F I h E O I  

E N 0  

FUNCTION PAR AM 

T H I S  S U E F R O G R A P  COMPUTES THE C O E F F I C I E H I S  U S E C  I N  H A T S O L  A N 0  
C  i Y F L O h .  I T  I S  P F F L I C A e L E  T O  C A S E S  OF  V A R I A E L E  O X ,  OV, F K ,  
C A N 0  S A I U P t  T E O  T H I C K N E S S .  
f 

C C r f C k / E L K l / m i S I i I C F A Q . F B T O P  
c 

I F  ( 1 C F A C . L E . C )  GO i C  1 1 0  
A = A M I M I A H T 1 , A G l I  
B = A M I t l l  ( A H T 2 , A G Z I  
S A T H C K = b H t X l ( A . R I - A M P X l H > 2 1 . A Z 2 1  



SUBROUTINE NSCONT 
S L ' S R C U T I M F  I I S C C K T  ( K , H T Ã ˆ , H T M , Z A  ZH iCKXA,CRXH i C R L I  

T H I S  S U E F O U T I h E  T P A b S F E P S  THE C O E F F I C I E N T S ,  M L L T I P L I E C  B Y  T H E I R  
0 E : P E C T I V E  f - V ~ L U E ,  TO T H L  R I G d T  H A N D  S I D E  USGTCI;  M b T K I X  I h  
C f ' E  CF b O J t C t M  C O N S T A N T  H E 4 0  OR K H O H h  E C U h O a R 7  C C N D I T I O N S .  
I T  LL'C S E T S  C O E F F I C I E M S  E O U A L  T O  Z E R C  I k  C A S E  O F  A O J A C E N T  
I F P E R I - E b R L E  O C U N D A k I E S .  

c 
C T H I S  S U B R O U T I F - E  COJUSTS T H E  U N D E R F L O W  BOUNDARY H A T E R  T A B L E  OR 
C H f b U  E L F V S T I C N S .  eGUNCAPY E L E V b T I O N S  ORE H E L D  C O N S T A N T  F O R  
C OCC T I P E  S T E P S .  C - R A O I E h T S  ORE COMPUTED T h R E E  G R I D S  I d  A N D  
C  P R O J E C T E D  BACK T O  O B T A I N  NEW H A T E R  L E V E L  E L E V A T I O N S  O R  

HEOC E L E V a T I C t ~ S  A T  B O U h O A R I E S .  

1 3 0  V Ã ˆ H I l . N C 1 . G E . 3 G O O O . D  G O  10 1.1.0 
I F  < K I I ~ N C I . L T . Z C O O O . O I  G O  T O  1 4 0  
O I R T = I H T I I l , N C - Z I - H T ( I l ~ N C - l l l * I O X ( I l ~ N C I + C X I I l i N C - l Ã ˆ ~ I O X ( I l i  

1 C - Z l t P X I I l i N C - i l l  
H T I I l . N C l = H T l I l ~ h C l l - D I R T  

140 C O N T I t < U E  

R E T U R N  
c 

END 



SUBROUTINE BSOLVE 
S U B R C L T i h ?  Q S C L V E  l C , h . i , V l  

c 
2 T H I S  S U E R O l J T I f ~ E  S O L V E S  THE M A T R I X ,  S E T  UP 1 h  f t t T S C L ,  B Y  G A U S S  
C E L I H I I ~ A T I O N .  



SUBROUTINE MATROP 
S U P R C U T I N F  K A T Q O P  l r i C R O H , r > O C O L ~ 8 1  

c 
r. 
2 T H I S  S U B R C U T I r i E  O P G A M Z E S  DATA  OR R E S U L T S  I h T C  A S U I T i B L E  FCRM 

FC? P f i I l i T I N G  AhO F K I N T S .  

O I M E h S I C N  q l N O S C W ,  h C C C L l  
c 

N o C C L ^ = M ' c O L  
I C O M = l  
l Ã ˆ o l = f - c C C L '  
I F  ( t .OCCLM.GT .12 I  N C l = l ?  
N O Z = h G C C L M - 1 2  
H 5 I T C  1 6 , 1 4 0 1  l J J i J J = I C C h T . N O l l  
DO 1 2 C  I = 1 , N O R O U  
U P I T â  (6.15ll 1 ,181  1 , J I , J = I C O N T , N O l I  
I F  ( f - 0Z .LE .O)  R E T U R N  
N O C O L M = k C C O L M - 1 2  

F G P f d T  1 1 H  , / / , 3 X , 1 ? 1 7 X ,  1 H X , I 2 ) / 1  
FORMAT i l H  i t r t Y i 1 2 ~ 1 2 F 1 0 . 3 1  

END 



APPENDIX D 

Additional Solutions 

This appendix contains several so lu t ions ,  in addition t o  
those in the t e x t ,  t h a t  a re  of i n t e r e s t  in ground-water hydrol- 
ogy. All of the solut ions s a t i s f y  

expressed in the (x ,y)  coordinates o r  in the radial  coordinate 
r as  appropriate.  

Problem: Recharge From a Rectangular Source - Slug Inject ion 
That Produces an Instantaneous Mound of Height H .  

Solution: 

h s = - ( e r f  u - e r f  u1 ) ( e r f  v2  - e r f  v l  ) 4 2 

where 



Reference: Glover, R .  E.,  1960. Mathematical Derivations As 
Pertain To Ground-Water Recharge. Agricultural 
Research Service, USDA, Fort Coll i n s ,  Colorado. 

Problem: Recharge From a Rectangular Source - Continuous Con- 
s t a n t  Recharge Rate That Causes the Water Table t o  
Rise a t  Constant Rate R = dH/dt in the  Absence of 
Spreading. 

Reference: Glover, R .  E. ,  1960. Mathematical Derivations As 
Pertain To Ground-Water Recharge. Agricultural 
Research Service, USDA, Fort Coll ins ,  Colorado. 
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Problem: Recharge From a Long S t r i p  of  Width W - Slug I n j e c t i o n  
That Produces an Ins tantaneous  Mound of Height H .  

.S = H(erf u 2  - e r f  u l )  

Reference:  Glover,  R .  E . ,  1960. Mathematical Der ivat ions  As 
P e r t a i n  To Ground-Water Recharge. Agr icu l tu ra l  
Research Se rv ice ,  USDA, For t  C o l l i n s ,  Colorado. 



Problem: Recharge From a Long S t r i p  o f  W i d t h  W - Cont inuous  
C o n s t a n t  Recharge Rate  T h a t  Causes t h e  Water  T a b l e  
t o  R i s e  a t  C o n s t a n t  R a t e  R = d H I d t  i n  t h e  Absence o f  
Spread ing .  

S o l u t i o n :  
J. 

R 
s = - / ( e r f  u2 - e r f  u l ) d ~  

0 

R e f e r e n c e :  G l o v e r ,  R. E., 1960. M a t h e m a t i c a l  D e r i v a t i o n s  As 
P e r t a i n  To Ground-Water Recharge. A g r i c u l t u r a l  
Research S e r v i c e ,  USDA, F o r t  C o l l i n s ,  Co lo rado .  



Problem: Recharge From a  C i r c u l a r  Source - Slug I n j e c t i o n  That 
Produces an Ins tantaneous  Mound Height H .  

Solut ion 

where I  i s  t h e  modified Bessel func t ion  of t h e  f i r s t  kind and 

o rde r  ze ro .  

Reference:  Glover,  R .  E . ,  1960. Mathematical Der ivat ions  As 
P e r t a i n  To Ground-Water Recharge. Agr icu l tu ra l  
Research S e r v i c e ,  USDA, For t  C o l l i n s ,  Colorado. 
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205 
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Barometric e f f i c i e n c y ,  40 
Barotropic  f l u i d s ,  74 
Bear, 36, 66, 97, 147, 156, 158, 
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Bessel func t ion ,  145 
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Brooks, 98 
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Cooper, 38,  194, 216 
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Dagan, 158, 162, 163, 164 
Daly, 194 
Darcy, 5 
Darcy's  Law, 65-66, 73 

v a l i d i t y ,  70 
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examples o f ,  71 , 72, 78 

Delayed y i e l d ,  187 
Desatura t ion,  20 
Desorptive curve,  22 
Dewiest, 5 ,  38,  71 
Doorenbas, 53 
Drains,  p a r a l l e l ,  127, 221 

s teady s t a t e ,  127 
example, 130 

unsteady s t a t e ,  221 
examples, 224, 225, 227 

varying rechar.ge, 226 
Drawdown, 94 

r e l a t i o n  with discharge,  153 
Duke, 28, 98 
Dupuit-Forchheimer assumption, 

9 6 

Eckhardt,  252 
Ef fec t ive  rad ius  of in f luence ,  

182 



example, 183 geometric mean, 81 
Error function, 211 Ground water, definition, 1 
Equipotential , 110 budget, example, 56-58 

boundary conditions, 113 extraction, 2 
definition, 1 1 1  geology, 6 
examples, 113, 128 hydrology, 5 
relation with Laplace Eq., 114 model, 265 

Evanson, 89 observation, 1 1  
Evaporation, 51 occurance, example, 10 

pan, 53 vessels, 6 
pan coefficients, 54 Ground water and we1 ls, 1, 116 

Evapotranspiration, 47, 52 
effect on water table, 47 Hagen, 5 
example, 56 Hall, 216 
potential, 52 Hansen, 29, 44 

Expl ici t technique, 243 Hantush, 145, 152, 189, 191 
example, 244 Harleman, 81 

Exponential integral, 179 Harmonic functions, 110 
table of, 180 Hydraulic conductivity, 7, 75 

example, 76 
Fair-Hatch equation, 81 laboratory determination, 79 
Fatt, 36 stratified aquifers, 82, 83, 
Ferris, 126, 127, 194, 208, 217, 84, 85 

21 9 
Finite difference model, 265 
Finite element, 240 
Flow equations, 92 
confined, 92, 115 
Laplace, 95 
unconfined, 95 
vertical leakage, 99 

Flow net, 136 
anisotropic case, 138 
example, 140 
homogeneous aquifers, 136 
non-homogeneous aquifer, 141 

Forces, 
driving, 67 
inertia, 69 
potential, 73 
resi stance, 67 

Forchheimer, 69 
Fresh water lens, 165 
example, 166 

Friction factor, 69 

Gauss scheme, 247, 263 
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